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Many Faults committed by Dr. Har R1s, Mr. CAS WE TL, 
Mr. HEYNES, and other IT R1GONOMETRICAL WRI- 


TERS, are ſhewn; and in thoſe Caſes where They are 
miſtaken, here are given Solutions Geometrically true. 


A more Ample Account of which may be ſeen in Mr. - 


CUNN's PREFACE. 
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Dr. KEI Ls | 
PREFACE. 


YOUNG Mathematician may be ſur- 
priſed, to ſee the old obſolete Elements 
of Euclid appear afreſh in Print; and 
that too after ſo many new Elements f 
Geometry, as have been lately publiſhed ; eſpecial- 
ly fince thoſe who gave us the Elements of Geo- 
metry, in a new Manner, would have us believe 
they have detected a great many Faults in Euclid. 


| Theſe acute Philoſophers pretend to have diſco- 


vered that Euclid's Definitions are not perſpicu- 
ous enough; that his Demonſtrations are ſcarcely 
evident; that his whole Elements are ill diſpoſed ; 


and that they have found out innumerable Falſi- 
ties in them, which had lain bid to their times. 


But by their Leave, I make bold to affirm, 
that they carp at Euclid undeſervedly : For his 
Definitions are diſtinct and clear, as being taken 
from firſt Principles, and our moſt eaſy and 


ſimple Conceptions; and his Demonſtrations ele- 


gant, perſpicuous and conciſe, carrying with them 
ſuch Evidence, and ſo much Strength of Reaſon, 
that I am eafily induced to believe the Obſcurity, 
Scioliſts ſo often accuſe Euclid with, is rather 


C = be attributed to their own perplexed Ideas, than 


to the Demonſirations themſelves. And however 
ſome may find Fault with the Diſpoſition and Or- 


L er of his Elements, yet notwithſtanding I do not 
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D, KEIIös PREFACE. 


find any Method, in all the Writings of this kind, 


more proper and eaſy for Learners than that of 


_ Euclid. 


It is not my Buſineſs here to anſwer ſeparate- 
ly every one of theſe Cavillers; hut it will eaſily 
appear to any one, moderately verſed in theſe Ele- 
ments, that they rather ſhew their own 1dleneſs, 


than any real Faults in Euclid. Nay, 1 dare 


venture to ſay, there is not one of theſe New Syſ= 
tems, wherein there are not more Faults, nay, 
groſſer Paralogiſms, than they have been able even 
to imagine in Euclid. | 


After ſo many unſucceſsful Endeavonrs, in the 
Reformation of Geometry, ſome very good Geome- 
tricians, not daring to make new Elements, have 
deſervedly preferred Euclid to all others; and have 
accordingly made it their Buſineſs to publiſh thoſe 
of Euclid. But they, for what Reaſon I know 
not, have entirely omitted ſome Propoſitions, and 
have altered the Demonſtrations of others for worſe. 
Among whom are chiefly Tacquet and Dechalles, 
both of which have unhappily rejected ſome ele- 
gant Propoſitions in the Elements, (which ought 
to have been retained,) as imagining them trifling 
and uſeleſs; ſuch, for Example, as Prop. 27, 28, 
and 29, of the Sixth Boot, and ſome others, 
whoſe Uſes they might not know. Farther, where- 


ever they uſe Demonſtrations of their own, inflead 


of Euclid's, in thoſe Demonſtrations they are faul- 
ty in their Reaſoning, and deviate very much from 
the Conciſeneſs of the Antients. 


In the fifth Book, they have wholly rejected 
Euclid's Demonſtrations, and have given a De- 


 finition of Proportion different from Euclid's; 


and 


Dr. KEIiLs' PREFACE” 
and which comprebends but one of the tavo Species. 
of Proportion, taking in only commenſurable Dnan- 
tities. Which great Fault no Logician or Geome- 
_ trictan would have ever pardoned, had not thoſe 
Authors done laudable Things in their other Ma- 
thematical Mritings. Indeed, this Fault of theirs 
ig common to all Modern Writers of Elements, 
who all ſplit on the ſame Roch; and to ſhew their 
Sill, blame Euclid, for what, on the contrary, 
he ought to be commended; I mean the Definiti- 
on of Proportional Quantities, wherein he ſhews 
an eaſy Property of thoſe Duantities, taking in 
both Commenſurable and {ncommenſurable ones, 
and from which all the other Properties of Pro- 
portionals do eaſily follow. LON 


Some Geomeiricians, forſooth, want a Demon- 
ſtration of this Property in Euclid z and under- 
Fake to ſupply. the Deficiency by one of their own. 
Here, again, they ſhew their Still in Logick, in 
requiring a Demonſtration for the Definition: of a 
Term ; that Definition of Euclid being ſuch as de- 
termines thoſe Quantities Proportionals which have 
the Conditions ſpecified in the ſaid Definition. And 
why might not the Author of the Elements give 
what Names he thought fit to rng hav- 
ing ſuch Requiſites ? Arch he might uſe his own 
Liberty, and accordingly has called them Propor- 
rionals. 3 | | 
But it may be proper here to examine the Me- 
thod whereby they endeavour to demonſtrate that 
Property : Which is by firſt aſſuming a certain Af. 
fection, agreeing only to one kind of Proportionals, 
viz. Commenſurables ; and thence, by a long Cir- 
cuit, and a perplexed Series of Concluſions, do de- 
duce that univerſal, Property of Proportionals 
vhich Euclid affirms; à Procedure foreign . 

A 3 | 0 
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Dr. KeiL's PREFACE. 
10 the. juſs Methods and Rules of Reaſoning. 
They would certainly have done much better, if 
they had firft laid down that univerſal Property 
aſſigned by Euclid, and thence have deduced that 
particular Property agreeing to only one Species 


of Proportionals. But rejefting this Method, 


they have taken the Liberty of adding their De- 
monſtration to this Definition of the fifth Book. 
Thoſe who have a Mind to ſee a further Defence 
of Euclid, may conſult the Mathematical Lec- 
tures of the learned Dr. Barrow. 


As have happened to mention this great Geo- 


metrician, 7 muſt not paſs by the Elements pub- 


liſhed by bim, wherein generally he has retained the 


Conſtructions and Demonſtrations of Euclid him- 


ſelf, not having omitted ſo much as one Propoſi- 
tion. Hence, bis Demonſtrations become more 
ſtrong and nervous, bis Conſtructions more neat 
and elegant, and the Genius of the antient Geo- 
metricians more conſpicuous, than is uſually found 
in other Books of this kind. To this he has ad- 


- ded ſeveral Corollaries and Scholias, which ſerve 
not only to ſhorten the Demonſtrations of what 


follows, but are likewiſe of uſe in other Matters. 


Notwithſtanding this, Barrow's Demonſtrati- 
ons are ſo very ſhort, and are involved in ſo many 
Notes and Symbols, that they are rendered ob- 
ſecure and difficult to one not vers'd in Geometry. 


| There are many Propoſitions which appear con- 
 Jpicuous in reading Euclid himſelf, are made 


Knotty and ſcarcely intelligible to Learners by 


ibis Algebraical way of Demonſtration, as is, 


for Example, Prop. 13. Book 1. And the De- 
monſtrations which he lays down in Book 2. are 
Full more difficult : Euclid himſelf has done much 
m better, 


Dr. Keil's PREFACE. 

better, in ſhewing their Evidence by the Contem- 
plations of Figures, as in Geometry ſhould always 
be done. ' The Elements of all Sciences ought to 
be handled after the moſt ſimple Method, and not 
10 be involved in Symbols, Notes, or obſcure 
Principles, taken elſewhers, © 


As Barrow's Elements are too ſhort, ſo are 
' thoſe of Clavius too prolix, abounding in ſuper- 
Nuous Scholiums and Comments. For in my Opi- 

nion, Euclid ig not ſo obſcure as to want ſuch a 
lumber of Notes, neither do I doubt but a Learner 
will find Euclid himſelf eaſier than any of his 
Commentators. As too much Brevity in Geome- 
trical Demonſtrations begets Obſcurity, ſo too much 
Prolixity produces Tediouſneſs and Confuſion. 


On theſe Accounts principally, it was that I 
undertook to publiſh the firſt fix Books of Euclid, 
with the 11 and 12", according to Comman- 
_ dinus's Edition; the reſt 1 forbore, becauſe thoſe 
firſt mentioned are ſufficient for underſtanding of 
moſt parts of the Mathematicks now ſtudied. 


Farther, for the Uſe of thoſe who aro deſirous 
to apply the Elements of Geometry to Uſes in 
Life, we have added a Compendium of Plain ang - 
Spherical Trigonometry, by means whereof Geo- 
metrical Magnitudes are meaſured, and their Di- 
menſions expreſſed in Numbers, 197 
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Sewing the USErULNEss and Ex-. 
CELLENCY of this WORK. 


R. KEIL, in his Preface, hath ſuf- 
ficiently declared how much eaſier, 
plainer, and more elegant, the Elements 
of Geometry written by Euclid are, 
than thoſe written by others; and that the 
Elements themſelves, are fitter for a Learner, 
than thoſe publiſhed by ſuch as have pretended 
to Comment on, Symbolize, or Tranſpoſe any 
of his Demonſtrations of ſuch Propoſitions 
as they intended to treat of. Then how muſt _ 
a Geometrician be amazed, when he meets 
with a Tract * of the iſt, 2d, 3d, 4th, yth, 
6th, 11th, and 12th Books of the Elements, 
in which are omitted the Demonſtrations of 
all the Propoſitions of that moſt noble uni- 
- verſal Matheſis, the yth; on which the 6th, 
11th, and 12th ſo much depend, that the De- 
monſtration of not ſo much as one Propoſi- 


tion in them can be obtained withour thoſe in 
the 5th. E 


Nds the laſt Edition of the Engliſh Tacquet. 
4 The 
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The 7th, Sth, and oth: Books treat of ſuch 
Properties of Numbers which are neceſſary 
for the Demonſtrations of the loth, which 
_ treats of Incommenſurables; and the 13th, 

14th, and 1yth, of the five Platonick Bodies. 

But though the Doctrine of Incommenſura-, 
bles, becauſe expounded in one and the ſame 
Plane, as the firſt fix Elements were, claimed 
by a Right of Order, to be handled before 
Planes interſected by Planes, or the more com- 
pounded Doctrine of Solids; and the Proper- 
ties of Numbers were neceſſary to the Rea- 
ſoning about Incommenſurables: Vet becauſe 
only one Propoſition of theſe four Books, viz. 
the 1ſt of the 1oth is quoted in the 11th and 
12th Books; and that only once, viz. in the 
Demonſtration of the 2d of the 12th, and that 
It Propoſition of the 1oth, is ſupplied by a 
Lemma in the 12th: And becauſe the 7th, 8th, - 
gth, toth, 13th, 14th, 15th Books have not 
been (thought by our greateſt Maſters) neceſ- 
ſary to be read by ſuch as deſign to make na- 
tural Philoſophy their Study, or by ſuch as 
would apply Geometry to practical Affairs, 
Dr. Keil in his Edition, gave us only theſe 
eight Books, viz. the firſt fix, and the 11th 
| and Izth. 29145 | Py. 


And as he found there was wanting a Trea- 
tiſe of theſe Parts of the Elements, as they 
were written by Euclid himſelf; he. publiſhed 
his Edition without omitting any of Euclid's 
Demonſtrations, except twoz one of which, 
was a ſecond Demonſtration of the gth Propo- 
fition of the third Book; the other a Demon- 
{tration of that Property of Proportionals =_ 

| | R 
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led Converſion, (contained in a Corollary to the 
19th Propoſition of the th Book,) where in- 
ſtead of Euclid's Demonſtration, which is uni- 


verſal, moſt Authors have given us only par- 


ticular ones of their own. The firſt of theſe 
which was omitted is here ſupplied: And that 
which was corrupted is here reſtored fr 71 


And ſince ſeveral Perſons to whoin the Ele- 
ments of Geometry are of vaſt Uſe, either are 
not ſo ſufficiently skilled in, or perhaps have 
not Leiſure, or are not willing to take the 


Trouble to read the Latin; and ſince this 


Treatiſe was not before in Engliſh, nor any 
other which may properly be ſaid to contain 
the Demonſtrations laid down by Euclid him- 
ſelf; I do not doubt but the Publication of 


this Edition will be acceptable, as well as ſer- 


viceable. 


Such Errors, either typographical, or rin 
the Schemes, which were taken Notice of in 


the Latin Edition, are corrected in this. 5 


As to the Trigonometrical Tract annexed 
to theſe Elements, I find our Author, as well 
as Dr. Harris, Mr. Caſwell, Mr. Heynes, and 
others of the Trigonometrical Writers, is mi- 


ſtaken in ſome of the Solutions. 


That the common Solution of the 12th 


Caſe of Oblique Sphericks is falſe, I have de- 


monſtrated, and given a true one. See 2 
319. 


* Vide Page 55, 105. of Enclid's Works, N by Dr. 
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In the Solution of our oth and roth Caſes, 
by other Authors called the 1ſt and zd, where 
are given and ſought oppoſite Parts, not only 
the aforementioned Authors, but all others that 
I have met with, have told us that the Solu- 
tions are ambiguous; which Doctrine is, in- 
deed, ſometimes true, but ſometimes falſe : 


For ſometimes the Qtæſitum is doubtful, 'and- 


ſometimes not; and when it is not doubtful, 
it is ſometimes greater than go Degrees, and 
ſometimes leſs: And ſure I ſhall commit no 
Crime, if I affirm, that no Solution can be 
given without a juſt Diſtinction of theſe Va- 


rieties. For the Solution of theſe Caſes ſee 
my Directions at Pages 321, 322. ou 


In the Solution of our zd and 7th Caſes, in 


other Authors reckoned the zd and th, where 
there are given two Sides and an Angle oppo- 
ſite to one of them, to find the 3d Side, or 
the Angle oppoſite to it; all the Writers of 
Trigonometry that I have met with, who have 
undertaken the Solutions of theſe two, as well 
as the two following Ca/es, by letting fall a 
Perpendicular, which is undoubtedly the ſhort- 
eſt and beſt Method for finding either of theſe 


"Wy, 8 
Quæſita, have told us, that the DifrenceT 


of the Vertical Angles, or Baſes, ſhall be the 
ſoughr Angle or Side, according as the Perpen- 


dicular falls J without; J which cannot be 


known, unleſs the Species of that unknown 


Angle, which is oppoſite to a given Side, be 


firſt known. 


4 | Here 


— 
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Here they leave us firſt to calculate that un- 
known Angle, before we ſhall know whether 
we are to take the Sum or the Difference of 
the Vertical Angles or Baſes, for the ſought. 
Angle or Baſe: And in the Calculation of that 2; 


Angle have left us in the dark as to its Species; * 
as appears by my Obſervations on the two pre- 5 
ceding Caſes. eee 
The Truth is the Quæſitum here, as well as 9 
in the two former Caſes, is ſometimes doubt- 
ful, and ſometimes not; when doubtful, ſome- 
times each Anſwer is leſs than 90 Degrees, ba 
ſometimes each is greater; but ſometimes one = 
leſs, and the other greater, as in the two laſt, 5 
mentioned Caſes, When it is not doubrful, Y 
the Quæſitum is ſometimes greater than go De- þ 
grees, and ſometimes leſs. All which Diſtinc- , 
tions may be made without another Opera- 
tion, or the Knowledge of the Species of that 


unknown Angle, oppoſite to a given Side; 
or which is the ſame thing, the falling of the 
Perpendicular within or without. For which 
ſee my Directions at Pages 324, 327. 


In the Solution of our if ad 5th Caſes, 
called in other Authors, the yth and 6th 
where there are given two Angles, and a Side 
oppoſite to one of them, to find the 3d Angle, 
or the Side oppoſite to it; they have told us, 
e Bilterence g of tne Vertical Angles, 
or Baſes, according as the Perpendicular. falls 

without ſhall be the ſought Angle or ide; 


without 


and that it is known whether the Perpendicu- 
lar 
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lar falls within or without, by the Affection of 
the given Angles. 


Here they ſeem to have ſpoken as tho? the 
Quæſitum was always determined, and never 
ambiguous; for they have here determined 
whether the Perpendicular falls within or with- 
out, and thereby whether they are to take the 
Sum or the Difference ot the Vertical Angles 
or Baſes for the ſought Angle or Side. 


But, notwithſtanding theſe imaginary De- 
terminations, I affirm, that the Pue/itum here, 
as in the two Caſes laſt mentioned, is ſome- 
times ambiguous, and ſometimes not; and that 
too, whether the Perpendicular falls within, or 
whether it falls without. See my Solutions of 
theſe two Caſes in Page 323. 


The Determination of the zd Caſe of Oblique 
Plane Triangles, ſee in Page 325. 
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$ BOOK L 


DEFINITIONS, 


I A POIN T, is that which bath no Parts, or 
Magnitude. >: 
II. A Line is Length, without Breadth. 


f III. The Ends (or Bounds) of a Line, are 
4 Points. | 
IV. A Right Line, is that which lieth evenly between 
itt Points, | 
V. A Superficies, is that which hath only Length and 


| Bread: . 


VI. The Bounds of a Superficies are Lines. 
VII. A Plain Saperficies, is that which lieth evenly be- 
tween its Lines. | TS. 
VIII. A Plain Angle, is the Inclination of two Lines to 

one another in the ſame Plain, which touch each other, 
but di not both lie in the ſame Right Line. | 
IX. If the Lines containing the Angle be Right ones, 
- then the Angle is call'd a Right-lin'd Angle. 


x. When 


Fd 


© 


— — . 


angled Triangle, which bath a Right Angle. 


Euclid's ELEMENTS. Book I 

X. When a Right Line, ſtanding on another Right Line 
makes Angles on either Side thereof, equal betwee 
themſelves, each of theſe equal Angles is a Right one, 
and that Right Line which ſtands upon the other, is 
called a Perpendicular to that whereon it lands. 

XI. An Obtuſe Angle, is that which is greater than a 

 Riupht one. 3 e 

XII. An Acute Angle is that which is leſs than a Right 
one. 

XIII. A Term (or Bound) is that which is the Extreme 
of any Thing. 


XIV. A Figare is that which is contained under one, 


ern, 274 „ 

XV. A Circle, is a plain Figure, contained under one 
Line, called the Circumference; to which all Right 
Lines, drawn from a certain Point within the Figure, 
are equal. 


XVI. And that Point is called the Center of theCircle. 


XVII. A Diameter of a Circle, is & Right Line drawn 


2 the Center, and terminated on both Sides by 
the Circumference, and divides the Circle into two 
equal Parts. | 5 
XVIII. A Semicircle, is a Figure contain d under a Di- 

ameter, and that Part of the Circumference of a Circle 

cut off by that Diameter. I 
XIX. A Segment of a Circle, is a Figure contain'd un: 
der a Right Line, and Part of the Circumference of 

the Circle | which is cnt off by that Rig bi Line.] 
XX. Right-lin'd Figures, are ſuch as are contain'd under 
Right Lines. 1 0 r 
XXI. Three-ſided Figures are ſuch as are contain'd un- 
der three Lines. e e „ 
XXII. Four: ſided Figures, are ſuch as are contain d un- 
dier four. | | 2 * ny 


XXIII. Many-fided Figures, are thoſe that are contain d 


under more than four Right Lines. 


XXIV. Of three-ſided Figures, that 1s, an Equilateral | 


Triangle, which hath three equal Sides. a 
XXV. That an Iſoſceles, or Epicraral one, which hath 
only two Sides equal. CO . 
XXVI. Aud a Scalene one, is that which hath Fhree un- 

equal Sides, c | | 


XXVII. Alſo of three-fided Figures, that is, a Right- 
” XXVIIL 


Book 1. Faclids H EMENTs. 8 

XXVIII. That an 0b tuſe-angled one, which beth us 
Obtuſe Angle. 

XXIX. Aud i bat an Ar , one, 9 Bath three 
Aenne Angles.” © * 

XXX. Of Four: ſided Fi igures, that is, a Square, whoſe 
{x Sides are equal, and its Angles all Right ones. 

X XI. That an Oblong, or Rectangle, a Figure which 

1 1 Right. 


is longer on one Side than the other, 'whic 
' angled, but not equal ſided. 
XXXII. That a Rhombus, which hath four . Sides, 
but not Right Angles. 
1 That a 8 whoſe oppoit Sides and 


ngles —_ 
XXIV ll Calbe Fig igures, beſides theſe, are 
a 2 — e 


| XXXV. Parallels are ſuch Right Lines in the ſame 


© Plane, which if _— umn both OO would 
never meer. 


POSTULATES 


RAN 7 * a Right Line may be drawn 
from any one Point to IE. 

| II. That a finite Right Line may be con- 
tinued directly forwards. + 

mn And that a Crs may he deſcrib'd avon; any Cen- 

ter, with any Diſtance. 8 
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Euclid's ELEMENTS. Book I. 


* p 


hs. 


AXIOMS. 


i; HINGS equal to one and the ſame 
Thing, are equal to one another. | 
II. If to equal Things are added equal 
Things, the Wholes will be equal. £3 
III. If from equal Things, equal Things be taken away, 
the Remainders will be equal. = 
IV. If equal Things be added to unequal Things, the 
I holes will be nnequal. © | 1 
V. If equal Things be taken from unequal Things, the 
Rematnders wil be unequal. 
VI. Things which are double to one and the ſame Thing, 
are equal between themſelves. 
VII. Things which are half one aud the ſame Thing, 
are equal between themſelves. 5 
VIII. Things which mutually agree together, are equal 
6 one another, * 
IX. The Whole is greater than its Part. 
X. Two Right Lines do not contain a Space. 
XI. All Right Angles are equal between themſelves. . 
XII. Fa Right Line, falling upon two other Right 
Lines, 5 the inward Angles on the ſame Side 
thereof, both together, leſs than two Right Angles, 
thoſe two Right Lines, infinitely produc'd, will meet 
each other on that Side where the Angles, are leſs than 
Right ones, 18 


Nor, When there are ſeveral Angles at one Point, 
| any one of them is expreſs'd by three Letters, of 
bil. which that at the Vertex of the Angle is plac'd in 
bl the Middle. For Example; In the Figure of 
| Prop. XIII. Lib. I. the Angle contain'd under the 
[| Right Lines AB, BC, is called the Angle A BC; 
| and the Angle contain'd under the Right Lines AB, 

BE, is call'd the Angle ABE. | 


P R O- 


Book I. Euclids ELEMEN 18. 
PROPOSITION I. 
PROBLEM. 


To deſcribe an Equilateral Triangle upon a given finite 
Right Line. 


- 


ET AB be the given finite Right Line 
upon Which it is required to deſcribe an E- 


-  quilateral Triangle. 2 Js 
| About the Center A, with the Diſtance 


AB, deſcribe the Circle BC D*; and 
about the Center B, with the ſame Diſtance B A, de- * 3 Pot. 
ſcribe the Circle ACE - and from the Point C, where 
hel on "4 cut each other, draw the Right Lines 

a a | 

Ihen 3 A is the Center of the Circle DBC, 11 Poſt. 
AC ſhall be equal to ABIT. And becauſe B is the 

Center of the Circle CAE, BC ſhall be equal to BA + 15 Def 

but CA hath been proved to be equal to AB; there- 
fore both C A and CB are each equal to AB. But 
Things equal to one and the ſame 1 hing, are equal 
between themſelves, and conſequently CA is equal 
to CB; therefore the three Sides CA, AB, BO, are 
equal between themſelves. 5 

And ſo the Triangle BAC is an Equilateral one, 

and is deſcribed upon the given finite Right Line AB; 
which was to be done. e 


PROPOSITION II. 


Ge ᷑ i! M-, + 
At a given Point, to put a Right Line equal to a 
> Right Line given. | 


JET the Point given be A, and the given Right Line 
»— BC; it is required to put a Right Line at the Point 
A, equal to the given Right Line BC, 


B 2 Draw 
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*Poſt. 1. Draw the Right Line A C from the Point A to C“, 
+ 10f this, upon it deſcribe the Equilateral Triangle DAC +4; 
+ Poſt. 2, produce DA and DCdireQly forwards to E and GC; 

about the Center C, with the Diſtance BC, deſcribe 


55 Poſt. 3. the Circle BGH“; and about the Center D, with the 


Diſtance DG, deſcribe the Circle GK L. 
Now becauſe the Point C is the Center of the Cir- 
+ Def. / cle BGH, BC will be equal to CG}; and becauſe 
D is the Center of the Circle GK L, the whole DL 
Will be equal to the whole DG, the Parts wherof 


DA and DC are equal; therefore the Remainders AL, 


4 Axiom 3. G Care alſo equal 4. But it has been demonſtrated, 
that BC is equal to CG; wherefore both AL and BC 


are each of them equal to CG. But Things that are 
equal to one and the fame Thing, are equal to one ano- 


ther; and therefore likewiſe AL is equal to BC. 
Whence the Right Line AL is put at the given Point 
be 3 the given Right Line BC, which was to 


PROPOSITION III. 
PROBLEM. 


Two anequal Right Lines being given, to cut off a Part 


from the greater Equal to the leſſer. 


LET AB and C be the two unequal Right Lines gi- 
ven, the greater whereof is AB; it is required to. 


50 off a Line from the greater A B equal to the leſſer 


* 2 of this. _ Put * 2 Right Line A D at the Point A, equal to the 


Line C, and about the Center A, with the Diſtance 

+ Poft. 3. AD, deſcribe a Circle DEF f. 
hben becauſe A is the Center of the Circle DEF, 
A E is equal to AD; and ſo both AE and C are each 
+ Axiom 1. equal to AD; wherefore AE is likewife equal to CF. 


given Right Lines AB and C, a Line AE equal to the 
leſſer Line C; which was to be done. = 


And ſo there is cut off from AB the greater of two 


PRO P- 


Book I. Euclid's El MEN TS. 
PROPOSITION IV. 

THEOREM. 

If there are two Triangles that have two Sides of the one 

5 to two Sides of the other, each to each, and the 


ugle contained by thoſe equal Sides in one Triangle 


equal to the Angle contained by the correſpondent Sides 
in the other Triangle, then the Baſe of one of the Tri- 
angles ſhall be equal to the Baſe of the other, the whole 
Triangle equal to the whole Triangle, and the remain- 
ing Augles of one equal to the remaining Angles of the 
other, each to each, which ſubtend the equal Sides. 


T ET the two 2 be ABC, DEF, which 
have two Sides AB, AC, equal to two Sides 
DE, DF, each to each, that is, the Side AB equal 


to the Side D E, and the Side AC to DF ; and the 
Angle BAC equal to the Angle EDF. 1 fay, that 


the Baſe BC is equal to the Baſe EF, the Triangle 
ABC equal to the Triangle DEF, and the remain- 


ing Angles of the one equal to the remaining Angles 


of the other, each to its Correſpondent, ſabtending 


the equal Sides, viz. the Angle ABC equal to the 
Angle DEF, and the Angle ACB equal to the An- 


gle DFE. 


For the Triangle ABC being applied to DEF, ſo 


as the Point A may co-incide With D, and the Right 


Line AB with DE, then the Point B will co-incide 


with the Point E, becauſe AB is equal to DE. And 
ſince AB co-incides with DE, the Right Line AC 
likewiſe will co-incide with the Right Line DF, be- 
cauſe the Angle BAC is equal to the Angle ED F. 
Wherefore alſo C will co-incide with F, becauſe the 
Right Line AC is equal to the Right Line DF, But 
the Point B co-incides with E, and therefore the Baſe 
BC co-incides with the Baſe EF. For if the Point B 
co-inciding with E, and C with F, the Baſe BC does 


not co-incide with the Bafe E F; then two Right Lines 
will contain a Space, which is impoſſible “. Therefore * Ax 


the Baſe BC co-incides with the Baſe EF, and is e- 
qual thereto; and conſequently the whole Triangle 
ABC will co-incide with the whole Triangle DE F, 


B 3 aud 


, 


1a 
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and will be equal thereto; and the remaining Angles 


+ Ax. 8. will co. incide with the remaining Angles, and will 


be equal to them, vr. the Angle ABC equal to the 
Angle DEF, and the Angle ACB equal to the An- 
gle DFE. Which was to be demonſtrated. 


PROPOSITION V. 
THEOREM. 
The Angles at the Baſe of an Iſoſceles Triangle are e- 


qual between themſelves: And if the equal Sides be 


produced, the Augles under the Baſe ſhall be equal be- 
zween themſelves, N 


J ET ABC be an Iſoſceles Triangle, having the 
Side AB equal to the Side AC; and let the 
equal Sides AB, AC, be produced directly forwards 
to D and E. I ſay the Angle ABC is equal to the 


Angle ACB, and the Angle CBD equal to the An- 
gle BCE. 15 


For aſſume any Point F in the Line BD, and from 


= ; of this, AE cut off the Line AG equal * to AF, and join 
FC, GB 


+ Ax. z. 


 Thenbecauſe AP is equal to AG, and AB to AC, 
the two Right Lines FA, A C, are equal to the two 
Lines GA, AB, each to each, and contain the com- 


+ 4 ibis, mon Angle FAG; therefore the Baſe FC is equal 
\ 


to the Baſe G B, and the Triangle AFC equal to the 
Triangle AGB, and the remaining Angles of the one 
equal to the remaining Angles of the other, each to 
each, ſubtending the equal Sides, v:z. the Angle ACF 
equal to the Angle ABG; and the Angle AFC 
equal to the Angle AGB. And becauſe the whole 
AF is equal to the whole AG, and the Part AB e- 
qual to the Part AC, the Remainder BF is equal to 
the Remainder CG. But FC t has been proved to be 
equal to & B; therefore the two Sides BF, FC, are 
equal to the two Sides CG, GB, each to each, and 
the Angle BF C equal to the Angle CGB ; but they 
have a common Baſe BC. Therefore alſo the Tri- 
angle BF C will be equal to the Triangle CG B, and 
the remaining Angles of the one equal to the remain- 
ing Angles of the other, each to each, which ſubtend . 


4 the 


7 Book 1. Euclid's. ErtmenTS. 9 
the equal Sides. And ſo the Angle FBC is equal to 


4 the Angle GCB: and the Angle BCF equal to the 
8 Angie CBG. Therefore becauſe the whole Angle 
2 ABG has been proved equal to the whole Angle 


ACF, and the Part CBG& equal to BCF, the re- 
maining Angle ABC will be * equal to the remaining * 4x. 3. 
Angle A CB; but theſe are the Angles at the Baſe of | 
the n It bath likewiſe been proved, 
n 


that the les FBC, GCB, under the Baſe, are 

equal; theretore the Angles at the Baſe of Iſoſceles 
* I riangles are equal between themſelves; and if the 
b equal Right Lines be produced, the Angles under the 
—Heaſe will be alſo equal between themſelves. 


Coroll. Hence every Equilateral Triangle is alſo Equi- 
angular. 7 | 


e 

; PROPOSITION VI _ 
E | | N 3 n 
THEOREM. 


If two Angles of a Triangle be equal, then the Sides ſub- 
tending the equal Angles will be equal between them- 
ſelves. An he / | 

LET ABC be a Triangle, having the Angle ABC 

+— equal to the Angle ACB. I tay the Side AB is 

likewiſe equal to the Side AC. Os ED 

For if AB be not equal to AC, let one of them, as 
AB, be the greater, from which cut off BD equal to | 
AC}, and join DC. Then becauſe DB is equal to + 3 of this. 
AC, and BC is common, DB, BC, will be equal 
to AC, CB, each t6 each, and the Angle DBC 
equal to the Angle ACB, from the Hypotheſis ; ; 
therefore the Baſe DC is equal + to the Baſe A B, and þ 4 of this. 
the Triangle DB C equal to the Triangle ACB, a 4 
Part to the Whole, which is abſurd; therefore AB is 
not unequal to AC, and conſequently is equal to it. 
Therefore if two Angles of a Triangle be equal be- 
tween themſelves, the Sides ſubtending the equal An- 
gles are likewiſe equal between themſelves. Which 
Was to be demonltrated. 5 
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Coroll. Hence every Equiangular Triangle is alſo 


_ Equilateral. 


PROPOSITION Vu. 


HE OR E M. a 
On the ſame Right Line caunot he couſlituted two Right 


Lines equal to two other Right Lines, each to each, at 
different Points, on the ſame Side, and having the 
fame Ends which the firſt Right Lines have. 


1 * 


OR, if it be poſſible; let rw Right Lines AD, 
7 


to 
- DB, equal to two others A C, CB, each to each, E! 

be conſtituted at different Points C and D, towards E! 
the ſame Parts CD, and having the ſame Ends A and GT 
B which the firſt Right Lines have, ſo that CA be gl 
equal to AD, having the ſame End A-which CA an 
hath; and CB equal to DB, baving the ſame End B; W 
and let CD be joined. | A 
Then becauſe A C is equal to AD, the Angle W 
5e ibi. ACD will be equal * to the Angle ADC, and con- th 
ſequently the Angle ADC is greater than the Angle fa 
BCD; wherefore the Angle BDC will be much W 
greater than the Angle BCD. Again, becauſe CB as 
15 equal to DB, the Angle BDC will be equal to.the ſ⸗ 
Angle BCD; but it has been proved to be much R 
greater, which is impoſſible. Therefore o the ſame ſ: 
Right Line cannot be conſtituted two Right Lines equal te 
to two other Right Lines, each to each, at different 8 
Points, on the For Side, and having. the ſame Ends 1 
which the firſt Right Lines have; which was to be de- \ 
( nas” 1 
cr 7 
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PROPO!S1T:I'ON” VII 


THEOREM. 


If two Triangles have. two Sides of the one equal to two 
Sides of he other, each to each, and the Baſes equal 
then the Angles contained under the equal Sides wi 
be equal. FD 10 of ee 


112 the two Triangles be ABC, DE, havi 


DF, each to each, viz. AB equal to DE, and AG 
to DF; and let the Baſe BC be equal to the Baſe 
2 I ſay, the Angle BAC is equal to the Angle 
For if the Triangle ABC be applied to the Trian- 
gle DEF, ſo that the Point B may co- incide with 


will co-incide with F, becauſe BC. is equal to EF. 
And ſo fince BC co-incides with EF, BA and AC 
will likewiſe co-incide with ED and DF. For if 
the Baſe BC ſhould co-incide with E E, and at the 
ſame Time the Sides BA, AC, ſhould not co-incide 
with the Sides ED, DF, but change their Poſition, 
as EG, GP, then there would be conſtituted on the 
ſame Right Line two Right Lines, equal to two other 
Right Lines, each to each, at ſeveral Points, on the 
ſame Side, having the ſame Ends. But this is proved 


Sides BA, AC, not to co-incide with the Sides ED, 
DF, if the Baſe BC co-incides with the Baſe EF; 


Angle BAC will co-incide with the Angle EDF, 
and will be equal to it. Therefore if : ww Triangles 


each to each, and the Baſes TR then the Angles con- 


tained under the * Sides wil, 
to be demonſtrated. 


* 
two Sides AB, AC, equal to two Sides DE 


to be otherwiſe*; therefore it is impoſſible for the 


wherefore they will co-incide, and conſequently the 


be equal, which was 


i 3 
4 
' == 
S 8 


. 
and the Right Line BC with EF, then the Point C 


7 of this. 


bave two Sides of the one equal to two Sides of the other, ö 
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PRO POSITION. IX. 


PROBLEM. 
To cut a given Right-lin'd Angle into two equal Parts, 


LE T BAC be a given Right-lin'd Angle, which is 
required to be cut into two equal Parts. | 
Aſſume any Point D in the Right Line AB, an 
* 3 of this, cut off AE from the Line AC equal to AD; join 
11 of ibis. DE, and thereon make 1 the Equilateral Triangle 
| EF, and join AF. I fay, the Angle BAC is cut 
into two equal Parts by the Line AF. 5 | 
For becauſe AD is equal to AE, and AP is com- 
mon, the two Sides DA, AF, are each equal to the 
two Sides AE, AF, and the Baſe DF is equal to 
+ Bof this. the Baſe EF; therefore t the Angle DA is equal to 
the Angle EAF. Wherefore a given Right-lin'd Angle 
is cut into two equal Parts, which was to be done. 


PRO POSITION Xx. 
PROBLEM. L ee 
[ To cut a given finite Right Line into two equal Parts. 


LE T AB be a given finite Right Line, required to 
be cut into two equal Parts. „ 
1 this Upon it make * an Equilateral Triangle A B C, and 
+9 of this. biſect + the Angle AC B by the Right Line CD. I ſay, 
the Right Line AB is biſected in the Point DP). 
For becauſe AC is equal to CB, and CD is com- 
mon, the Right Lines AC, CD, are each equal to 
the two Right Lines BC, CD, and the Angle ACD 
& 4 of this, equal to the Angle BCD; therefore + the Baſe AD, 
is equal to the Baſe DB. And ſo the Right Line 
AB is biſected in the Point D; which was to be doue. 


PR O- 
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PROPOSITION XI. 
PROBLEM. 


To draw a Right Line at Right Angles to a given Right 
Line, from a given Point in the ſame, 


1 AB be the given Right Line, and C the given 


Point. It is required to draw a Right Line trom 
the Point C, at Right Angles to AB, | 
Aſſume any Point D in AC, and make CE equal 


* to CD, and upon DE make 4 the Equilateral Tri- * 3 of this, 
angle FDE, and join FC. I fay, the Right Line * of this. 


FC is drawn from the Point C, given in the Right 
Line AB at Right Angles to AB. 
For becauſe DC is equal to CE, and FC is com- 
mon, the two Lines DC, CPF, are each equal to the 
two Lines EC, CF; and the Baſe DF is equal to 


to the Angle ECF and they are adjacent Angles. 
But when a Right Line, ſtanding upon a Right Line, 
makes the adjacent Angles equal, each of the equal 


Angles is + a Right Angle; and conſequently DCE, + py. 10. 


FCE, are both Right Angles. Therefore the Right 
Line FC, c. which was to be done. 4 % 


PROPOSITION XI. 


PROBLEM, 


To draw a Right Line erpendicular, upon a given in- 
| fizite Right Line, 4 a Point given out of it. 


LET AB be the given infinite Line, and C the 
*- Point given out of it. It is requir'd to draw a 
Right Line perpendicular upon the given Right Line 
AB, from the Point C given out of it. 


Aſſume any Point D on the other Side of the Right 


Line AB, and about the Center C, with the Diſtance 


74 * 


the Baſe FE. Therefore the Angle DCF is equal vi 7 Hy 


_ CD deſcribe * a Circle ED G, biſect + EG in H,“ Pop. 3. 


and join CG, CH, CE, I ſay there is drawn the + 10 of this. 


Per- 


Perpendicular CH on the given infinite Right Line 
AB, from the Point C given out of it. | | 
i For becauſe GH is equal to HE, and HC is com- 
W mon, GH and HC are each equal to EH and HC, 
7 and the Baſe CG is equal to the Baſe C E. Therefore 
lll the Angle CHG is equal + to the Angle CHE; and 
hi they are adjacent Angles. But when a Right Line, 
ſtanding upon another Right Line, makes the Angles 
Equal between themſelves, each of the equal Angles 
* Def. 10. is a Right one“, and the ſaid ſtanding Right Line is 
call'd a Perpendicular to that which it ſtands on. 
Therefore CH is drawn perpendicular, upon a given 


was to be demonſtrated. 


PROPOSITION XII. 


THE ORE M. 


WW... When a Right Line, flanding upon a Right Line, makes 
| | WI V1 7 Angles, theſe ſhall be either wg Right Angles, or to- 


gether equal to two Right Angles. 


Line CD, make the Angles CB 


gles, or both together equal to two Right Angles. 


"In of | 
: Point B, at Right Angles to C D. Therefore the 
Angles CBE, EBD, are two Right Angles: And 
becauſe CBE is equal to both the Kites BA, ABE, 
add the Angle E BD, which is common; and the two 


three Angles CBA, ABE, EBD, together. Again, 
becauſe the Angle DB A' is equal to the two Angles 
DBE, E BA, together, add the common Angle 
ABC, and the two Angles DBA, ABC, are equal 


But it has been prov'd that the two Angles CBE, 


* Ar. 1, are * equal between themſelves. Therefore likewiſe 
the Angles CBE, EBD, together, are equal to the 
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infinite Right Line, from a given Point ont of it; Which 


FSR let a Right Line AB, IF upon the Right 
| „ABD. I tay, - 
i the Angles CBA, ABD, are either two Right An- 


* Def. 5 For if CBA be equal to ABD, they are * each of 
this, them Right Angles: But if not, draw + BE from the 


4 * 2. Angles CBE, EBD, together, are + equal to the 


to the three Angles DBE, EB A, ABC, together. 


EB D, together, are likewife equal to theſe three An- 
gles: But hings that are equal to one and the ſame, 


3 Angles 


Bobk I. Zuclids Et EMENTS. =? 
Angles DBA, ABC, together; but CBE, EBD, 

are two Right Angles. Therefore the Angles DBA, 

ABC, are both together equal to two Right Angles. 
Wherefore when a Right Line, ſtanding upon another 

Right Line, makes Angles, theſe ſhall be either two 

Right Angles, or together equal to two Right Angles; 

Which was to be demonſtrated. + | 


r 475 * | 1 | 
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If to any Right Line, and Point therein, too Right 
Lines be Bows from contrary Parts, making the ad- 
jacent Angles, both tos 

Files, the ſaid tw» 4 


Nraighi Line. 


OR let two Right Lines BC, BD, drawn from 
contrary Parts to the Point B, in any Right Line 
AB, make the adjacent Angles ABC, ABD, both 
together, equal to two Right Angles. I ſay, BC, 
BD, make but one Right Line. 
For if BD, CB, do not make one ſtraight Line, 
let CB and BE make one. F 5 4; 
Then, becauſe the Right Line AB ſtands upon the 
Right Line CBE, the Angles ABC, ABE, together, 
Will de equal * to two Right Angles. But the Angles ur; of this 
ABC, ABD, together, are alſo equal to two Right *:. 
AGE. Now taking away the common Angle ABC, 
the remaining Angle ABE is equal to the re- 
maining Angle ABD, the leſs to the greater, which 
is impoſſible. Therefore BE, BO, are not one ſtraight 
Line. And in the ſame Manner it is. demonſtrated, 
that no other Line but BD is in a ſtraight Line with. 
CB; wherefore CB, BD, ſhall be in one ſtraight 
Line. Therefore if to any Right Line, and Point therein 
two Right Lines be drawn from contrary Parts, makin 
the adjacent Angles, both together, equal to two Right 
Angles, the ſaid two Right Lines will make but one , 
ſtraight Line; which was to be demonſtrated. ; 


ether, equal to to Right Au- 


ght Lie will make but one 
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PROPOSITION XV. 


THEOREM. 


If two Right Lines mutually cat eac h other, the oppoſits 
Angles are equal. ES 


JET the two Right Lines AB, CD mutually cut 
each other in the Point E. I fay, the Angle AEC 

is equal to the Angle DEB; and the Angle CEB 
equal to the Angle AED. 
For becauſe the Right Line AE, ſtanding on the 
Right Line CD, makes the Angles CEA, AED: 
 ®13 ofthis. Theſe both together ſhall be equal * to two Right 
Angles. Again, becauſe the Right Line DE ſtanding 
upon the Right Line AB, makes the Angles AED, 
DEB: Theſe Angles together are *equal to two Right F 
Angles. But it has been prov'd, that the Angles CEA, 7 
AED, are likewiſe together equal to two Right An- 
gles. Therefore the Angles CEA, AED, are equat 
to the Angles AED, DEB. Take away the Common 
f Ax. 3. Angle AED, and the Angle remaining CEA, is 
equal to the Angle remaining BE D. For the ſame 
Reaſon, the Angle CEB ſhall be equal to the Angle 
DEA Therefore if #wo Right Lines mutually cut 
each other, the oppoſite Angles are equal; which was 
to be demonſtrated. | T [10 
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Coroll. 1. From hence it is manifeſt, that two Right 
Lines mutually cutting each other, make Angles 
at the Section equal to four Right Angle. 

Coroll. 2. All the Angles conſtituted about the ſame 
Point, are equal to four Right Angles. TI vet 
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PROPOSITION: XVI 
ba THEOREM. 


Tf owe Side of any Triangle be produced, the outward 
Angle is greater than either of the inward Oppoſite 
—_ | 5 | 


T5 T ABC be a Triangle, and one of its Sides 
L BC, be produced to D. I ſay, the outward An- 
gle ACD is greater than either of the inward An- 
gles CBA, or BAC. „ . 
For biſect AC in E“, and join BE, which pro- 10 of this. 
duce to F, and make E F equal to BE. Moreover, 
join FC, and produce AC to G. 5 
Then, becauſe A E is equal to E C, and BE to 
EF, the two Sides AE, EB, are equal to the two 
Sides CE, EF, each to each, and the Angle AEB hr 
+ equal to the Angle FEC; for they are oppoſite +15 of hrs. 
Ante: Therefore the Baſe AB, is + equal to the Þ 4 9 74s. 
bale FC; and the Triangle AEB, equal to the Tri- | 
angle FE C; and the remaining Angles of the one, 
equal to the remaining Angles of the other, each to 
each, ſubtending the equal Sides. Wherefore the 
Angle BAE, is equal to the Angle ECF; but the 
Angle ECD, is greater than the Angle ECF; there- 
fore the Angle ACD, is greater than the Angle BAE. 
After the ſame manner, if the Right Line B C, be 
biſected, we demonſtrate that the Angle BCG, that 
is, the Angle ACD, is greater than the Angle ABC. 
Therefore one Side of any Triangle being Cs, 
the outward Angle is greater than either of the inward 
oppoſite Angles ; which was to be demonſtrated. | 


PROPOSITION XVI. 
THEOREM: 


Two Angles of any Triangle g 12 whoſoever talen, 
aæ areleſs than two Right Angles. 1 


T ET ABC be a Triangle. I ſay, two Angles of 
it together, howſoever taken, are leſs than two 
| Right Angles. . For 


- 


For produce BC to D. | „5 

Then becauſe the outward Angle A CD of the 

*16of this. Triangle ABC, is greater than the in ward oppoſite 
Angle ABC: If the common Angle ACB be added, 
the Angles ACD, ACB, On, will be greater 

than the Angles ABC, AC together: But ACD, 


+r3 of this. ACB,' are + equal to two Right Angles. Therefore 


ABC, BCA, are leſs than two Right Angles. In 
the ſame manner we demonſtrate that the Angles 
BAC, ACP, as alſo CAB, ABC, are leſs than two 
Right Angles. Therefore two Angles of any Trian- 
gle together, howſoever taken, are leſs than two Right 


4 


Angles; which was to be demonſtrated. = 
PROPOSITION XVIL - 


THEOREM. 
The greater Side of was” * ſubtends the greater 


I Er ABC be a Triangle, ö having the Side AC 


L greater than the Side AB. I ſay the Angle ABC 


is greater than the Angle BCA. n 
or becauſe AC is greater than AB, AD may be 
made equal to AB, and BD be joined. ater 
Then becauſe ADB is an outward Angle of the 


*16of this. Triangle BDC, it will be * greater than the inward 


+ 5 of this, oppoſite Angle DCB. But ADB is + equal to ABD; 
becauſe the Side AB is equal to the Side AD. There- 
fore the Angle ABD is likewiſe greater than the An- 
gle ACB; and conſequently ABC ſhall be much 


greater than ACB,. .Wherefore the greater Side of 


every Triangle ſubtends the. greater Angle, which was 
to be demonſtrated, 3 3 
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PROPOSITION XX. 
THEOREM. 
Te greater Angle of — Triangle ſubtends the greater 
| ide. | 


| T ARC be a Triangle, having the Angle ABC 
greater than the Angle BCA. I fay the Side 
AC is greater than the Side AB 

For # if be not greater, AC is either equal to AB, 
or leſs than it. It is not equal to it, becauſe then the 
Angle AB C would be equal“ to the Angle AC B; * of this, 
but it is not. Therefore A C is not equal to AB; | 
neither will it be leſs ; for then the Angle ABC would 
be + leſs than the Angle ACB; but it is not. There- +18 Fb, 
fore AC is not leſs than AB. But likewiſe it has 
been proved not to be equal to it: Wherefore A C 
is greater than AB. Therefore he greater Angle of 
every Triangle ſubtends the greater Side; which was 
to be demonſtrated, 


PROPOSITION XX. 
= T.SER-O REM. 


Two Sides of any Triangle; howſoever talen, art to- 
gether greater than the third Side, | 


PST ABC be a Triangle: I ſay two Sides there- 
of, howſoever taken, are together greater than + 
the third Side; vid, the Sides B A, AC, are greater 
than the Side BC; and the Sides AB, BC, greater 
than the Side A C, and the Sides BC, CA; greater 
than the Side AB. £ 1 | 
For produce BA to the Point D, fo that AD be, 5 
equal to A C, and join DOG. | *3 of this 
Then becauſe DA is equal to AC, the Angle AD 
ſhall be equal f to the Angle ACD. But the Angle f of this, 
BCD is greater than the Angle ACD. Wherefore | 


| the Angle BCD is greater; than the Angle ADC; 


and becauſe DCB is a Triangle; having the Angle 


* 1 
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19 of this. Angle ſubtends * the moet Side; the Side DB will 


be greater than the Side BC. But DB is equal to 
BA and AC together. Wherefore the Sides B A, 


AC, together, are greater than the Side BC, In the 


ſame Manner we demonſtrate, that the Sides AB, 
BC, together, are greater than the Side CA; and 
the Sides BC, CA, together, are greater than the Side 
AB. Therefore .o Sides of any Triangle, howſoever 
talen, are together greater than the third Side; which 
was to be demonſtrated. 


PROPOSITION XXI 
T HE OR E M. 


If two 3 Lines be drawn from the extreme Points 


of one Side of a Triangle to any Point within the 
ſame, theſe two Lines 2 be leſs than the other two 
Sides of the Triangle, but contain a greater Angle. 


OR let two Right Lines BD, DC, be drawn 
from the Extremes B, C, of the Side BC of the 
Triangle ABC, to Point D within the ſame. I ſay 
BD, DC, are leſs than BA, AC, the other two Sides 
of the Triangle, but contain an Angle BDC greater 
than the Angle BAC. | 
For produce BD to E. | | 
Then becauſe two Sides of every Triangle toge- 


*200f this ther are * greater than the third, BA, AE, the two 


I Ax. 4. 


Sides of the Triangle ABE, are greater than the 
Side BE. Now add EC. which is common, and the 
Sides BA, AC, will be + greater than BE, EC. 

Again, becauſe CE, ED, the two Sides of the Tri- 


angle CE, are greater than the Side CD, add DB, 


which is common, and the Sides CE, EB, will be 

reater than CD, DB. But it has been proved, that 
BA, AC, are greater than BE, EC: Wherefore BA, 
AC, are much greater than BD, DC. Again, becauſe 


{16 of this.the outward Angle of every Triangle, is | greater than 


the inward and oppoſite one: BDC, the outward An- 
gle of the Triangle CDE ſhall be greater than the 
Angle CED. For the ſame Reaſon CEB the out- 
ward Angle of the Triangle ABE, is likewiſe greater 


than the Angle BAC; but the Angle BDC has been 


proved 
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roved to be greater than the Angle CEB. Where- 

ore the Angle BDC ſhall be much greater than the 
Angle BAC. And ſo if zwo Right Lines be drawn 
from the extreme Points of one Side of a Triangle to 
any Point within the ſame; theſe two Lines ſhall be 
leſs than the other two Sides of the Triangle, but con- 
tain a greater Angle; which was to be demonſtrated. 


PROPOSITION XXII 
PROBLEM. 


To deſcribe à Triangle of three Right Lines which are 
equal to three others oe But it is requiſite, that 

any two of the Right Lines taken together be greater 
than the third; becanſe two Sides of a Cas, 


_ bowſvever taken, are together greater than the third 


PAD A, B, C, be three Right Lines given, two of 

which, any ways taken, are greater than the third, 

viz. A and B together greater than C; A and C greater 

than B; and B and C greater than A. Now it is re- 

quired to make a Triangle of three Right Lines equal 

to A, B, C: Let there be one Right Line DE termi- 

nated at D, but infinite towards E; and take * DF * 3 of this. 
equal to A, FG equal to B, and GH equal to Cc; - 
and about the Center F, with the Diſtance FD, de- 

ſcribe a Circle DKL + ; and about the Center G, with + 3 Poſt. 
the Diſtance GH, deſcribe another Circle KLH, 

and join KF, KG. I ſay, the Triangle KFG is 

made of three Right Lines equal to A, B, C, for be- 

cauſe the Point F is the Center of the Circle DK; FK 

ſhall be equal to FD; but FD is equal to A; there- 

fore FK is alſo equal to A. Again, becauſe the Point 

G is the Center of the Circle LEH, GK will be+ + Def. 15; 
equal to GH; but GH is equal to C: Therefore ſhall 15 
GK be alſo equal to C; but FG is likewiſe equal to 

B; and conſequently the three Right Lines KF, FG 

KG, are equal to the three Right Lines A, B, C; 
wherefore the Triangle KFG is made of three Right 
Lines KF, FG, GK, equal to the three given Lines 
A, B, C; which was to be done. 
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PROPOSITION XXIII. 
PROBLEM: 


With a given Right Line, and at a given Point in it, 
to make a Right-lined Angle equal to a Right-lined 
Angle given. — 


1 - T the given Right Line be A B, and the Point 
given therein A, and the given Right-lined Angle 
DCE. It is required to make a Right-lined Angle 
at the given Point A, with the given Right Line AB, 
equal to the given Right-lined Angle D CE. 

Aſſume the Points D and E at Pleaſure in the Lines 
CD, CE, and draw DE; then, of three Right Lines 


#*22 f this. equal to CD, DE, EC, make * a Triangle A E G, 


ſo 1 be equal to CD, A to CE, and FG 
to i 

Then becauſe the two Sides D C, C E, are equal 
to two Sides FA, AG, each to each, and the Baſe 
DE equal to the Baſe FG; the Angle DCE fhall be 


1 8 this. + equal to the Angle FAG. Therefore the Right- 


linea Angle FAG 1s made, at the given Point A, in 
the given Line AB, equal to the given ;Right-lined 
Angle DCE; which was to be done. 1 


PROPOSITION XXIV. 
THEOREM. 


If two Triangles have two Sides of the one, equal to 
wo Sides of the other, each to each, and the Angle 
of the one, contained under the equal Right Lines, 
greater than the correſpondent Angle of the other ; 
then the Baſe of the one will be greater than the 
Baſe of the other. „ 


Jt T there be two Triangles ABC, DEF, havin 
two Sides AB, AC, equal to the two Sides D 
DF, each to each, viz. the Side AB equal to the 
Side DE, and the Side AC equal to DF; and let the 
Angle BAC be greater than the Angle EDF. I 

lay, the Baſe BC is greater than the Baſe E F. 


For 
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For Becauſe the Angle BAC is greater than the 
Angle EDF, make * an Angle EDG at the Point *23 of this. 
D in the Right Line DE, equal to the Angle BAC, 
and make + DG equal to either AC or DF, and t 3 this. 
join EF, F G. 

Now becauſe AB is equal to DE, and AC to DG, 
the two Sides BA, AC, are each equal to the two 
Sides ED, DG, and the Angle BAC equal to the | 
Angle EDG: Therefore the Baſe BC is equal + to 4 of this. 
the Baſe EG. Again, becauſe D G is equal to DF, | 
the Angle DFG is + equal to the Angle DGF; and + 5 of this. 
ſo the Angle DF G is greater than the Angle EG F: 
And conſequently the Angle EF G is much greater 
than the Angle EGF. And becauſe EFG is a Tri- 
angle, having the Angle EFG greater than the Angle 
EGF; and the greateſt Side ſubtends + the greateſt 19 of this, 
Angle, the Side EG ſhall be greater than the Side EF. 
But the Side EG is equal to the Side” BC. Whence 
BC is likewiſe greater than EF. Therefore if zwo 
Triangles have two Sides of the one, equal to' two Sides 
of the other, each to each, and the Angle of the one, 
contained under the equal Right Lines, greater than 
the Correſpondent Angle of the other; then the Baſe 
of the one will be greater than the Baſe of the other; 
which was to be demonſtrated. | 


PROPOSITION XXV. 
THEOREM. 


If two Triangles have two Sides of the one equal to 
tuo Sides of the other, each to each, and the Baſe 
of the one greater than the Baſe of the other ; they 
ſhall alſo have the Angles, contained under the equal 
Sides, the one greater than the other. 


2 there be two Triangles ABC, DEF, having 
L two Sides AB, AC, each equal to two Sides 
DE, DF, viz. the Side A B equal to the Side DE, 
and the Side AC to the Side DF; but the Baſe BC 
greater than the Baſe EF. I fay, the Angle BAC 
zs alſo greater than the Angle ED Wy Seb 6 
For if it be not greater, it will be either equal or 
leſs, But the Angle BAC is not equal to the Ano 
£ 5 EDF; 


3 
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4 of this. EDF ; for if it was, the Baſe BC would be * equal 
to the Baſe EF; but it is not: Therefore the Angle O 
BAC is not equal to the Angle EDF, neither will it n 
+24 of this, be leſſer ; for if it ſhould, the Baſe BC would be+ leſs 
than the Baſe EF; but it is not. Therefore the Angle tl 
BAC is not leſs than the Angle EDF ; but it has I 
likewiſe been proved not to be equal to it. Where- t 
fore the Angle BAC is neceſlarily greater than the I 
Angle EDF. HI, therefore, wo Triangles have two 1 
Sides of the one equal to two Sides of the other, each i 
to each, and the Baſe of the one greater than the Baſe 8 
of the other; they ſball alſo have the Angles, contain- 4 
ed under the equal Sides, the one greater than the | 
other; which was to be demonſtrated. | 
| 
| 


PROPOSITION XXVL 
"THEOREM. 


If two Triangles have two Angles of the one equal to 
two Angles of the other, each to each, and one Side 
of the one equal to one Side of the other, either the 
Side lying between the equal Angles, or which ſub- 
tends one of the equal Angles ; the remaining Sides 
of the one Triangle ſhall be alſo equal to the remaiu- 
ing Sides of the other, each to his correſpondent © 
Hide, and the remaining Angle of the one, equal to 
the remaining Angle of the other. 


ET there be two Triangles ABC, DEF, hav- 

ing two Angles ABC, BCA of the one, equal 

to two Angles DEF, EFD, of the other, each to 
each, that is, the Angle ABC equal to the Angle 

DEF, and the Angle BCA equal to the Angle EFD. 
And let one Side of the one be equal to one Side of 

the other, which firſt let be the Side lying between 

the equal Angles, viz. the Side BC equal to the 

Side EF. Iſay, the remaining Sides of the one Tri- 

angle will be equal to the remaining Sides of the 

Other, each to each, that is, the Side AB equal to 

the Side DE, and the Side AC equal to the Side 

DF, and the remaining Angle BAC equal to the re- 

maining Angle EDF. 1 


| 

| 

| 

ip 
. 1 | For 
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For if the Side AB be not equal to the Side-DE, 
one of them will be the greater, which let be AB, 
make GB equal to DE, and join GC. | 
Then becauſe BG is equal to DE, and BC to EF, 
the two Sides GB, BC, are equal to the two Sides 
DE, EF, each to each; and the Angle GBO equal 
to the Angle DEF. The Baſe GC is * equal to the“ 4 of this. 
Baſe DF, and the Triangle GBC to the Triangle 
DEF, and the remaining Angles equal to the remain- 
ing Angles, each to each, which ſubtend the equal 
Sides. Therefore the Angle GCB is equal to the 
Angle DFE. But the Angle DFE, by the Hypo- 
theſis, is equal to the Angle BCA; and ſo the An- 
gle BCG is likewiſe equal to the _ BCA, the 
leſs to thegreater, which cannot be. Therefore AB 
is not unequal to DE, and conſequently is equal to 
it. And ſo the two Sides AB, BC, are each equal to the 
two Sides DE, EF, and the Angle ABC equal to the 
Angle DEF: And conſequently the Baſe AC * is 
equal to the Baſe DF, and the remaining Angle 
BAC equal to the remaining Angle EDF. 
Secondly, Let the Sides that are ſubtended by the 
equal Angles be equal, as equal to DE. I ſay, AB 
the remaining Sides of the ohe Triangle, are equal 
to the remaining Sides of the other, vix. AC to DF, 
and BC to EF; and alſo the remaining Angle BAC, 
to the remaining Angle EDF. 7 | 
For if BC be unequal to EF, one of them is the 
greater, which let be BC, if poſſible, and make BH 
equal to EF, and join AH. 
Nov becauſe BH is equal to EF, and AB to DE, 
the two Sides AB, BH, are equal to the two Sides 
DE, EF, each to each, and they contain equal An- 
8 Therefore the Baſe AH is * equal to the Baſe 
DF; and the Triangle ABH ſhall be equal to the 
Triangle DEF, and the remaining Angles equal to 
the remaining Angles, each to each, which ſubtend 
the equal Sides: And ſo the Angle BHA is equal to 
the Angle EFD. But EFD is e to the Angle + From tbe 
BCA; and conſequently the Angle BH A is equal to HGA. 
the Angle BCA: Therefore the outward Angle 
BH A of the Triangle AHC, is equal to the inward "SN 
and oppoſite Angle BCA; which is + impoſſible: +16 of this, - 
Whence BC is not unequal to EF, therefore it is 
2 ow. equal 


OS 
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equal to it. But AB is alſo equal to DE. Where- 
fore the two Sides AB, BC, are equal to the two 
Sides DE, EF, each to each; and they contain equal 
Angles. And ſo the Baſe AC is equal to the Baſe 
DF, the Triangle BAC to the Triangle DEF, and 
the remaining Angle BAC equal to the remaining 
Angle EDF. If, therefore, o Triangles have two 
Angles equal, each to each, and one Side of the one 
equal to one Side of the other, either the Side lying 
between the equal Angles, or which ſubtends one of the 

equal Angles; the remaining Sides of the one Triangle 
Pall be alſo equal to the remaining Sides of the other, 
each to his correſpondent Side, and the remaining An- 
gle of the one equal 10 the remaining Angle of the 


+ 


other; which was to be demonſtrated. 
PROPOSITION XXVI. 
THEOREM. 


If a Right Line, falling upon two Right Lines, makes 
” zbe alternate Angles equal between themſelves, the 
ru Right Lines ſpnll be parallel. 


PEE the Right Line EF, falling upon two Right 
Lines AB, CD, make the alternate Angles AEF, 
EFD, equal between themſelves. I fay the Right 
Line AB is parallel to CD. . 
For if it be not parallel, AB and CD, produced 
towards B and D, or towards A and C, will meet: 
Now let them be produced towards B and D, and 
meet in the Point G. N 5 | 
Then the outward Angle AEF of the Triangle 


Jof this, GEF, is * greater than the inward and oppoſite An- 
I From che le E F G, and alſo equal Þ to it; which is abſurd. 
Hyp. 
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Therefore AB and CD, produced towards B and D, 
will not meet each other. By the ſame Way of rea- 
ſoning, neither will they meet, being produced to- 
wards C and A. But Lines that meer each other on 
neither Side, are? parallel between themſelves. There- 
fore AB is parallel to CD. Therefore f a Kight 
Line, falling upon tws Right Lines, makes the alter- 
nate Angles equal between themſelves, the two Right 
Lines ſhall be parallel ; which was to be on 

; 5 * * 2 | 
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5 PROPOSITION xxvm. 
THEOREM. 


If a Right Line, falling upon two Right Lines, makes 

© the outward Angle of the one Line equal to the in- 

ward and 2.0 Angle of the other on the ſame 
Side, or the inward Angles on the ſame Side toge- 
ther equal to two Right Angles, the two Right 
Lines ſhall be parallel between themſelves. 


T5 the Right Line EF falling upon two Right 
Lines AB, CD, make the outward Angle EGB 
equal to the inward and oppoſite Angle GHD; or 
the inward Angles BG H, GHD on the ſame Side 
together equal to two Right Angles. I 3 the Right 
Line AB is parallel to the Right Line CD. 


For becauſe the Angle EGB is * equal to the An- From che 

gle & H D, and the Angle E GB Þ equal to the An- Eyp. 

gle AGH, the Angle AGH ſhall be equal to the f15 this. 

Angle GHD; but theſe are alternate Angles. There- 

fore AB is + parallel to CD.- | t27 of this: 
Again, becauſe the Angles BGH, GHD, are equal . 

to two Right Angles, and A G H, BG H, are equal 13 this. 

to two Right Ones, the Angles A GH, B GH, will 

be equal to the Angles BGH, GHD; and if the 

common Angle B G H be taken from both, there will 

remain the Angle A GH equal to the Angle GH D; 

but theſe are alternate Angles. Therefore AB is 

parallel to CD. If therefore a Right Line, falling 

apon two Right Lines, makes the outward Angle of the 

one Line equal to the inward and oppoſite Angle of the 

other on the ſame Side, or the inward _ on the 

fame Side together equal to two Right Angles, the two 

Right Lines ſhall be parallel between themſelves; 

which was to be demonſtrated. 6 


* 13 of this. 


+ Ax. 12, 


Tr of this. 
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THEOREM. 


If a Right Line falls upon two Parallels, it will make 
the alternate Angles equal between themſelves; the 
outward Angle equal to the inward and oppoſite An- 
gle, on the ſame Side; and the inward Angles on the 
ſame Side together equal to two Right Angles. 


1 the Right Line EF fall upon the parallel 


Right Lines AB, CD. I fay the alternate An- 


gles, AGH, GHD, are equal between themſelves ; 
the outward Angle, EGB, is equal to the inward one 
GHD, on the ſame Side; and the two inward ones, 
BGH, GH, on the ſame Side, are together equal 
to two Right Angles. 5 | 205 

For if AGH be unequal to GHD, one of them 
will be the greater. Let this be AGH; then becauſe 
the Angle AGH is greater than the Angle GH, 
add the common Angle BGH to both: And ſo the 


Angles AGH, BGH together, are greater than the 


Angles BGH, GH D, together. But the Angles 
AGH, BGH, are equal to two Right ones *. There- 
fore BGH, GHD, are leſs than two Right Angles, 
And ſo the Lines AB, CD, infinitely produced +, will 
meet each other; but becauſe they are parallel, they 
will not meet. Therefore the Angle AGH is not 
unequal to the Angle GHD. Wherefore it is ne- 
ceſſarily equal to it. 


But the Angle AGH is equal to the Angle EGB: 


Therefore EGB is alſo equal to GHD. 

Now add the common Angle BGH, and then 
EGB, BGH, together, are equal to BGH, GHD, 
together; but EGB, and BGH, are equal to two 


Right Angles. Therefore alſo BGH, and GHD, 
ſhall be equal to two Right Angles. Wherefore, if 


a Right Line falls upon two Parallels, it will make the 
alternate Angles equal between themſelves; the out- 


ward Angle equal to the inward and appoſite Angle, 


on the ſame Side, and the inward Angles on the ſame 
Side together equal to two Right Angies ; which was 
to be demonſtrated, | 8 


PROPOSITION XXX. 


Boo 


. 
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PROPOSITION XXX. 
THEOREM. 


Right Lines parallel to one and the ſame Right Line, 
are alſo parallel between themſelves. 


FS T AB and CD be Right Lines, each of which 
is parallel to the Right Line EF. I fay AB is 
alſo parallel to CD. For let the Right Line GK 
fall upon them. e 6 
Then becauſe the Rig Line GK falls upon the = 
parallel Right Lines AB, EF, the Angle AGH is * equal *29 of his. 
to the Angle GHF ; and becauſe the Right Line GK, 
falls upon the parallel Right Lines EF, CD, the An- 
le GHF is equal to the Angle GK D*. But it has 
n proved, that the Angle AGK is alſo equal to the 
Angle GHF. Therefore AGE is equal to GK, 
and they are alternate Angles, whence AB is parallel 5 
to CD. And ſo Right Lines parallel to one and the 127 of this. 
ſame Right Line, are parallel between themſelves; 


which was to be demonſtrated. 
PROPOSITION XXXI. 
PR OB L E M. 


To draw a Right Line thro a given Point parallel zo 
a given Right Line. 


FE: A be a Point given, and BC a Right Line 
given. It is required to draw a Right Line thro” 
the Point A, parallel to the Right Line BC. 
Aſſume any Point D in BC, and join AD; then 2 
make an Angle DAE, at the Point A, with the *23 of#hiz. 
Line DA, equal to the Angle ADC, and produce 
EA ſtrait forwards to F. e 
Then becauſe the Right Line AD falling on two 
Right Lines BC, EF, makes the alternate Angles. © 
EAD, ADC, equal between themſelves, EF ſhall 5 
be + parallel to BC. Therefore the Right Line EAF +27 of this. 
is drawn thro? the given Point A, parallel to the given ; 
Right Line BC; which was to be done. 


j 
lf 


: 


1 


| 2 b # Triangle be equal to the other two, that is a Right tak 
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X Coroll. Hence it appears, that if one Angle of any Corol 


aun one; becauſe that the Angle adjacent to this Right 


* þ.. ns is equal to the other two. But when adjacent W Coro 
| M. . Angles are equal, they are neceſſarily Right ones. ſe 
* 

XV PROPOSITION XXXII 7 

81 ö A 

. 2 re 
THEOREM. Cor 

If one Side of any Triangle be produced, the outward p 

Angle is equal to both the inward and oppoſite An- Co! 

gles; and the three inward Angles of a Triangle 1 


are equal to two Right Augles. 


ET ABC be a Triangle, one of whoſe Sides 
BC is produced to D, 1 ſay, the outward An- 
gle ACD 1s equal to the two inward and oppoſite 
Angles CAB, ABC; and the three inward Angles 
of the Triangle, iz. ABC, BCA, CAB, are 
equal to two Right Angles. TUE Tt 
#*;zrofthiss For let CE be drawn * thro? the Point C parallel 
to the Right Line AB. Then becauſe AB is parallel 
to CE, and AC falls upon them, the alternate Angles 
429of this BAC, ACE, are f equal between themſelves. Again, 
becauſe AB is parallel to CE, and the Right Line 
BD falls upon them, the outward Angle E CD is+ 
equal to the inward and oppoſite one AB C; but it 
has been proved, that the Angle ACE is equal to 
the Angle BAC. Wherefore the whole outward 
Angle ACD is equal to both the inward and oppo- 
ſite Angles BAC, ABC. And if the Angle ACB, 
Which 1s common, be added, the two Angles ACD, 
ACB, are equal to the three Angles ABC, BAC, 
t130f this A CB; but the Angles ACD, ACB, are 3 equal 
to the two Right Angles. Therefore alſo ſhall the 
Angles ACB, CBA, CAB, be equal to two Right 
Angles. Wherefore if one Side of any Triangle be 
produced, the outward Angle is equal to both the in- 
ward and oppoſite Angles, aud the three inward Au- 
. gles of 4 Triangle ars equal to tuo Right Angles; 
which was to be demonſtra teten. 
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Coroll. 1. All the three Angles of any one Triangle 
taken together, are equal to all the three Angles o 
any other Triangle taken together. $8, 

Coroll. 2. If two Angles of any one Triangle, either 


ſeparately or taken together, be equal to two An- 


gles of any other Triangle; then the remaining 
Angle of the one Triangle, will be equal to the 
remaining Angle of the other. 

Coroll. 3. I one Angle of a Triangte be a Right 
Angle, the other two Angles together make one 
Right Angle. SN I | 

Coroll. 4. If the Angle included between the equal 
Legs of an Iſoſceles Triangle be a Right one, each 
- the other Angles at the Baſe will be half Right 

ngles. | 

Coroll. 5. Any Angle in an Equilateral Triangle is 
equal to one Third of two Right Angles, or two 
Thirds of one Right Angle. | dee 


THEOREM I. 


All the inward Angles of any Right -lined Figure 
whatſoever, make twice as many Right Angles, 


_abating four, as the Figure has Sides. 


R any | Right-lined Figure may be reſolved into 
as inauy Triangles, 177. two, as it hath Sides. 


For Example, if a Figure has four Sides, it may be re- 


ſolved into two Triangles : If a Figure has five Sides, 
it may be reſolved into three Triangles ; if fix, into 
four; and ſoou. Wherefore (by Prop. XXXII.) the 


Angles of all theſe Triangles are equal to twice as 


many Right Angles as there are Triangles: But the 
Angles of all the Triangles are equal to the inward 
Angles of. the Figure. Therefore all the inward Angles 
of the Figure are equal to twice as many Right Angles 


at there are Triangles, that is, twice as many Right 
N * away four, as the Figure has Sides, 


THE- 


a= 


3* 
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THEOREM II. 


All the ontward Angles of any Right-lined F igure 
together, make four Right Angles... 


7 R the outward Angles, together with the inward 
ones, make twice as many Right Angles as the Fi- 
gure has Sides; but from the laſt Theorem, all the 
inuard Angles together make twice as many Right 
Angles, ** four, as the Figure has Sides. 
Wherefore the outward Angles are all together 
equal to four Right Angles, W. W. D). 


PROPOSITION XXXIIL 
THEOREM, WW 


Two Right Lines, which join two equal and parallel 
Right Lines, towards the ſame Parts, are alſo equal 
and parallel, #4 


| T the parallel and equal Right Lines AB, CD, 

be joined towards the ſame Parts, by the Right 

Lines AC, BD. I ſay AC, BD, are equal and parallel. 
For draw BC. CI 

Then becauſe AB is parallel to CD, and BC falls 

e upon them, the alternate Angles ABC, BCD, are 

#*29 of this, equal. Again, becauſe AB is equal to CD, and 

BC is common; the two Sides AB, BC, are each 

equal to the two Sides BC, CD; but the Angle 

ABC is alſo equal to the ang BCD ; therefore the 

+ 4 of this. Baſe AC is + equal to the Baſe BD: And the Triangle 

ABC, equal to the Triangle BCD; and the remain- 

ing Angles, equal to the remaining Angles, each to 

each, which ſubtend the equal Sides. erefore the 

Angle ACB is equal to the Angle CBD. And be- 

agaauſe the Right Line BC, falling upon two Right 

127 of this, nes AC, BD, makes + the alternate Angles ACB, 


BD, equal between themſelves; AC is + parallel 


to BD. But it has been proved alſo to be equal to 
it. Therefore two Right Lines, which join two equal and 
parallel Right Lines, towards the ſame Parts, are alſo 
equal and parallel; which was to be ne, 
„ | a enn. 
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Defin. A Parallelogram is a Quadrilateral Fare, 
each of whoſe oppoſite Sides are parallel. | 


we PROPOSITION XXXIV. 
bo 4The oppoſite Sides and oppoſite Angles of any Paralle- 
5 | logram are equal; and the Diameter divides the 
4. ſame into two equal Parts. „ 
5 ET ABDC be a Parallelogram, whoſe Diame- 
ter is BC. I ſay, the oppoſite Sides and oppoſite 
Angles are equal between themſelves, and the Dia- 
meter BC biſects the Parallelogram. E 
For becauſe AB is parallel to CD, and the — 4 
Line BC falls on them, the alternate Angles ABC, 
1 BCD, are * equal between themſelves; again, be- #29 of this} 
1 cauſe AC is parallel to BD, and BC falls upon them, += 
the alternate Angles ACB and CBD are equal to 
one another. Wherefore ABC, CBD, are two Tri- 
angles, having two Angles ABC, BCA, of the one, 
4 equal to two Angles BCD, CBD, of the other, each 
: to each; and likewiſe one Side of the one equal to 


one Side of the other, viz. the Side BC between the 
equal Angles, which is common. Therefore the re- 1 
maining Sides ſhall be+ equal to the remaining Sides, +26 of this, 
1 
| 


each to each, and the remaining Angle to the remain- 
ing Angle. And ſo the Side AB is equal to the Side 
„the Side AC to BD, and the Angle BAC to the 
Angle BDC. And becauſe the Angle ABC is equal 
| to the Angle BCD, and the Angle CBD to the Angle 
ACB; therefore the whole Angle ABD is equal to 
the whole Angle ACD: But it has been proved, that 
the Angle BAC is alſo equal to the Angle BDC. 
Wherefore the oppoſite Sides and Angles of any 
Parallelogram are equal between themſelves. 
Iſay, moreover, that the Diameter biſects it. For 
becauſe AB is equal to CD, and BC is common, 
the two Sides AB, BC, are each equal to the two 
Sides DC, CB; and the Angle ABC is alſo equal 
to the Angle BCD. Therefore the Baſe AC is 
+ equal to the Baſe DB; and the Triangle ABC is £4 of this. 
equa] 
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equal to the Triangle BCD. Wherefore the Dia- 


meter B C biſects the Parallelogram ACDB; which 
was to be demonſtrated. 


PROPOSITION XXXV: 
| THEOREM. 


Parallelograms conſtituted _ the ſame Baſe, aud 
between the ſame Parallels, are equal between 
themſelves. W. 8 


1 T ABCD, EB CF, be Parallelograms con- 
ſtituted upon the ſame Baſe B C, and between 
the ſame Parallels AF and BC. I fay, the Paral- 
lelogram AB CD, is equal to the Parallelogram 
Ls 4 Lo OC L | 

For becauſe ABCD is a Parallelogram, AD is 

434 ofthis. * equal to BC; and for the ſame Reaſon EF is equal 
Axiom 1. to BC; wherefore AD ſhall be + equal to EF; but 
+ Ax. 2. DE is common. Therefore the whole AE is + equal 
to the whole DF. But AB is equal to DC; where- 

fore EA, AB, the two Sides of the Triangle ABE, 
are equal to the two Sides FD, DC, each to each; 
*290f this. and the Angle FD C“ equal to the Angle EAB, the 
outward one to the inward one. Therefore the Baſe, 
T4 of this. EB is + equal to the Baſe CF, and the Triangle EAB 
to the Triangle FDC. If the common Lriangle 
J Ax. 3. DGE be taken from both, there will remain + the 
Trapezium ABG, equal to the Trapezium FCGE ; 

and if the Triangle GB C which is common, be 

added, the Parallelogram AB CD will be equal to 

the Parallelogram E BCF. Therefore, Parallelo- 

grams conſtituted upon the ſame Baſe, and between 

the ſame Parallels, are equal between themſelves; 

which was to be demonſtrated. 8 TSA 00 
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PROPOSITION XXXVI. 
THEO RE M. 


Parallelograms conſtituted upon equal Baſes, and be- 
— the ſame Parallels, are equal between tbem- 
_ ſelves. 1 


ET the Parallelograms AB CD, EF G, be 
conſtituted upon the equal Baſes BC, FG, and 
between the ſame Parallels AH, BG. I ſay, the 
ov F ABCD is equal to the Parallelogram 
For join BE, CH. Then becauſe BC is“ equal * Hyp. 
to FG, and FG to EH; BC will be likewiſe equal 
to EH; and they are parallel, and BE, CH, joins them. 
But two Right Lines joining Right Lines which are a 
equal and parallel the ſame Way, are + equal, and pa- #33 Ftbis. 
rallel: Wherefore EBCH is a Parallelogram, and is i 
; equal to the Parallelogram ABCD; for it has the £35 this. 
Tame Baſe BC, and is conſtituted between the ſame. 
Parallels BC, AD. For the ſame Reaſon, the Pa- 
rallelogram EF GH is equal to the ſame Parallelo- 
am EBCH. Therefore the Parallelogram ABCD 
11 be equal to the Parallelogram EFGH. And ſo 
Parallelograms conſtituted upon equal Baſes, and be- 
tween the ſame Parallels, are equal between them- 
ſelves ; which was to be demonſtrated. 


PROPOSITION XXXVIL 
THEOREM. 


| K | | 
Triangles conſtituted upon the ſame Baſe, and between 
the ſame Parallels, are equal between themſelves. 


2 T the Triangles ABC, DB C, be conſtituted | 
upon the ſame Baſe BC, and between the ſame 
Parallels AD, BC. I ſay, the Triangle ABC, is 
equal to the Triangle DBC. s 1 

For produce AD both ways to the Points E and 
F; and thro' B draw BE parallel to C A; and thro! 3 1 of ibis. 
C, CF, parallel to BD. | 

14 D Where- 
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Wherefore both EB CA, DB CE, are Parallelo- 
13 of this. grams; and the db e E B CA is equal to 
the Parallelogram DB CF; for they ſtand upon the 
5 fame Baſe BC, and between the ſame Parallels BC, 
+34 of this. EF, But the Triangle AB C is + one half of the Pa- 
rallelogram EB CA, becauſe the Diameter A B bi- 

 ſeQs it; and the Triangle DB C is one half of the 
3 DB CF, for the Diameter D C biſeQs 

| it. But Things that are the Halyes of equal Things, 
} 4x. 7. are ꝗ equal between themſelves. Therefore the Tri- 
angle AB C, is equal to the Triangle DB C. Where- 

fore, Triangles conſtituted upon the ſame Baſe, and 

between the ſame Parallels, are equal between tbem- 

ſelves; which was to be demonſtrated. 


PROPOSITION XXXVII. 
THEOREM. 


Triangles conſtituted upon equal Baſes, and between 
_ the ſame Parallels, are equal between themſelves. 


IT ET the Triangles ABC, DCE, be conſtituted 

LL upon the equal Baſes B C, CE, and between the 

fame Parallels B E, AD, I ſay the Triangle AB C 

is equal to the Triangle DC E. 5 

For produce A D both Ways to the Points G, H: 

#2 r of this.thro* B draw * BG parallel to C A; and thro' E, 
EH, parallel to DC. 
Wherefore both GB CA, D CE H, are Paral le- 
+360f this. lograms, and the Parallelogram GB CA is + equal 
to the Parallelogram D CE H: For they ſtand upon 

equal Baſes, BC, CE, and between the ſame Paral- 

$34 of this. lels BE, GH. But the Lhe, os ABC is + one 
half of the Parallelogram G B CA, for the Diameter 

Ah biſeQs it; and the Triangle DCE + is one half 

of the Parallelogram D CE a, for the Diameter D E 

biſeds it. But Things that are the Halves of equal 

* Ax. 7. Things, are * equal between themſelves. There» 
fore the Triangle ABC, is equal to the Triangle 
DCE. ' Wherefore Triangles conſtituted npen equal 

Baſes, and between the ſame Parallels, are equal be- 

tween themſelves; which was to be demonſtrated. 
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Equal Triangles conflituted upon the ſame Ba 2. on 
Ihe ſame Side, are in br ſame Para 1 5 13 


DL T ABC; DB C, be equal Triangles, conſti- 
tuted upon the ſame Baſe B C; on the ſame Side. 
I fay they are betweeri the ſame Parallels: For let 
AD be drawn” I fay-A P parallel to B C. 


37 
= 


For if it be not parallel; draw * the Right Line z i of ri | 


AE thro” the Point A, parallel to BC, and draw EC. 


EB C; for it is upon the ſame Baſe B C, and between 
the ſame Parallels B C, AE: But the Triangle AB C 


Then the Triangle AB C, i is equal to the Triangle +37 of this, 


is + equal to the Triangle DB C. Therefore the + From 


Triangle DE C is alſo equal to the Triangle EB C, Hyp. 


a leſs to a greater, which is impoſſible. Wherefore 
AE is not parallel to BC: And by the fame Way of 
Reaſoning we prove; that no other Line but AD is 
arallel to B C. Therefore AD is parallel to B C. 
herefore equal Triangles conſtituted upon the ſame 


. Baſe, on the ſame Side, are in the ſame Parallels; 


which was to be demonſtrated. 
PROPOSITION XL. 
THEOREM. 
Equal Triangles conſtituted upon equal Baſes, on the 
fame Side, are between the ſame Parallels. 


ET ABC -CD 2 E, be & u Triangles, conſti- 
L tuted upon Sade Pale BC CE. I ſay they 


ate between the ſame Parallels. For let A D be 
drawn. I fay AD is parallel to B E. A ok 


For if it be not) let AF be drawn * thro A, pa- g ref this; 


rallel to B Ed draw FE. 


between the ſame Patallels BE; AF, But the Tri- 
angle ABC is equal to wn DCE. . 


the Triangle A B C is + equal to the Triangle +38 of this, 
F CE} for they are conſtituted upon equal Baſes, and 


* 


— 
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fore the Triangle D CE ſhall be equal to the Trian- 
le FCE, the greater to the leſs, which is impoſſi- 
le. Wherefore AF is not parallel to BE. And in 
this Manner we demonſtrate, that no Right Line can 
be parallel to BE, but AD. Therefore AD is pa- 
rallel to BE. And ſo equal Triangles conſtituted upon 
equal Baſes, on the ſame Side, are between the ſame 
Nn which was to be demonſtrated. 
nr en 


ſ 


If a Parallelogram and a Triangle have the ſame Baſe, 
and are between the ſame Parallels, the Parallelo- 
gram will be double to the Triangle, ; 


Þ 5 T the Parallelogram AB CD, and the Trian- 
gle EBC, have the ſame Baſe, and. be between 
the ſame Parallels, BC, AE. I fay the Parallelo- 
gram ABCD is double the Triangle, EBC. 

For join A C. 


#49 of this, Now the Triangle ABC is = equal to the Triangle 


EBC; for they are both conſtituted upon the ſame 
Baſe BC, and between the ſame Parallels BC, AE. 


+34 of this. But the Parallelogram AB CD is + double the Tri- 


angle ABC, ſince the Diameter AC biſeQs it. Where- 
fore likewiſe it ſhall bedouble to the Triangle EBC. 
If, therefore, a Parallelogram and Triangle have both 
the ſame Baſe, and are between the ſame Parallels, 
the Parallelogram will be double to the Triangle; 
which was to be demonſtrated. . 


PRO i; 8 7 ION XLII 


'To conſtitute a Parallelogram equal to a given Triangle, 
in au Augle equal to a given Right-lined Ang le. 


4.506 given 4 5 be ABC, and the Right- 

| lined Angle given D. It is required to conſti- 

_ tute a Parallelogram equal to the given Triangle 

ABC, in a Right-lined Angle equal to D. nns 
| | iſe 
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Biſect BC in E, join AE, and at the Point E, in 10 of this. 
the Right Line EC, conſtitute f an Angle CE F+230f this. 
equal to D. Alſo draw + AG thro' A, parallel to 13 of this. 
EC, and thro" C the Right Line CG parallel to FE. 
No FECG is a Parallelogram: And becauſe _ 
BE is equal to EC, the Triangle ABE ſhall be“ equal *38 of this; 
to the Triangle AE C; for they ſtand upon equal N 
Baſes BE, EC, and are between the fame Parallels _— 
BC, AG. Wherefore the Triangle“ ABC is double © 4} 4 h 
to the Triangle AEC. But the Parallelogram FECG | 
is alſo double to the Triangle AEC; for it has the 
ſame Baſe, and is between the ſame Parallels. There- 
fore the Parallelogram FE CG, is equal to the Tri- 
angle AB C, and has the Angle CE F equal to the 
. Angle D. Wherefore the Parallelogram FE CG is 
conſtituted equal to the given Triangle ABC, in an 
Angle CEF equal to a given Angle D; which was 


- to be done. 5 

| 

- PROPOSITION XLIII. 235 | 
THEO RD t 

- In every Parallelogram the Complements of the Pa- 

. + F that ſtand about the Diameter, are 

equal between themſelves. r eee ee 

Y T ET ABCD be a Parallelo ram, whoſe Diame- © :- 

b ter is DB; and let FH, EG, be Parallelograms 

„ ſtanding about the Diameter BD. Now AK, KC, 

5 are called the Complements of them: I ſay the Com- 


plement AK is equal to the Complement K C. 

For ſince A BCD is a Parallelogram, and B D is | 
the Diameter thereof, the Triangle ABD * is equal *34 of this, 
to the Triangle BDC. Again, becauſe HKFD is 
a Parallelogram, whoſe Diameter is DK, the Trian- 

_ gle HDR ſhall * be equal to the Triangle DFK ; and | 
, for the ſame Reaſon the Triangle KBG is equal to 
the Triangle KEB. But ſince the Triangle BEK is 

equal to the Triangle BGK, and the Triangle HDK 


1 to DF K; the Triangle BE K, together with the 
i- Triangle HDK, is equal to the Triangle BGK, te- 
le gether with the Triangle DFK. But the whole Tri- 


angle ABD is likewiſe equal to the whole Triangle 
T3 A L D 3 BDC 


BDC. Wherefore the Complement remaining, AK, 
Will be equal to the remaining Complement K C. 
Therefore in every Parallelogram the Complements of 


equal between themſelves; which was to be done. 
PROPOSITION XLIV. 
PROBLEM. 


WW To apply a Parallelogram to a given Right Line, aqual 
4 I Triangle, in a given Right-lined Job 5 


angle C, and the given Right-lined Angle D. It 

is required to the given Right Line A B, to apply a 
Parallelogram equal to the given Triangle C. 

In an Angle equal to D, make the Parallelogram 

42 F this. B EF G equal to the Triangle C; in the Angle 
E G, equal to D. Place B E in a ſtraight Line with 

. AB, and produce FG to H, and thro' A let AH be 
131 of this. drawn Þ parallel to either GB, or FE, and join HB. 

No becauſe the Right Line HF falls on the Pa- 

+29 of this rallels AH, EF, the Angles AHF, HFE, are + equal 

da two Right Angles. And ſo BUF, HF E, are 

leſs than two Right Angles ; but Right Lines making 

leſs than two Right Angles, with a third Line being 

Ax. 12. infinitely produced, will meet“ each other. Where: 
fore HB, FE, produced, will meet each other; whic 

let be in K, thro' which * draw KL parallel to EA, or 


© Therefore HLKF is a Parallelogram, whole Dia- 
meter is HK; and AG, M E, are Parallelograms 

about HK ; whercof LB, BF, are the Complements, 
+43 of this. Therefore LB is + equal to BF. But BF is alſo 
" equal to the Triangle C. Wherefore likewiſe LB 
105 be equal to the Triangle C; and becauſe the 

TI 154 his. Angle GB E is equal to the Angle ABM, and 
aalld equal to the Angle D, the Angle AB M ſhall 
be equal to the Angle D. Therefore to the given 

Right Line AB is applied a Parallelogram, equal to 

the given Triangle C, in the Angle AB M, equal to 

the given Angle D; which was to be done, 


'PRO- 


the Parallelograms, that ſtand about the Diameter, are | 


157 T the Right Line given be AB, the given Tri- 


FH, and produce A H, G B, to the Points Land M. 


xk 
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PROPOSITION XLv. 
PROBLEM. 


To make 4 Parallelogram equal to a given Right-lined © 
Figure, in a given Right-lined Angle. 


T ET ABCD be the given Right-lined Figure, 
L and E the Right-lined Angle given. It is re- 
quired to make a Parallelogram equal to the Right- 
lined Figure AB CD in an Angle equal to E. 

Let D B be joined, and make * the Parallelogram 42 ofehiz. 
FH equal to the Triangle ADB, in an Angle HKF, 
* to the given Angle 1. * 1 

hen to the Right Line apply I the Paralle- ohis. 
logram G M, equal to the Triangle DBC, in bn * 
Angle G H M, equal to the Angle K. 

Now becauſe the Angle E is equal to HK F, or 
GH M, the Angle H K F ſhall be equal to GH M, 
add K H G to both; and the Angles HK F, KHG, 

are, together, equal to the Angles K HG, GH M. | 

But HKF, K HG, are , together, equal to two Right $29 of this, 
Angles. Wherefore, likewiſe, the Angles K H G, 
GHM, fhall be equal to two Right Angles: And 

ſo at the given Point H in the Right Line GH, two 

Right Lines KH, HM, not drawn on the ſame Side, 
make the adjacent Angles, both together, equal to 

two Right Angles; and nen K H, HM * *1, of this, 
make oue ſtraight Line. And becauſe the Right Line 
H G falls upon the Parallels KM, FG, the alternate 
Angles M H G, HG F, are t equal. And if HG L 
be added to both, the Angles MH G, HG L, toge- 
ther, are equal to the Angles HGF, HGL, together. 

But the Angles MHG, Hö, are * together equal 9 of this, 
to two Right Angles. Wherefore likewiſe the An- 
les HGF, HGL, are together equal to two Right 

ngles; and ſo FG, GL, make one ſtraight Line, 

And ſince KF is equal and parallel to HG, as like- 
wiſe HG to ML, KF ſnall be + equal and parallel 430 of this. 
to ML, and the Right Lines K M, F L, join them. 
Wherefore KM, FL, are + equal and parallel. There 134 of this. 
fore KFLM is a Parallelogram. But ſince the Tri- 
angle A BD is equal to 1 Parallelogram H F, * : 
| 4 6 
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the Triangle DBC to the Parallelogram GM; then 


the whole Right- lined Figure ABC D will be equal 
to the whole „ KF LM. Therefore 
the Parallelogram K FL M is made equal to the 
given Right- lined Figure ABCD, in an Angle FK M, 
equal to the given Angle E; which was to be done. 


Coroll. It is manifeſt, from what has been ſaid, how 
to apply a Parallelogram to a pom Right Line, 
equal to a given Right-lined 
Right-lined Angle. 
PROPOSITION XLIVI 
PROBLEM. 


To deſcribe a Square upon a given Right Line. 


| 1 AB be the Right Line given, upon which 


it is required to deſcribe a Square. 
*rr0f this, Draw AC at Right Angles to AB from the Point 
+ 3 of this, A given therein; make+ AD equal to AB, and thro? 
131 of this.the Point D draw + DE parallel to AB; alſo thro' 
B draw BE parallel to AD. | 


*34 ofthis, Then ADEB is a Parallelogram ; and ſo AB* is 


N to DE, and AD to BE. But BA is equal to 
AD. Therefore the four Sides BA, AD, DE, EB, 
are equal to each other. | 

And ſo the Parallelogram AD E is equilateral: 
I ſay it is likewiſe equiangular. For becauſe the Right 


Line AD falls upon the Parallels AB, DE, the An- 


+29 hs BAD, ADE, are + equal to two Right Angles. 
But BAD is a Right Angle: Wherefore ADE is 
alſo a Right Angle; but the oppoſite Sides and oppo- 
134 of this. ſite Angles of Parallelograms are * Therefore 
| each of the oppoſite Angles ABE, BED, are Right 
Angles ; and conſequently ADBE is a Rectangle: 


But it has been proved to be equilateral. Therefore 


it is neceſſarily a Square, and is deſcribed upon the 

5 Right Line AB; which was to be done. . 

©  Coroll. Hence every Parallelogram that has one Right 
Angle is a Rectangle. e 


igure in a given 


Bo 
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PROPOSITION XIV. 


THEOREM. 


In any Right-angled Triangle, the Square deſcribed 

upon the Side ſubtending the Right Angle, is equal 
to both the Squares deſcribed upon the Sides contain 
ing the Right Angle. 


ET ABC be a Right-angled Triangle, having 
the Right Angle BAC. I fay the Square de- 
ſcribed upon the Right Line B C, is equal to both 
the Squares deſcribed upon the Sides BA, AC. 
For deſcribe * upon BC the Square BDEC, and *46 of ehis. 
on BA, AC, the Squares GB, H C, and thro” the 
Point A draw AL parallel to BD, or CE; and let | 
AD, FC, be joined. 1 
Then becauſe the Angles BAC, BAG, Þ are Right + Def. 30; 
ones, two Right Lines AG, AC, at the given Point 
A, in the Right Line BA, being on contrary Sides 
thereof, make the adjacent Angles equal to two Right 
Angles. Therefore CA, A G, make + one ſtraight {14 of ehis. 
Line; by the ſame Reaſon AB, AH, make one ſtraight 
Line. And ſince the Angle DB C is equal to the 
Angle FBA, for each of them is a Right one, add ; 
ABC, which is common, and the whole Angle 
DBA is equal to the whole Angle FBC. And & Ax. 2. 
ſince the two Sides AB, B D, are equal to the two 
Sides F B, BC, each to each, and the Angle DBA 
equal to the Angle FBC; the Baſe AD will be f 4 of chis; 
equal to the Baſe FC, and the Triangle ABD equal 
to the Triangle FBC: But the Parallelogram BL _ 
is + double to the Triangle ABD; for they have the A1 of this. 
ſame Baſe DB, and are between the ſame Parallels 
BD, AL. The Square GB is alſo double to the 
Triangle FBC; for they have the ſame Baſe F B. 
and are inthe ſame Parallels FB, GC. But Things 
| that are the Doubles of equal Things are“ equal to “ Ax. 6. 
each other. Therefore the Parallelogram BL is equlal! 
to the Square GB. After the ſame Manner, AE, 
| BK, being joined, we prove, that the Parallelogram 
C. is _ to the Square HC. Therefore the whole 
Square DBE CC is equal to the two Squares GB, HC. 
But the Square DBEC is deſcribed on the Right _ 
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BC, and the Squares G B, H C, on BA, AC. There- 
fore the Square BE, deſcribed on the Side B C, is 
equal to the Squares deſcribed on the Sides BA, AC. 

erefore in any Right-angled 7. rags, the Square 
deſcribed upon the Side ſubtending the Right Angle, 
is equal to both the Squares deſcribed upon the Sides 
containing the Right Angle,  _— 1 5 


PROPOSITION XLVIn. 
THEOREM. 


| Tf a Square deſcribed upon one Side of a Triangle be 
equal to the Squares deſcribed upon the other two 
Sides of the ſaid Triangle, then the Angle contained 

by theſe two other Sides is a Right-Angle. | 


1 the Square deſcribed upon the Side B C of the 
Triangle AB C, be equal to the Squares deſcrib- 

ed upon the other two Sides of the Triangle BA, 

AC: I ſay the Angle BAC is a Right one. 
For let there be drawn AD from the Point A, at 

| Right Angles to AC; likewiſe make AD equal to 

BA and join DC. 88 | . 

Then becauſe D A is equal to AB, the Square de- 

ſcribed on D A will be equal to the Square deſcribed 

on AB. And adding the common Square deſcribed 

on AC, the Squares deſcribed on D A, A C, are equal 

: to the Squares deſcribed on BA, AC. But the Square 
#47 of this. deſcribed on DC is“ equal to the Squares deſcribed 
on DA, AC; for DAC is a Right Angle: But the 
Square on BC is put equal to the Squares on BA, AC. 
Therefore the Square deſcribed on D C is equal to 

the Square deſcribed on B C; and ſo the Side CD is 

equal to the Side CB. And becauſe DA is equal to 

AB, and AC is common, the two Sides DA, AC, 

are equal to the two Sides BA, AC; and the Baſe 

D is equal to the Baſe CB. Therefore the Angle 
+ 80% this. DAC is + equal to the Angle BAC; but DAC 1s a 
Right Angle; and ſo BA will be a Right Angle 
alſo. If, therefore, a Square deſcribed upon one Side 

of a Triangle be equal to the Squares deſcribed upon the 

other two Sides of the ſaid Triangle, then the Augle con- 

zainedby theſe rwo other Sidesis a Kight Ale; -which 
was to be demonſtrated,  *' EUCLID" 
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ELEMENTS. 


DEFINITIONS. 


VE RY Right-angled I + is ſaid 
to be contained under two Right Liner, 
* comprehending a Right Angle. | 
II. Is every Parallelagram, either of thoſe Parallelo- = 
grams that are about the Diameter, together with | : 
the Complements, is called a Gnomon. 


PRO · 


Euclids ELEMENTS. Book II. 


PROPOSITION I. 
THEOREM. 


If there be two Right Lines, and one of them be di- 
vided into any Number of Parts; the Rectangle 
comprehended under the whole, and divided Line, 
ſhall be equal to all the Rectangles contained under 
Abe 1 Line, aud the ſeveral Segments of the 

dividell ine, 4 AA += MH 


ET A and BC be two Right Lines, where- 
of BC is cut or divided any how in the 
Points D, E. I fay, the Rectangle con- 

—— tained under the Right Lines A and BC, 

is equal to the Rectangles contained under A and 

B D, A and D E, and A and EC. 

For let B F be drawn from the Point B, at Right 
Angles, to BC; and make + BG equal to A; and 
let + GH be drawn thro' G parallel to BC: Like- 

wiſe, let + there be drawn DK, EL, CH, thro? 

D, E, C, parallel to BG. OE 

Then the Rectangle BH is equal to the Rectan- 
gles BK, DL, EH; but the Rectangle B H, is that 
contained under A and BC; for it is contained un- 
der GB, BC; and GB is equal to A; and the 
Rectangle B K is that contained under A and BD; 
for it is contained under GB and B D, and GB is 
equal to A; and the Rectangle DL is that contain 
ed under A and DE, becauſe D K, that is, B G, is 
equal to A: So likewiſe the Rectangle EH is that 
contained under A and EC. Therefore the Rect- 
angle under A and B C, is 7 to the Rectangle 

7 


4 


under A and BD, A and DE, and A and EC 
Therefore, if there be two Right Lines given, an 
one of them be divided into any Number of Parts, 
the Rectangle comprebeuded under the whole and di- 
vided Line ſhall be equal to all the Redangles cou- 
tained ꝝnder the whole Line, and the ſeveral Seg- 
_— of the divided Line; which was to be demon- 
rated. 
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If a Right Line be any how divided, the Rectangles con 
. tained under the whole Line, and each of the degments, 
or Parts, are equal to the Square of the whale Line. 
2 the Right Line A B be any how divided in 
LL the Point C. I ſay, the Redlan angle contained 
under A B, B C, together with that contained under 
AB and A C, is equal to the Square made on AB. 


For let the Square ADEB be deſcribed ? on AB, * 46. r. 


and thro? C let CF be drawn parallel to AD or BE. 
Therefore A E is equal to the Rectangles A F and 
CE. But AE is a Square deſcribed upon AB; and 
AF is the Rectangle contained under BA, AC; for 
it is contained under DA and AC, whereof AD is 
equal to AB; and the Rectangle CE is contained 
under AB, BC, ſince BE is equal ro AB. Where- 
fore the ReQangle under AB and AC, together with 
the Rectangle under AB and BC, is equal to the 
Square of AB. Therefore, if 4 Right Line be an 

how divided, the Redtangles contained under the whok 


Line, and each of the Segments, or Parts, are equal 


to the Square of the whole Line. 
PROPOSITION In. 
10 0.4.4.0 BE ORE ©. 


i a Right Line be any how cut, the Rectangle con- 


tained under the whole Line, and one of its Parts, is 
equal tothe Rectangle contained under tbe two Parts 
toagetber, with the Square of the firſt-mentioned Part. 


1 ET the Right Line AB be any how cut in the 


Point C. I ſay, the Rectangle under AB and 
BC is equal to the Rectangle under A C and B ©, 
together with the Square deſcribed on BC. 
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For deſcribe * the Square CDE B upon BC; 46. 1. 
produce E D to F; and let AF be drawn + thro' + 31. 1. 


A, Parallel to C D or BEE. 
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Then the ReQangle AE ſhall be equal to the two 


Rectangles AD, CE: And the Rectangle AE is that 


contained under AB and BC; for it is contained un- 
der AB and BE, whereof BE is equal to BC: And 
the Rectangle A D is that contained under A C and 
CB, dance DC is equal to CB: AndDB is a Square 
deſcribed upon B C. Whereforethe ReQangle under 
AB andBC is equal to the ReQangle under AC and 
CB, together with the Pome deſcribed upon B C. 
Therefore if 4 Rigbt Line be any how. cnt, the Redtan- 


gle contained nnder the whole Line, and one of its 


arts, is equal to the Rectangle contained under the 
eu Parts together, ivith the Square of the firſb-mens 


'  Foned Part; which was to be demonſtrated. 


THEOREM. 


If a Right Line be any how cut, the Square which is 
made on the whols Live will be equal to the Squares 
made on the Segments thereof, together with twice 
the Rectangle contained under the Segments, © 


3 the Right Line AB be any how cut in C. 
I fay, the Square made on AB is equal to the 
Squares of AC, CB, together, with twice the Re&- 
angle contained under AC, CB, 3 
or * deſcribe the Square AD EB upon AB, join BD; 
and thro' C draw F CGF parallel to AD or 85 
and alſo thro' G draw H K parallel to AB or DE, 
Then becauſe CF is parallel to AD, and BD falls 
upon them, the outward Angle BGC ſhall be + equal 
to the inward and oppoſite Angle ADB: But the 
Angle ADB is “ equal to the Angle ABD, ſince the 
Side BA is equal to the Side AD. Wherefore the 
Angle CGB is equal to the Angle GBC; and fo the 
Side BC equal + to the Side CG; but likewiſe the 


Fr 


* SideCB is + equal to the Side GK, and the Side CG 


to BK. Therefore GK is equal to KB, and CGKB 
is equilateral. I ſay, it is alſo Right-angled ; for be- 
cauſe CG is parallel to BK, and CB falls on them, 
the Angles K BC, GCB, are + equal to two Right 
Angles. But K BC is a Right Angle. WER 


> wt 


* A ® n CD hoe hos og. 


lay the Rectangle contained under AD, DB, toge- 
| | | ther 
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GBC alſo is a Right Angle, and the oppoſite 4 
GCB. CG, GKB, ſhall be Right Angles. Therefore 
CG KB is a Rectangle. But it has been proved to 
be equilateral. Therefore CG K B is a Square de- 
ſeribed upon BC. For the ſame Reaſon HF is alſo 
a Square made upon HG, that is equal to the Square 
of AC. Wherefore H F and CK are the Squares of 
AC and CB. And becauſe the Rectangle AG is 


equal to the Rectangle & E, and A G is that which & 43. 1. 


Ly. 


is contained under AC and CB, for GC is equal to 
CB: GE ſhall be equal tothe ReQtangle under AC, 
and CB. Wherefore the Rectangles A G, GE, are 
equal to twice the Rectangle contained under A C, 
CB; and HF, CK, are the Squares of AC, CB. 
Therefore the four Figures HF, CK, AG, GE, are 
equal to the Squares of AC and CB, with twice the 
Rectangle contained under AC and CB. But HF, 
CK, AG, GE, make up the whole Square of AB, 
dix. ADEB. Therefore the Square of AB is equal 
to the Squares of AC, CB, together with twice the 
Rectangle contained under AC, CB. Wherefore, 
if a Right Line be any how cut, the Square which is 
made on the whole Line, will be equal to the Squares 
made on the Segments thereof, together with twice the 
Rectaugle contained under the Segments; which was 
to be demonſtrated. NS. 


Coroll. Hence it is manifeſt, that the Parallelograms 
which ſtand about the Diameter of a Square, are 
likewiſe Squares. | 


PROPOSITION V. 
THEOREM. 


If a Right Line be cut into two equal Parts, and into 
two unequal ones; the Rectangle under the unequal 
Parte, together with the Square that is made of the 
intermediate Diſtance, is equal to the Square made 
of half the Line. 


1 any Right Line AB be cut into two equal 
DE Parts in C, and into two unequal Parts in D. I 
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ther. with the Square of C D, is equal to the Square 
For . deſeribe CE F B, the Square of B C, draw 


.1, BE, and thro D draw *D H G, parallel to G E, or 


B F, and thro' H draw K LO, parallel to CB, or 
E F, and AK thro? A, parallel to CL, or BO. 
Nov the Complement CH is + equal to the Com- 
plement HF. Add DO, which is common to-both 
of them, and the whole CO, is equal to the whole 
DF; but OO is + equal to AL, becauſe AC is equal 
to CB; therefore AL is equal to DF, and adding 
CH, which is common, the whole AH ſhall be 
equal to FD, DL, together. But AH is the ReQ- 

angle contained under AD, DB; for DH is 4 equal 


4. to DB, * and FD, DL, is the Gnomon M NX; 


* — — — * 
— — — —— — 
— —äͤ — —ä — —— ä—ä———— AUà4Uũ — 2 
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therefore MNX is equal to the Rectangle contained 
under AD, DB, and if LG, being common, and 
* equal to the Square of CD be added; then the 
Gnomon MN X, and LG, are equal to the Rect- 
angle contained under AD, D B, together with the 
Square of C D; but the Gnomon M NX, and LG, 
make up the whole Square CE FB, viz. the Square 
of CB. Therefore the Rectangle under AD, D B, 
together with the Square of C D, is equal to the 
Square of CB. Wherefore, if 4 Right Line be cut 
into tuo equal Parts, and into two unequal ones ; 
the Rectangle under the unequal Parts, together 
with the Square that is made of the intermediate Di- 
\ ance, is equal to the Square made of half the Lime; 
which was to be demonſtrated. 1 


PRO- 


1 Book'l: Bachs Enters 31 


ire 


Square of BC, is equal to the Square of CD. 


then the whole Rectangle AM, is equal to the NY 
0 


N 1 


PROPOSITION vt. 
THEOREM. 


If a Right Line be divided into two equal Parts, and 
another Right Line be added directly to the ſame, 
the Rectangle contained under the Line, compounded 
of the whole and added Line, (taken as one Line,) 
and the added Line, together with the Square of 

half the Line, is equal to the Square of the Line 
compounded of half the Line, and the added Line 
taken as one Line. 885 . 


ET the Right Line AB be biſeQed in the Point 
C, and BD added directly thereto. I ſay the 
Rectangle under AD, and DB, together with the 


For deſcribe* CE FD, the Square of CD, and * 46. f. 
join DE; draw f BHG thro? B, parallel to CE, f 31. t. 
or DF, and K LM thro? H, parallel to AD, or 
EF, as alſo AK thro' A, parallel to CL, or DM. 

Ihen becauſe A C is equal to CB, the Rectangle 
AL ſhall be equal to the Rectangle CH, but CH f 43. i. 
is + equal to HF. Therefore AL will be equal to 4g. /. 
HF; and adding C M, which is common to both, 5 


Gnomon But AM is that Rectangle which 

is contained under AD, DB, for DM 1s * equal to & Cor. 4. 
DB; therefore the Gnomon NX O is equal togf this, - 
the Rectangle under AD, and DB. And adding 

LG, which is common, viz, + the Square of CB;+ Co. 4; © 
and then the Rectangle under AD, DB, together of this, 
with the Square of BC, is equal to the Gnomon 
NXO with LG. But the Gnomon NX O, and 

LG, together, make up the Figure CEF D, that 

is the Square of C D. Therefore the Rectangle un- 

der AD, and DB, together with the Square of 

B C, is equal to the Square of CD. Therefore, 

if a Right Line be divided into two equal Parts, : 

and another Right Line be added directly to the ſame, . 


tbe Rectangle contained under the Line, compound- 


ed of the whole and added Line, (talen as one 
Line,) and the added nd aa with the 1 | 


| * 46. 1, 


l +43: 1. 
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of half the Line, is equal to the Square of the Line 
compounded of half the Lins, and the added Line 


talen as one Line; which was to be demonſtrated. 


PROPOSITION VI. 
| THEOREM. 


If a Right Line, be any how cut, the Square of the 
whole Line, together with' the Square of one of the 
Segments, is equal to double the Rectangle contained 
under the whole Line, and the ſaid Segment, toge- 
ther with the Square, made of the other Segment. 


ET the Right Line AB be any how cut in the 
Point C. I ſay the Squares of AB, BC, to- 
gether, are equal to double the Rectangle contained 
5 AB, BC, together with the Square, made of 
For let the Square of AB be“ deſcribed, vix. A 
AD EB, and conſtruct © the Figure. 1 
Then becauſe the Rectangle A G, is 3j equal to 
the Rectangle GE. If CF, which is common, be 
added to both, the whole Rectangle AF ſhall be 


- cqual to the whole Rectangle CE, and ſo the Re&- 
"angles AF, CE, are double to the Rectangle AF; 


but AF, CE, make up the Gnomon K LM, and 


4. the Square CF. Therefore the Gnomon K LM, 


"together with the Square CF, ſhall be double to the 
Rectangle AF. Butdouble the ReQangle under AB, 


" + Cor. 4. BC, is double the Rectangle AF, for BF is + equal 


to BC. Therefore the Gnomon K LM, and the 
Square CF, are equal to twice the Rectangle con- 

tained under AB, BC. And if HF, which is com- 
mon, being the Square of A C, be added to both; 

then the Gnomon KLM, and the Squares C F 

HF, are equal to double the Rectangle contained 

under 


. © A Figure is ſaid to be conſtructed, when Lines, drawn in 
a Parailelogram parallel to the Sides thereof, cut the Diameter 


in one Point, and make two Parallelograms about the Diame- 
ter, and two Complements. So likewiſe a double Figure is ſaid 
zo be conſtrudted. when two Right Lines parallel to the Sides, 
make four Parallelogranis about the Diameter, and four Com: 


plements, 
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under AB, BC, together with the Square of AC, 
ut the Gnomon K LM, together with the Squares 

CF, HF, are equal to A DE B, and C F, vis. the 
Squares of AB, BC. Therefore the Squares of AB, 
BC, are together equal to double the ReQangle con- 
tained under A B, B C, together with the Square of 
AC. Therefore, «if a Right Line be any how cat, 
ebe Square of the whole Line, together with the Square 
of one of the Segments, is equal to double the Rectangle 
contained under the whole Line, and the ſaid Segment, 
together with the Square, made of the other Segment; 
which was to be demonſtrated. wk 


PROPOSITION vm. 
THEOREM. 


If a Right Line be any how cat into two Parti, four 

. . the * le, pts n whole Line, 

and one of the Parts, together with t 1 of 

the other Part, it —_ to the Square of the Line, 
compounded of the whole Line, and the firſt Pars 

talen as one Line. | | | 

PEE the Right Line AB be cut any how in C. 

& I fay four times the Rectangle contained under 

AB, B C, together with the Square of A C, is equal 

to the Square of AB, and BC taken as one Line. 

For let the Right Line AB be produced to D, 

ſo that B D be equal to B C, deſcribe the Square A E 

FD, on AD, and conſtruct the double Figure. 

Now fince CB is * equal to BD, and alſo to * /. 

+ GK, and BD is equal to KN: GK fhall bet 34. 1. 

likewiſe equal to K N; by the ſame Reaſoning, Px 

is equal to RO. And fince CB is equal to BD, 

and GK to KN, the Rectangle CK will 1 be 36. r. 1 

equal to the Rectangle BN, and the Rectangle Gx i 

to the Rectangle RN. But CK is * equal to RN; * 43. 1. i 

for they are the Complements of the Parallelogram . . = 

CO. Therefore BN is equal to GR, and the four 5 


J ˙5·‚ 62. MES. nun nld 


r 


0 


Squares B N, K C, GR, RN, are equal to each „ 


other; and ſo they are together Quadruple CK. . | | 
Again, becauſe CB is equal to BD, and B Dfo* Gon A 4 47 
B, that is, equal tFCG L and the ſaid CB is * 
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alſo to G K, that is, td P; therefote C G ſhall 
be equal to GP. But PR is equal to RO; there- 
fore the Rectangle A G ſhall be equal to the Red - 
angle M, and the Rectangle P IFequat to RF. 
But MP is equal to PL; for they are the Comple- 
ments of the Parallelogram MIL. Wherefore A G 
is equal alſo to RF. Therefore the four Parallelo- 
grams AG, MP, PL, RF, are equal to each other, 


and accordingly they are together Quadruple of AG. 


But it has been proved that the four Squares C K, 
BN, GR, RN, are Quadruple of CK. There- 
fore the four Rectangles, and the four Squares, ma- 
king up the Gnomon 8 T Y, are together Quadruple 
of AK; and becanſe AK is a Rectangle contained 
under AB, and BC, for BK is equal to BC; four 
times the Rectangle under AB, BC, will be Qua- 


druple of AK. But the Gnomon ST Y has been 


proved to be Quadruple of AK. And ſo four times 
the Rectangle contained under AB, BC, is equal to 
the Gnomon ST Y. And if XH, being equal to 


+ Cor. 4. + the Square of A C, which is common, be added 


to both: Then four times the Rectangle contained 
under AB, BC, together with the Square of A C, 
is equal to the Gnomon 8 T V, and the Square XH. 
But the Gnomon ST V and HX, make AE FD, 
the whole Square of AD. Therefore four times the 
Rectangle contained under AB, BC, together with 
the Square of A C, is equal to the Square of AD, 
that is, of AB and BC taken as one Line. Where- 
fore, if a Right Line be any bow cut into two Parts, 
four times the Rectangle contained under the whole 


Line, and one of the Parts, together with the Square 


of the other Part, is equal to the Square of the Line, 
compounded of the whole Line, and the firſt Part 
talen as one Line; which was to be demonſtrated, 
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PROPOSITION X. 
THEOREM. 
If a Right Line be any how cut into two equal, and 
tuo unequal Parts; then the Squares of the unequal 


Parts together, are double to the Square of the half 
Line, and the Square of the intermediate Part. 


IJ ET any Right Line AB be cut unequally in D, 

and equally in C. I ſay the Squares of AD, 
DB, together, are double to the Squares of AC and 
CD together, 1 7 5 
For let * CE be drawn from the Point C at Right“ 1 1. f. 
Angles to AB, which make equal to AC, or CB, 
and join EA, EB. Alſo thro? let I DF be drawn + 31. I. 
parallel to CE, and FG thro' F parallel to AB, 
and draw AF. — Shy | 
| Now becauſe AC is equal to CE, the Angle EAC 
will be + equal to the Angle AEC; and ſince thef 5. 1. 
Angle at C is a Right one, the other Angles AEC, | 
EAC, together, ſhall * make one Right Angle, and“ 3- Cor. 
are equal to each other: And ſo AEC, EAC, are each 32.1. 
equal to half a Right Angle. For the ſame Reaſon 
are alſo CEB, EEC, each of them half Right Angles, 
Therefore the whole Angle AEB is a Right Angle. 
And ſince the Angle GEF is half a Right one, 
and EGF is a Right Angle; for it is + equal to the f 29. 1. 
inward and 8 Angle E CB, the other Angle 
EFG will be alſo equal to half a Right one. There- 
fore the Angle GEF is equal to the Angle EF G. 
And ſo the Side EG is + equal to the Side GF. Again, 1 6. 1. 
becauſe the Angle at Bis half a Right one, and F DB 
is a Right one, becauſe equal to the inward and oppo- 
ſite Angle ECB, the other Angle BF D will be half 
a Right Angle. Therefore the Angle at B 1s equal 
to the Angle BFD; and ſo the Side DF is equal to 
the Side 5 B. Aud becauſe AC is equal to C E, the 
Square of AC will be equal to the Square of CE. 
Therefore the Squares of AC, CE, together, are dou- 
ble to the Square of AC; but the Square of E A 
is + equal to the Squares of AC, CE, together, ſince | 47. 1; 
ACE is a Right Angle. ANGEL the * 4 | 
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EA is double to the Square of AC. Again, becauſe 
EG is equal to GF, and the Square of EG is equal 
to the Square of GF. Therefore the Squares of EG, 
GF, together, are double to the Square of GE. But 
the Square of EF is + equal to the Squares of EG, GF. 
Therefore the Square of E F is double the Square of 
GF: But GH is equal to CD; and ſo the Square of 
E F double to the Square of CD. But the Square 
of AE is likewiſe double to the Square of AC. 
Wherefore the Squares of AE, and E F, are double 
to the Squares of A C and CD. But the Square of 
AF is + equal to the Squares of AE and EF; be- 
cauſe the Angle AEF is a Right Angle, and conſe- 
quently the Square of AF is double to the Squares 
of AC, and CD. But the Squares of AD, DF 
are equal to the Square of AF: For the Angle at D 
is a Right Angle. Therefore the Squares of AD 
and DF, together, ſhall be double to the Squares of 
AC and CD together. But DF is equal to DB. 
Therefore the Squares of AD, and DB, together, 
will be double to the Squares of AC and CD, to- 
gether. Wherefore, if a Right Line be any how cut 
Into two equal, and two unequal Parts, then the 
we of the mo Parts together, are double to 
the Square of the half Line, and the Square of the in- 
termediate Part; which was to be demonſtrated. 


PROPOSITION X. 
THEOREM. 


If a Right Line be cut into two equal Parts, and to it 


be directiy added another; the Square made on [the 
Line compounded of] the whole Line, and the ad. 
ded one, together with the Square of the added Line, 
ſhall be double to the Square of the half Line, and 
the Square of [that Line which is componnded of } 
| the half, and the added Line, 5 


'ET the Right Line A B be biſc&ed in C, and 


any ſtraight Line B D added directly thereto. I 


fay the Squares of AD, DB, together, are double 
to the Squares of AC, CD, together. 
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For draw *CE from the Point C at Right Angles * 11. 1. 
to AB, which make equal to AC, or CB, and draw 

AE, EB; likewiſe thro' E let E F be + drawn pa- 31. 1. 
rallel to AD, and thro' D, DF + parallel to CE. | 


; Then becauſe the Right Line EF falls upon the 
1 Parallels EC, FD, the Angles CEF, EFD, are + equal | 29. 1. 
F to two Right Angles. Therefore the Angles FEB, 
EF, are together leſs than two Right Angles. But 
, Right Lines making, with a third Line, Angles to- 
: gether leſs than two Right Angles, being infinitely 


produced, will meet“. Wherefore EB, F D, pro- Xx Ax. 12. 
duced, will meet towards BD. Nov let them be 
produced, and meet each other in the Point G, and 
let A G be drawn. 
And then becauſe A C is equal to CE, the Angle 
AE C will be equal to the Angle EAC+: But the 5. 1. 
Angle at C is a Right Angle. Therefore the Angle 
CAE, or AEC, is half a Right one. By the ſame 
way of Reaſoning, the Angle CEB, or EBC, is half 
a Right one. Therefore AEB is a Right Angle. 
| And ſince EBC is half a Right Angle, DBG will alſo 1 15. 1. 
be half a Right Angle, ſince it is vertical to CBE. 
| But BDG is a Right Angle alſo; for it is *equal to * 29. 1. 
the alternate Angle DCE. Therefore the remaining 
Angle DGB is half a Right Angle, and ſo equal to 
DBG. Wherefore the Side BD is * equal to the* 6. 1. 
Side D G. Again, becauſe EGF is half a Right An- 
gle, and the Angle at F is a Right Angle, for it is 
o equal to the oppoſite Angle at C; the remaining An- 0 34, 
gle FEG will be alſo half a Right one, and is equal : 
to the Angle EGF; and ſo the Side G F is “ equal 
to the Side EF. And ſince EC is equal to CA, and 
the Square of EC equal to the Square of CA ; there- 
fore the Squares of EC, CA, together, are double to 
the Square of CA. But the Square of EA is + equal f 47. 1. 
to the Squares of EC, CA. Wherefore the Square 
of EA is double to the Square of AC. Again, be- 
cauſe GF is equal to FE, the Square of GF allo is ' 
equal to the Square of FE. Wherefore the Squares 
of GF, FE, are double to the Square of FE. But 
the Square of EG is + equal to the Squares of GF, FE, 
Therefore the Square of EG is double to the Square 
of EF: But EE is equal to OMD. Wherefore the 
Square of EG ſhall be * the Square of jk 
: 4 aut 
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But the Square of EA has been proved to be double 
to the Square of AC. Therefore the Squares of 
AE, E G, are double the Squares of A C, CD. But 
+ 47. 1; the Squares of A G is ſ̃ equal to the Squares of A E. 
E and confequently the Square of A G is double 
to the Squares of AC, CD. But the Squares of AD, 
DG, are f equal to the Square AG. Therefore the 
Squares of AD, DG, are double the Squares of AC, 
CD. But DG is equal to DB. Wherefore the 
Squares of A D, DB, are double to the Squares of 
AC, CD. Therefore if a Right Line be cut into two 
_ Parts, aud to it be directly added another; the 
Square made on [the Line compounded ,] the whole 
Line, and the added one, together with the Square f 
the added Line, ſhall be donble to the Square of the 
half Line, and the Square of | that Line which is 
compounded of] the al, aud the added Line. 


PROPOSITION XI. 
PROBLEM. 


To cut a given Right Line ſo, chat the Rectangle con- 
tained under the whale Line, and one Segment, be 
equal to the Square of the other Segment. | 


17 AB be a given Right Line. It is required 
to cut the ſame ſo, that the Rectangle contain- 
ed under the whole, and one Segment thereof, be 

equal to the Square of the other Segment. 5 

* 46. 1. Deſcribe * AB CD the Square of AB, biſect AC 
e in E, and draw BE: Alſo, produce C A to F, fo 
that EF be equal to EB. Deſcribe FG H A the 

Square of AF, and produce GH to K. I ſay, AB 

is cut in H ſo, that the Rectangle under A B, BH, 
is equal to the Square of AH. 3 

For ſince the Right Line AC is biſected in E, and 

AF is directly added thereto, the Rectangle under 

TE CF, FA, together with the Square of A E, will be 
+ 6 of this. I equal to the Square of EF. But EF is equal co 
50 EB. Therefore the Rectangle under CF, FA, to- 
gether with the Square of AE, is equal to the Square 

+ 47. 1. of EB. But the Squares of BA, AE, are + equal to 
tte Square of EB; for the Angle at A is a Right An- 

| | Fo gle. 


* 


Book II. Euclids ELEMENTS. 59 


gle. Therefore the Rectangle under CF, F A, to- 
gether with the Square of AE, is equal to the Squares 
of BA, AE. And taking away the Square of AE, 
which is common, the remaining Rectangle under 
CF, FA, is equal to the Square of AB. But FK 
is the Rectangle under CF, FA; ſince AF is equal 
to FG; and the Square of AB is AD. Wherefore 
the Rectangle FK is equal to the Square AD. And 
if AK, which is common, be taken from both, then 
the remaining Square F H is equal to the remaining 
Rectangle HD. But HD is the Rectangle under 
AB, B H, ſince AB is equal to BD, and F H is. 
the Square of A H. Therefore the Rectangle under 
AB, BH ſhall be equal to the Square of AH. And 
ſo the given Right Line AB is cut in H, ſo that the 
Rectangle under AB, BH, is equal to the Square 
of AH. Which was to be done, | 
\ 


PROPOSITION XI. 
THEOREM. 


* 9 


. 


. ie » » © ene TW". eee 


. In obinſe angled Triangles, the Square of the Side 
a ſubteuding the obtuſe Angle, is greater than the 
Squares of the Sides containing the obtuſe Angle, 
by twice the Rectangle under one of the Sides, con- 
taining the obtuſe Angle, viz. that an which, pro- 
Auced, the Perpendicular falls, and the Line taken 
BB without, between the perpendicular and the obtuſe 
. : 


13 AB C be an obtuſe angled Triangle, hav- 

L ing the obtuſe Angle BAC; and * from the“ 12. r. 

| Point B draw BD perpendicular to the Side C A | 

produced. I ſay the Square of BC is greater than 

the Squares of B A and AC, by twice the Rectangle 
contained under CA, and A). Z 
For becauſe the Right Line CD is any how cut in 
the Point A, the Square of CD ſhall be + equal to the f 4 of his. 

Squares of CA, and AD, together with twice the 

Rectangle under CA, and AD. And if the Square 

of BD, which is common, be added, then the Squares 

of CD, DB, are equal to the Squares of CA, AD, 


and DB, ang twice the Rectangle contained under 
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47. 1, CA and AD. But the Square of CB is * equal to 
the Squares of CD, DB; for the Angle at D is a 
Right one, fince BD is perpendicular, and the Square 
of AB is * equal to the Squares of AD, and DB, 
Therefore the Square of CB is equal to the Squares 
of CA and AB, together with twice a Rectangle un- 
der CA and AD. Therefore in obtuſe angled Trian- 
gles, the Square of the Side ſubtending the obtuſe Au- 
gle, 1s greater than the Squares of the Sides contain- 
ing the obtuſe Angle, by twice the Retangle under one 
of the Sides containing the obtuſe Angle, vit. that on 
which, produced, the Perpendicular falls, and the Line 
taten without, between the 5 and the ob- 

 Taſe Angle; which was to be demonſtrated. 


PROPOSITION XIII. 
THEOREM II. 


kg 


acute augled Triangles, the Square of the Side ſub- 

tending the acute A, if leſs than the Squares 
of the Sides containing the acute Angle, hy twice a 

Kectangle under one ebe Sides about the acute Au- 
gle, viz. on which the Perpendicular falls, and the 
Line aſſumed within the Triaugle, from the Per- 
pendicular to the acute Angle. | 


: T ABC be an acute angled Triangle, having 
® 12, 1. the acute Angle B: And from A let there * be 
drawn AD perpendicular to BC, I ſay the Square 
of AC is lefs than the Squares of CB and BA by 
twice a Rectangle under CB and BD. 
> For becauſe the Right Line CB is cut any how in 
Þ+ 7 of this. D, the Squares of CB and BD will be f equal to 
5 twice a Rectangle under CB and BD, together with 
the Square of DC. And if the Square of AD be 
added to both, then the Squares of CB, BD, and 
DA, are equal to twice the Rectangle contained un- 
der CB and BD, together with the Squares of AD 
t 47. 1. and DC. But the Square of AB is 4 equal to the 
Squares of BD and DA; for the Angle at D is a 
Right Angle. And the Square of AC is + equal to 
the Squares of AD and DC. Thetefore the Squares 
of CB and BA are equal to the Square of AC, to- 
9 4 | gether 
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gether, with twice the Rectangle contained under CB 
and BD. Wherefore the Square of AC only, is leſs 
than the Squares of CB and BA, by twice the ReQ- 
angle under CB and BD. Therefore in ante angled 
Triangles, the Square of the Side ſubtending the acute 
Angles, is leſs than the Squares of the Sides coutaining 
the acute Angle, by twice a Rectangle under one of 
the Sides about the acute Angle, vit. on Thich the 
Perpendicular falls, and the Line aſſumed within the 
Triangle, from the perpendicular to the acute Angle; 
which was to be demonſtrated. 1 


„NO 081i 10 N XIV: : 
PROBLEM. | 
To make a Square equal to a given Right-lined Figure. 


ET A be the given Right-lined Figure. It is _— 
required to make a Square equal thereto. | = 
Make * the Right-angled Parallelogram B CDE“ F. 1. 
| equal to the Right-lined Figure A. Now if BE be 
equal to ED, what was propoſed will be already 

done, ſince the Square BD is made equal to the Right- 
lined Figure A: But if it be not, let either BE or ED 
be the greater: Suppoſe B E, which let be produced to 
F; ſo that EF be equal to ED. This being done, : 
let BE be + biſected in &, about which, as a Center, f 10. 1. 
with the Diſtance GB or GF, deſcribe the Semicircle 
BHF; and let DE be produced to H, and draw GH. 
Now becauſe the Right Line BF is divided into two 
equal Parts in G, and into two unequal ones in E, 
the wrap under BE and E F, together with the 
Square of GE, ſhall be + equal to the Square of GF. f of this, 
But GF is equal to GH. Therefore the Rectangle A 
under BE, EF, together, with the Square of GE, is 
equal to the Square of GH. But the Squares of 
HE and EG are * equal to the Square of G H. * 47. 1. 
Wherefore the Rectangle under BE, EF, together . 
with the Square of E G, is equal to the Squares of 
HE, EG. And if the Square of E G, which is com- 
mon, be taken from both, the remaining Rectangle 
contained under BE and EF, is equal to the Square 
of EH. But the Rectangle under BE and EF 1 a 
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j BE Parallelogram B D, becauſe EF is equal to E D. 
Tohbereforè the Parallelogram BD is equal to the 
1 | Square of E H ; but the Parallelogram BD is equal 
1 | to the Right-lined Figure A. Wherefore the Right- 
40 | lined Figure A is equal to the Square of EH. And 
| ſo there is a Square mace equal to the given Right- 
lined Figure A, viz. the Square of EH; which was 
ro be done. 1 


The END of the SECOND Book. 
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BOOK III. 


DEFINITIONS. 


I. QUAL Circles are ſuch whoſe Diameters 
are equal; or from whoſe Centers the 
Right Lines that are drawn are equal. 

II. A Right Line is ſaid to touch a Circle, 

when touching the ſame, and being produced, does not 

cut 11. | 


III. Circles are ſaid to touch each other, which Touch- 
ing do not cut one another. 

IV. Right Lines in a Circle are ſaid to be equally 

_ diſtant from the Center, when Perpendiculars drawn 

rom the Center to them be equal. s 

V. And that Line is ſaid to be farther from the Cen- 
ter, on which the greater Perpendicular fall. 

VI. A Segment of a Circle is a 75 contained un- 


der a Right Line, and a Part of the Circumference 
_ of @ Circle, | | 


4 5-4. 


VII. An Angle of a Segment is that which is contain- 
ed by a Right Line, and the Circumference of 4 
Circle. 

VIII. An Angle is ſaid to be in a Segment, when ſome 


Point is taken in the Circumference thereof, and 


from it Right Lines are drawn to the Ends of that 


Right Line, which is the Baſe of the Segment ; 
then the Angle contained under the Lines drawn, 
is faid to be an Angle in a Segment. 

IX. Bat when the Right Lines containing the Angle 
do receive any Circumference of the Circle, then the 
Angle is ſaid to ſtand apon that Circumference. © 

X. 4 Seckor of a Circle, ts that Figure comprehended 
between the Right Lines drawn from the Center, 
and the Circumference contatned between them. 

XI. Similar Segments of Circles are thoſe which in- 

. clude equal Agee, or whereof the Angles in tbem 


are equal. . 

PROPOSITION I. 
PROBLEM. 

To find the Center of a Circle given. 


ET ABC be the Circle given. It is re- 
quired to find the Center thereof. 

Let the Right Line AB be any how 
4 10. I. drawn in it, which * biſect in the Point 
111. 1. D; and let D C bet drawn from the Point D at 

Right Angles to AB, which let be produced to E. 
hen if E C be * biſeQed in F, I ſay, the Point 

F is the Center of the Circle A B C. ee 

For if it be not, let G be the Center, and let GA, 
GD, GB, be drawn. Now becauſe DA is equal to 
DB, and DG is common, the two Sides AD, DG; 
are equal to the two Sides GD, DB, each to each; 
4Def.15.1.and the Baſe GA is + equal to the Baſe GB; for they 
| are drawn from the Center G. Therefore the Angle 
8. 1. ADG is * equal to the Angle GDB. But when a 


Right Line ſtanding upon a Right Line, makes the 


1 adjacent Angles equal to one another, each of the 
De,. 10. 1. equal Angles will + be a Right Angle. Wherefore 
the Angle GDB is a Right Angle. But FD; is he 

5 | N git 
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Right Angle. Therefore the Angle F DB is equalto 
4 the Angle GDB, a greater to a leſs, which is abſurd. 
Wherefore G is not the Center of the Circle ABC. 
1 After the ſame Manner we prove, that no other Point, 
1 vnleſs F, is the Center. Therefore F is the Center 
„of the Circle ABC; which was to be found. 


Coroll. If in a Circle, any Right Line cuts another 
Right Line into two equal Parts, and at Right An- 
gles; the Center of the Circle will be in that cut- 


2 

7 ting Line. 

7 PROPOSITION LI. 

THEOREM. 

f If 2 two Points be aſſumed in the Circumſerence of 
a Circle, the Right Line joining thoſe two Points 


| ſhall fall within the Circle. 


"ET ABC be a Circle; in the Circumference of 

which let any two Points A, B, be aſſumed. I 
ſay, a Right Line drawn from the Point A to the 
Point B, falls within the Circle. | 

For let any Point E be taken in the Right Line 
AB, and let DA, DE, DB, be joined. 

Then becauſe DAis equal to DB, the Angle DAB 
will be“ equal to the Angle DBA; and ſince the * 5. 1. 
Side A E of the Triangle DAE is produced, the au- 

le DEB will be + greater than the Angle D AE, + 16. 1. 

t the Angle DAE is equal to the Angle DBE; 
therefore the Angle DEB is greater than the Angle 
DBE. But the greater Side ſubtends the greater Angle. 5 
Wherefore D B is greater than DE. But DB only * / 
comes to the Circumference of the Circle; therefore ; 
DE does not reach ſo far. And ſo the Point E falls 
within the Circle. Therefore, f tuo Points are aſ- 
ſumed. in the Circumſerence of a Circle, the Right 
Line joining thoſe two Points ſhall fall within the 
Circle; which was to be demonſtrated. | OS 


Coroll. Hence if a Right Line touches a Circle, it 
will touch it in one Point only. 


0 w 2 » 20 rr wy 
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® x of this. 


PROPOSITION III. 
THEOREM. 


If in a Circle a Right Line drawn through the Center, 
cuts any other Right Line not drawn through the 
Center, into equal Parts, it ſhall cut it at Right 
Angles; and if it cuts it at Right Angles, it fall 
cut it into tuo equal Parts, | | 


ET ABC be a Circle, wherein the Right Line 
CD, drawn thro' the Center, biſe&s the Right 
Line A B notdrawn thro? the Center. I ſay, it cuts 
it at Right Angles. => | 
For * find E the Center of the Circle, and let EA, 

E B, be joined. Sos 5 
Then becauſe AF is equal to FB, and FE is com- 
mon, the two Sides AF, FE are equal to the two 
Sides BF, FE, each to each, but the Baſe E A is 
equal to the Baſe EB. Wherefore the Angle AFE 


* ſhall be + equal to the Angle BFE. But when a Right 


Line ſtanding upon a Right Line makes the adjacent 
Angles equal to one another, each of the equal Angles 
is 3 Right Angle. Wherefore AF E, or BF E, is 
a Right Angle. And therefore the Right Line CD 
drawn thro? the Center, biſecting the Right Line AB 


not drawn thro? the Center, cuts it at Right Angles. 


No if CD cuts AB at Right Angles, I ſay, it will 


biſe& it, that is AF will be equal to FB. For the 


ſame Conſtruction remaining, becauſe E A, being 
drawn from the Center, is equal to EB, the Angle EAF 


fſnall be“ equal to the Angle EBF. But the Right An- 


gle AF E is equal to the Right Angle BFE; therefore 
the two Triangles E A F, EBF, have two Angles of 
the one equal to two Angles of the other, and the Side 
EF is common to both. Wherefore the other Sides 
of the one ſhall be + equal to the other Sides of the other: 


And ſo AF will be equal to FB. Therefore if in a Cir- 


cle a Right Line drawn thro' the Center, cuts any other 


 Reght Line not drawn thro the Center, into two equal 


Parts, it ſhall cut it at Right Angles; and if it cats 
it at Right Angles, it ſhall cus it into two equal Parts; 
which was to be demonſtrated, 
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. PROPOSITION IV. 
THEOREM. 


If in a Circle two Right Lines, not being drawn thro! 
the Center, cut each other, they will not cut each 
other into two equal Parts. 


23 AB CD be a Circle, wherein two Right 
Lines AC, BD, not drawn thro' the Center, 


cut each other in the Point E. I ſay, they do not 


| biſe& each other. | 


For, if poſſible, let them biſe& each other, ſo that 
AE beequal to EC, and BE to ED. Let the Cen- 


ter F of the Circle ABCD be“ found, and join EF.“ 1 of this, 


Then becauſe the Right Line FE drawn thro? the 
Center, biſects the Right Line A C not drawn thro? 


the Center, it will + cut A C at Right Angles. And f 3 


ſo FEA is a Right Angle. Again, becauſe the 
Right Line FE biſects the Right Line BD not drawn 
thro” the Center, it will + cut BD at Right Angles. 
Therefore FEB is a Right Angle. But FEA has 
been ſhewn to be alſo a Right Angle. Wherefore | 
the Angle FEA will be equal to the Angle FEB, 
a leſs to a greater; which is abſurd. Therefore AC, 
BD, do not mutually biſect each other. And ſo if 
in a Circle two Right Lines, not being drawn thre 
the Center, cut each other, they will not cut each 
other into two equal Parts; which was to be demon- 


PROPOSITION V. 
THEOREM. 


| If ewo Circles cut one another, they ſhall not bave 
the ſame Center. 


ET the two Circles ABC, CDG, cut each 
other in the Points B, C. I fay, they have not 

the ſame Center, | | 
For if they have, let it be E, and join E C, and 
draw EFG at pleaſure. > | | 


Now 
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Now becauſe E is the Center of the Circle ABC 
CE will be equal to EF. Again, becauſe E is the 
Center of the Circle CDG, CE is equal to E G. 
But CE has been ſhewn to be equal to E F. There- 
fore EF ſhall be equal to E G, a leſs to a greater, 
which cannot be. Therefore the Point E is not the 
Center of both the Circles ABC, CDG. Where- 
fore, if two Circles cut one another, they ſhall not havs 
the ſame Center; which was to be demonſtrated. 


PROPOSITION VL 


If two Circles touch one another inwardly, they will 


not have one and the ſame Center. 


| 3 T two Circles ABC, CD E, touch one ano- 


ther inwardly in the Point C. I ſay, they will 

not have one and the ſame Center. | 
For if they have, let it be F, and join FC, and 
draw F B any how. 179 5 rat 
Then becauſe F is the Center of the Circle ABC, 


CF is equal to FB. And becauſe F is only the 


Center of the Circle C DE, CF ſhall be equal to 
EF. But CF has been ſhewn to be equal to FB. 
Therefore FE is equal to FB, a leſs to a greater; 
which cannot be. Therefore the Point F is not the 
Center of both the Circles ABC, CDE. Where- 
fore, if two Circles touch one another inwardly, they 
will not have one and the ſame Center; which was 
to be demonſtrated. Sp 
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PROPOSITION VI. 
THEOREM. 


If in theDiameter of a Circle ſome Point be taken, which 
is not the Center of the Circle, and from that Point 
certain Right Lines fall on the Circumference of the 
Circle, the greateſt of theſe Lines ſhall be that where- 
in the Center of the Circle is; the leaſt, the Remain- 
der of the ſame Line. Aud of all the other Lines, 
the neareſt to that which was drawn thro' the 
Center, is always greater Iban that more remote, 
and only two equal Lines fall from the aboveſaid 

l Points upon the Circumference, on each Side of 

the leaſt or greateſt Lines. 


s . ABCD be a Circle, whoſe Diameter is AD, 

in which aſſume ſome Point F, which is not the 
Center of the Circle, Let the Center of the Circle 
d be E; and from the Point F let certain Right Lines 
| FB, FC, FG, fall on the Circumference. I fav, FA 
” is the greateſt of theſe Lines, and FD the leaſt ; and 
' of the others FB is greater than FC, and FC 
0 greater than F G. | 
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3. Por let B E, CE, GE, be joined. 
2 Then becauſe two Sides of every Triangle are 
ie greater than the third; BE, EF, are greater than“ 20. 1. 


be BF. But AE is equal to BE. Therefore BE and 
3 2 are equal to AF. And ſo AF 1s greater than 
Again, becauſe BE is equal to CE, and FE is 
common, the two Sides BE and FE, are equal to 
the two Sides CE, EF. But the Angle BEF is 
reater than the Angle CEF. Wheretore the Baſe 
F is greater than the Baſe FC f. For the ſame f 24. «. 
Reaſon, CF is greater than F G. 


)- Again, becauſe GF and FE are greater than 20. 1. 
GE, and GE is equal to ED; GF and FE ſhall _. 
be greater than ED; and if FE, which is common, 


be taken away, then the Remainder GF is greater 

than the Remainder FD. Wherefore F A is the 

reateſt of the Right Lines, and F D the leaſt: Alſo 

F is greater than F C, mg F C greater than F G. 
C'S 


1 fay, 


"4 
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I fay, moreover, that there are only two equal 
Right Lines that can fall from the Point F on 
ABCD, the Circumference of the Circle on each Side 
the ſhorteſt Line FD. For at the given Point E, 
with the Right Line EF, make + the Angle FE H 
equal to the Angle & EF, and join FH. Now be- 
cauſe GE is equal to EH, and EF is common, 


the two Sides GE and EF, are equal to. the two 


Sides HE and EF. But the Angle G EF, is equal 
to the Angle HEF. Therefore the Baſe F G ſhall 
be + equal to the Baſe FH. I ſay, no other Right 
Line falling from the Point F, on the Circle, can 
be equal to FG. For if there can, let this be F K. 
Now ſince F K is equal to F G, as alſo FH, FK 
will be equal to F H, viz. a Line drawn nigher to 
that paſſing thro' the Center, equal to one more re- 
mote, which cannot be. If therefore, in the Dia- 
meter of a Circle, ſome Point be taken, which 1s not 
the Center of the Circle, and from that Point certain 
Right Lines fall on the Circumference of the Circle, 
the greateſt of theſe Lines ſhall be that wherein the 


| | Center of the Circle is; the leaſt, the Remainder of the 


ſame Line. Aud of all the other Lines, the neareſt 
zo that which was draus thro' the Center, is alway 
greater than that more remote; and only two equal 
Lines fall from the aboveſaid Point upon the Circum- 
ference, on each Side of the leaſt or greateſt Lines; 
which was to be demonſtrated. 115 


| PRO- 


Boe 


i Book III. Euclids ELEMENTS. 71 


PROPOSITION VIII 
THEOREM. | 


: If ſome Point be | my without aCircle, and from it 
: certain Right Lines be drawn to the Circle, one of 
which poſts thro the Center, but the other any how ; 
the greateſt of theſe Lines, is that paſſing thro the 
Center, and rs = the Concave Part of the 
Circumference of the Circle; and of the others, that 
which it neareſt to the Line paſſing thro' the Center 
is greater than that more remote. But the leaſt of 
_ the Lines that fall upon the Convex Circumference 
of the Circle, is that which lies between the Point 
and the Diameter; and of the others, that which 
it nigber to the leaſt, is leſs than that which is fur- 
ther diſtant; and from that Point there can be 
drawn only two equal Lines, which ſhall fall on the 
Circumference on each Side the leaſt Line. 


ET ABC be a Circle, out of which take any 
Point D, From this Point let there be drawn 

certain Right Lines DA, DE, DF, DC, to the 
Circle, whereof D A paſles thro' the Center. I ſay 
DA, which paſſes thro' the Center, is the greateſt 
of the Lines falling upon AE F C, the Concave 
Circumference of the Circle, and the leaſt is D G, 
viz, the Line drawn from D to the Diameter GA: 
Likewiſe DE is greater than DF, and DF greater 
than DC. But of theſe Lines that fall upon HLGK 
the Convex Circumference of the Circle, that which 
is neareſt the leaſt D G, is always leſs than that 
more remote; that is, DK is leſs than DL, and 
D leſs than DH. 
For find“ M the Center of the Circle ABC, and * 1 of this. 
let ME, MF, MC, MH, ML, be joined. | 
Now becauſe AM is equal to ME; if MD, 
which is common, be added, AD will be equal to . 
EM and MD. But EM and MD are f greater + 20. 1. 
than E D + therefore AD is alſo greater than E D. Nik 
Again, becauſe M E is equal to MF, and MD is 
common, then EM, MD, ſhall be equal to MF, 
MD; and the Angle E * is greater than the An» 
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- + 24. 1. gleFMD. Therefore the Baſe ED will be I greater 
than the Baſe FD. We as - the ſame Manner 


that FD is greater than CD. Wherefore DA is the 
reateſt of the Right Lines falling from the Point 
| 55 DE is greater than DF, and DF is greater 
than DC. boy 

1 20. 1, Moreover, becauſe MK and KD are“ greater than 
| MD, and MG is equal to MK ; then the Remain- 
+ axiom 4. der K D will + be greater than the Remainder GD. 
And GD is leſs than KD, and conſequently is 
the leaſt. And becauſe two Right Lines MK, KD, 
are drawn from M and D to the Point K, within 
t 21. 1. the Triangle MLD, MK, and KD, are 4 leſs 
than ML and LD; but MK is equal to ML. 
Wherefore the Remainder D K is leſs than the Re- 
mainder DL. In like Manner we demonſtrate that 
DL is leſs than DH. Therefore D G is the leaſt. 

And DK is leſs than DL, and DL than DH. 
I fay, likewiſe, that from the Point D only two 
equal Right Lines can fall upon the Circle on each 
* 23. 1. Side the leaſt Line. For make“ the Angle DMB at 
| the Point M, with the Right Line M D, equal to 
the Angle K MD, and join DB. Then becauſe 
MK is equal to MB, and MD is common, the 
two Sides KM, MD, are equal to the two Sides 
BM, MD, each to each; but the Angle KMD is 
equal to the Angle BM D. Therefore the Baſe DK 
+ 4. 1. is F equal to the Baſe DB. I fay no other Line 
can be drawn from the Point D to the Circle equal 
to DK; for if there can, let DN. Now fince 
DK is equal to DN, as alſo to D B, therefore DB 
ſhall be equal to DN, »:z. the Line drawn neareſt 
to the leaſt equal to that more remote, which has 
been ſhewn to be impoſſible. Therefore, if ſome 
Point be aſſumed without a Circle, and from it cer- 
tain 3 Lines be drawn to the Circle, one of which 
poſſes through the Center, but the others any bow; 
the greateſt of theſe Lines, is that paſſing through 
the Center, and falling upon the Comave Part of the 
Circumference of the Circle; and of the others, that 
which is neareſt to the Line paſſing through the Cen- 
ter, is 2 than that more remote. But the leaſt 
of the Lines that fall upon the Convex Circumſerence 


of the Circle, is that which lies between the Point 
the Cirele, n e PO 
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r and the Diameter; and of the others, that which is 
r wigher to the leaſt, is leſs than that which is farther 
e diſtant ; aud from that Point there can be drawn only 
t two equal Lines which ſhall fall on the Circumſerence 
r on each Side the leaſt Line; which was to be demon- 
fſtrated. „„ 
n | f 
A PROPOSITION 1X. | 
, [54.4 Þ 
n Fa Point be aſſumed in a Circle, and from it more than 
8 tuo equal Right Lines be drawn to the Circumſe- 
. rence; then that Point is the Center of the Circle, 
1 | E T the Point D be aſſumed within the Circle 
. ABC; and from the Point D, let there fall 


more than two Right Lines to the Circumference, 


0 viz. the Right Lines DA, DB, DC. I ſay the aſ- 

h ſumed Point D is the Center of the Circle AB C. 

it For if it be not, let E be the Center, if poſſible, 

0 and join DE, which produce to G and F. | 

e hen FG is a Diameter of the Circle AB C; and 

N ſo becauſe the Point D, not being the Center of the 

g Circle, is aſſumed in the Diameter FG, DG will 

's * be the greateſt Line drawn from D to the Circum- * 7 of this. 
0 ference, and D C greater than DB, and DB than 

e DA; but they are alſo equal, which is abſurd, 

il Therefore E is not the Center of the Circle AB C. 

e And in this Manner we prove that no other Point 

8 except D is the Centen; therefore D is the Center of 

ſt the Circle AB C; which was to be demonſtrated. 

| : | 

G | _ Otherwiſe: 

b Let ABC be the Circle, within which take the 

ö; Point D, from which let more than two equal Right 

h Lines fall on the Circumference of the Circle, v2. 

7 the three equal ones DA, DB, DC: I fay, the 

: EE Point D is the Center of the Circle AB C. : 
- For join AB, BC, which biſe& * in the Points * 10.1.E46. 
{ E and Z; as alſo join ED, DZ; which produce to 
the Points H, K, O, L; then becauſe AE is equal to 

f E B, and ED is common, the two Sides AE, E D, 

4 N | F 4 hall 
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mall be equal to the two Sides BE, ED. And the 
5 Baſe DA is equal to the Baſe DB: Therefore the 
8. 1. Angle AED will be“ equal to the Angle BED: 
And ſo [by Def. 10. 1.] each of the Angles AED, 
BED, is a Right Angle: Therefore H K biſecting 
AB, cuts it at Right Angles. And becauſe a Right h 
Line in a Circle, biſecting another Right Line, cuts 
it at Right Angles, and the Center of the Circle is in 
the „ 5 age [ by Cor. 1. 3. ] the Center of the 


B 


Nov becauſe the Point K is aſſumed within the 
Circle DEF, from which more than two equal 
Right Lines K B, K G, K F, fall on the Circum- 
+9 of this. ference, the Point K ſhall be + the Center of the 
t By Hyp.Circle DEF. But K is + the Center of the Circle T 
N ABC. Therefore K will be the Center of two Ti 
Circles cutting each other, which is abſurd. Where- 8 
fore a Circle cannot cut a Circle in more than two 

Points ; which was to be demonſtrated. 


Circle ABC will be in HK. For the ſame Rea- 
ſon, the Center of the Circle will be in O.L. And 
the. Right Lines HK, OL, have no other Point 
common but D: Therefore D is the Center of the tt 
Circle ABC; which was to be demonſtrated. R 
| d 
PROQPOSITA ON X. 8 
IHE O REM. 1 
Ip | | | * 
A Circle cannot cut another Circle in more than two n 
1 Points. R 
F OR if it can, let the Circle ABC cut the Circle 9 
1 DEF in more than two Points, vi. in B, G, t 
F, and let K be the Center of the Circle ABC, 0 
and join K B, K G, K F. ad 1 
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-- PROPOSITION Xl. 
THEOREM. 


If two C irclet teach bent arber on the Inſide, and 
the Centers be found, the Line joining their Cen- 
zers, will fall on the | Point of] Coutact of thoſe 


Circles. 


ET two Circles ABC, ADE, touch one ano- 
ther inwardly in A, and let F be the Center of 
the Circle ABC, and G that of ADE. I ſay, a 
Right Line joining the Centers G and F, being pro- 
duced, will fall in the Point A. 
If this be denied, let the Right Line, joining FG, 
cut the Circle in D and H. 
Now becauſe AG, GF, are er than AF, 
* that is, than FH; take away F G, which is com-“ 20. 1. 
mon, and the Remainder A G is greater than the 
Remainder & H. But AG is equal to GD; there- 
fore GD is greater than G H, the leſs than the 
greater, which is abſurd. Wherefore a Line drawn 
thro* the Points F, G, will not fall out of the Point 
of Contact A, and ſo neceſſarily muſt fall in it; 
which was to be demonſtrated. 


| THEOREM. 


If two Cireles touch one another on the Outſide, a 
Right Line joining their Centers will paſs thro? the 
[Point of | Contact. | 


T ET two Circles ABC, ADE, touch one ano- 
ther outwardly in the Point A; and letF be the 
Center of the Circle ABC, and G that of A D E. 
1 ſay, a Right Line drawn thro the Center F, G 
will paſs thro' the Point of Contact A. 5 | 
For if it does not, let, if poſſible, FC D G fall 
without it, and join FA, AG. | LEI 
Now finceF is the Center of the Circle ABC, AF 
will be equal to F C. And becauſe G is the Center o 
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#11 of this, 
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the Circle ADE, AG will be equal to G D: But 
AF has been ſhewn to be equal to FC; therefore 
FA, AG, are equal to FC, DG. And ſo the whole 
FG is greater than FA, AG; and alſo leſs, * which 
is abſurd. Therefore a Right Line drawn from the 
Point F to G, will paſs thro' the Point of Contact 
A; which was to be demonſtrated. | | 


PROPOSITION XIIL 
THEOREM. 


One Circle caunot touch another in more Points thay © 


one, whether it be inwardly, or outwardly. 


DOR, in the firſt Place, if this be denied, let the 
Circle AB DC, if poſſible, touch the Circle 


EBFD inwardly, in more Points than one, v2. 


WWE 20-7 | 1 
And let G be the Center of the Circle ABD C, 

and H that of EBF D. W ran $ 
Then a Right Line drawn from the Point G to H, 

will + fall in the Points B and D. Let this Line 


be BGHD. And becauſe G is the Center of the 


Circle AB DC, the Line BG will be equal to GD. 


Therefore BG is greater than HD, and BH much 
greater than HD. Again, ſince H is the Center of 
the Circle EBF D, the Line BH is equal to HD. 
But it has been proved to be much greater than 
it, which is abſurd. Therefore one Circle cannot 
touch another Circle inwardly in more Points than 
one. . | 
Secondly, let the Circle ACK, if poſſible, touch 
the Circle AB D C outwardly in more Points than 


one, viz. in A and C, and let A, C, be joined. 


12 of this. 


Now becauſe two Points A, C, are aſſumed in the 


Circumference of each of the Circles ABDC, ACK 
a Right Line joining theſe two Points, will fall + 
within either of the Circles. But it falls within the 


Circle ABDC, and without the Circle ACK, which 


is abſurd, Therefore one Circle cannot touch ano- 
ther Circle in more Points than one outwardly, But 
it has been proved, that one Circle cannot touch ano- 
ther Circle inwardly, [in more Points than one.] 
| | Where; 
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Whetefore one Circle cannot touch another in more 

Points than one, whether it be inwardly or outwardly; 

which was to be demonſtrated. f TY 
PROPOSITION XIV. 

2 THEOREM. 


Equal Right Lines in a Circle are equally diftant from 
the Center; and Right Lines, which are equally di- 
ſtant from the Center, are equal between themſelves, 


7 ET ABDC be aCircle, wherein are the equal 
Right Lines AB, CD. I fay theſe Lines are 
equally diſtant from the Center of the Circle. 


ee” 


DD ww CD ** OP 


e For let E be the Center of the Circle ABDC; 

e from which let there be drawn E F, E G, perpendi- 

. cular to AB, CD, and let AE, E C, be joined. 

| Then becauſe a Right Line E F, drawn thro? the 

A Center, cuts the Right Line A B, not drawn thro? 

| the Center at Right Angles, it will“ biſect the ſame. 3 this 

b Wherefore AF is equal to FB, and ſo AB is double 

e to AF. For the ſame Reaſon CD is double to CG, 

e but AB is equal to CD. Therefore AF is equal to 

. CG; and becauſe AE is equal to EC, the Square of 

g AE ſhall be equal to the Square of EC. But the 

f Squares of AF and FE are +equal to the Square of + 47. 1. 

ö AE. For the Angle at F is a Right Angle; and the 

n Squares of EG, and GC, are equal to the Square of 

t EC, ſince the Angle at G is a Right one. There- 

n fore the Squares of AF and F E, are equal to the 
Squares of CG and GE. But the Square of AF 

y is equal to the Square of CG; for AF is equal to 

1 CG. Therefore the Square of FE is equal to the 


Square of EG; and fo FE equal to EG. Allo 
Lines in a Circle are 4 ſaid to be equally diſtant from t Def. 
the Center, when Perpendiculars drawn to them from 4 of this. 
the - Center are equal. Therefore AB, CD, are 
equally diſtant from the Center. Ay, 5 
But if AB, CD, are equally diſtant from the 
Center, that is, if F E be equal to EG; I fay AB, 
is equal to CD. | ' | ny | 
For the ſame Conſtruction being ſuppoſed, we de- 
monſfrate as above, that AB is double to A F. and 
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C D to CG; and becauſe A E is equal to E C, the 
Square of AE will be equal to the Square of E C. 
But the Squares of E F and F A, are + equal to the 
Square of AE, and the Squares of E G, and GC, 
equal t to the Squares of EC. Therefore the Squares 
of EF, and F A, are equal to the Squares of EG 


and GC. But the K r of ECG is equal to the 


Squareof EF; for EG is equalto EF. Therefore 
the Square of AF is equal to the Square of CG; 
and ſo A F-is equal to C G. But AB is double to 
AF; and CD to CG.- Therefore equal Right Lines 
in a Circle are equally diſtant from the Center; and 
Right Lines, which are equally diftant from the Cen- 
ter, are equal between themſelves; which was to be 
demonſtrated. 2 8 71193 


1D K 0 Þ 5 % N , 
64 ET. R GN M. et 


1 1 2 2 | | Wo 10 4 — 2 
Diameter is the greateſt Line in a Circle; and of 


4 l the other Lines therein, that which is neareſt 


to the Center is greater than that more remote. 


D T ABCD be a Circle, 'whoſe Diameter is 
AD, and center E; and let BC he nearer: to 


the Diameter than FG. I ſay, A is the greateſt, 
and B C is greater than FGW. CRY: 


*14 of this. 
/ +20. 1. 


L 24. 1. 


For let the en EH, E K, be drawn 
from the Center | 
is nearer to the Center than FG, EK will be greater 
than EH. Let EL be equal to EH; draw LM 
thro?. L at Right Angles to E K, which produce to 
N, and let EM, EN, EF, EG, he joined. 
Then becauſe E H is equal to EL, the Line BC 
will be equal to MN *. : Again, ſince AE is equal 
to EM, and DE to EN, AD will be ęqual to ME 
and EN. But ME and EN are+ greater than MN; 


And ſo AD is greater than MN; and NM is equal 


to BC. Therefore AD is greater than BC. And 
ſinee the two Sides EM, E N, are 5 5 to the two 
Sides FE, EG, and the Angle ME N greater than 


the Angle FEG; the Baſe MN ſhall be + greater 


than the Baſe FG. But MN is equal to BC. 15 — 
22 ore 


to BC, FG, Now becauſe BC 


1 
f 
t 
\ 
( 
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; 
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fore BC is greater than FG. And ſo the Diame- 
ter AD is the greateſt, and B C is greater than FG. 
Wherefore the Diameter it the greateſt Line in a 
Circle; and of all the other Lines therein, that which 
it neareſt to the Center it greater than that more re- 
mote; which was to be demonſtrated. + 


PROPOSITION XV. 


I Line drawn from the extreme [ Point] of the Dia» 
meter of a Circle at Right Angles to that Diame- 
ter, ſhall fall without the Circle; and between the 
ſaid Rigbi Line, and the Circumference, no other 
Line can be drawn; and 3 of a Semicircle 
it greater than any Right-lined acute Angle; and 
tbe remaining Angle [without the Circumference] 
is leſs than any Right-lined Angle. e 


1 ABC be a Circle, whoſe Center is D, and 
JL Diameter AB. I ſay, a Right Line drawn 
from the Point A at Right Angles to AB, falls 
without the Circle. i AUS | 
For if it does not, let it fall, if poſlible, within 
the Circle, as A C, and join DC. TY 
No becauſe DA is equal to DC, the Angle DAC 
ſhall be * equal to the Angle AC D. But DA C is 4 5. 1. 
a Right Angle; therefore AC D is a Right Angle: 
And accordingly the Angles DAC, ACD, are 8 
equal to two Right Angles; which is abſurd +, There- f 17. 1. 
fore a Right Line drawn from the Point A at Right 
Angles to B A, will not fall within the Circle; and 
ſo hkewiſe we prove, that it neither falls in the Cir- 
- cumference. Therefore it will neceſſarily fall with- 
out the ſame ; which now let be AE. 

Again, between the Right Line AE, and the Cir- 
cumference CH A, no other Right Line can be 
drawn. 8 WE «2 

For if there can, let it be F A, and let F DG be f 12: l. 
drawn at Right Angles from the Center D to F A. 
Now becauſe AG is a Right Angle, and DAG 
is leſs than a Right Angle, DA will be greater than 

DG“. But DA is equal to DH, Therefore DH is & 19. 1. 
= | greater 
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Point A, that ſhall touch the given Circle * 
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greater than DG, the leſs than the greater; which is 
abſurd. Wherefore no Right Line can be drawn 
between AE, and the Circumference AHC. I fay 
moreover, that the my of the Semicirele, con- 
tained under the Right Line BA, and the Circumfe- 
rence CHA, is greater than any Right-lined acute 
Angle; and the remaining Angle contained under the 
Circumference CH A, and the Right Line AE, is 
leſs than any Right-lined Angle. | 

For if any Right-lined acute Angle be. greater than 
the Angle contained under the Right Line BA, and 
the Circumference CHA; or if any Right-lined An- 
gle be leſs than that contained under the Circumfe- 
rence CH A, and the Right Line AE, then a Right 


Line may be drawn between the Circumference CHA. 
and the Right Line AF, making an Angle greater 
than that contained under the Right Line BA, and the 


Circumference CHA, viz. which is contained under 
Right Lines, and leſs than that contained under the 


Circumference CHA, and the Right Line AE. But 


ſuch a Right Line cannot be drawn from what has 
been proved. Therefore no Right-lined acute Angle, 
is greater than the Angle contained under the Right 
Line BA, and the Circumference CH A; nor leſs 
than the Angle contained under the Circumference 
CHA, and the Right Line AE. 8 


Coroll. From hence it is manifeſt, that a Right Line 
drawn at Right Angles on the End of the Diame- 
ter of a Circle, touches the Circle, and that in 
one Point only, becauſe, if it ſhould meet it in 

two Points, it would fall within the ſame; as bas 
been demonſtrated. n 


PROPOSITION XVI. 
PROBLEM. A 
To draw a Right Line from a goons Point, that ſhall 


touch a given ircle. 


1 T A be the Point given, and BCD the Circle. 


It is required to draw a Right Line from the 
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Loet E be the Center of the Circle, and join AE; 
then about the Center E, with the Diſtance EA, de- 
ſcribe the Circle AFG; draw DF * at Right An- * 11. 1. 
gies to E A, and join EBF, and AB. 1I fay the 


ight Line AB is drawn from the Point A, touch- 
ing the Circle BCD. hs TS IE 

or ſince E is the Center of the Circles BCD, 
AFG, the Line EA will be equal to EF, and ED. 
to EB. Therefore the two Sides AE, EB, are equal 
to the two Sides FE, ED, each to each; and the 
contain the common Angle E. Wherefore the Baſe : 
DF is + equal to the Baſe AB, and the Triangle 4 r 
DEF equal to the Triangle E B A, and the remain- 
ng Angles of the one equal to the remaining Angles 
of the other. And ſo the Angle EBA is equal to 
the Angle EDF. But EDF is a Right Angle. 
Wherefore E BA is alſo a Right Angle, and E B is ; 
a Line drawn from the Center; but a Right Line 
drawn from the Extremity of the Diameter of a Cir- 
cle at Right Angles + to ir, touches the Circle. Where- Cor. 16 
fore AB touches the Circle; which was to be done. of this. 


PROPOSITION: XVIII. 
THEOREM, 
If any Right Line touches a Circle, and from the Ces · 


ter to the Point of Contact a Right Line be draun; 
that Line will be perpendicular to the Tangent. 
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T ET any Right Line DE touch a Circle ABC 
in the Point C, and let there be drawn the Right 
Line F C from the Center FC. I ſay F C is per- 
pendicular to DE. 

For if it be not, let FG be drawn * from the * 12. f. 
Center F, perpendicular ro DE. . 

Now becauſe the Angle FG C is a Right Angle, 
the Angle G CF will be + an acute Angle; and ac- 32. 1. 
cordingly the Angle F GC is greater than the Angle 
FCG; but the greater Side ſubtends + the greater | 19. ** 
Angle. Therefore F C is greater than FG. But FC 
equal to FB. Wherefore F B is greater than F G, 

a leſs than the greater; which is abſurd. Therefore 
FG is not perpendicular to DE. And in the ſame | 
OS 3 | x, Manner 


_— 
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Manner we prove, that no other Right Line but FC 


is perpendicular to DE. Wherefore F C is perpen- 
dicular to DE. Therefore, if any 1 Line touches 


a Circle, and from the Center to the Point of Contact 
a-Right Line be drawn; that Line will be perpendi- 


cular to the Tangent; which was to bedemonſtrated. 


PROPOSITION XIX. 
THEOREM. 


If any Right Line touches a Circle, and 1 the Point 


ef Contact a Right Line be drawn at Right Angles 
to the Tangent, the Center of the C . 
the ſaid Line. 6-951 Of) | 


T ET any Right Line DE touch the Circle ABC 


in C, and let C A be drawn from the point C 


at 85 5 Angles to DE. I ſay, the Circle's Center 
un e. «OS 

For if it be not, let F be the Center, if poſſible, 
and join CF. 


Then becauſe the Right Line D E touches the 
Circle ABC, and F C is drawn from the Center to 
the Point of Contact; FC will be perpendicular to 


*18 of this. DE“. And ſo the Angle FCE is a Right one. 


Þ+ Fromthe But ACE is alſo a Right Angle : Therefore the 


Hp. 


Angle F CE is equal to the Angle A CE, a leſs to 


2 greater; which is abſurd. Therefore F is not the 
Center of the Circle ABC, After this Manner we 


prove, that the Center of the Circle can be in no 
other Line, unleſs in AC. Wherefore, if any Right 
Line touches a Circle, and from the Point of Contact 
a Right Line be drawn at Right Angles to the Tan- 


gent, the Center of the Circle ſhall be in the ſaid 
Line; which was to be demonſtrated. 275 
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PROPOSITION XX. 
THEOREM. 


The Angle at the Center of a Circle is double to the 
Angle at the Circumference, when the ſame Arc is 
the Baſe of the Angles. 


| 1 AB C be a Circle; at the Center whereof 
is the Angle BE C, and at the Circumference 
the Angle B AC, both of which ſtand upon the 
ſame Arc BC. I ſay, the Angle BEC is double to 
the Angle BAC. N 
For join A E and produce it to. TF. . 
Then becauſe EA is equal to EB, the Angle EAB 


mall be equal to the Angel EBA“. Therefore the“ 5. 1. 


Angles EAB, EBA, are double to the Angle EAB; 


but the Angle B EF is + equal to the Angles EAB, + 32. 1. 


E B A; therefore the Angle BE F is double to the 
Angle EAB. For the ſame Reaſon, the Angle FEC 
is double to EAC. Therefore the whole Angle 
BEC is double to the whole Angle BAC. Again, 
let there be another Angle BDC, and join DE, 
which produce to G. We demonltrate in the ſame 
Manner, that the Angle GEC is double to the Angle 
GDC; whereof the Part GEB is double to the Part 
GDB. And therefore B E C is double to BDC. 
Conſequently, an Angle at the Center of a Circle 1s 
double to the Angle at the Circumference, when the 
ſame Arc is the Baſe of the Angles; which was to be 
demonſtrated. $5 


PROPOSITION XXI. 
THEOREM... 


Angles that are in the ſame Segment in 4 Circle, are 
equal to each other, 1 1 5 


1 ABC DE be a Circle, and let BAD, BED, 
be Angles in the ſame Segment BAED. I ſay, 
thoſe Angles are equal. . 
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For let F be the Center of the Circle AB CDE, 
and join BF, FD. 
Now becauſe the Angle BF D is at the Center, 
and the Angle BAD at the Circumference, and the 
ſtand upon the fame Arc BCD; the Angle BF 
#20of this. will be * double to the Angle BAD. For the ſame 
Reaſon, the Angle BFD is alſo double to the An- 
gle BED. Therefore the Angle BAD will be 
equal to the Angle BED. 5 
If the Angles BAD, BED, are in a Segment leſs 
than a Semicircle, let AE be drawn; and then all 
+ 32. 1. the Angles of the Triangle AB G are + equal to 
all the 1 of the Triangle DEG. But the An- 
gles ABE, ADE, are equal, from what has been 
before proved, and the Angles AGB, D GE, are 
4 15. 1. alſo equal t, for they are vertical Angles. Where- 
fore the remaining Angle B A G is equal to the re- 
maining Angle G ED. Therefore, Angles that are 
in the ſame Segment in a Circle, are equal to each 
other; which was to be demonſtrated. 


PROPOSITION XXII. 
THEOREM. 


| The oppoſite Angles of any Quadrilateral Figure deſerib- 
ed in a Circle, are equal to two Right Angles. 


ET ABDC be a Circle, wherein is deſcribed the 


4 Quadrilateral Figure AB CD. I fay, two op- 


poſite Angles thereof are equal to two Right Angles. 
For join AD, BC. = 
Then becauſe the three Angles of any Triangle are 
® 32. 1. equal to two Right Angles, the three Angles of the 
Triangle ABC, vis. the Angles CAB, ABC, BCA, 
are equal to two Right Angles. But the Angle ABC 
+21 of this. is + equal to the Angle ADC; for they are both in 
the ſame Segment ABDC. And the Angle ACB is 
+ equal to the Angle A DB, becauſe they are in the 
ſame Segment ACDB; Therefore the whole Angle 
BDC is equal to the Angles ABC, AC; and if 
the common Angle BAC be added, then the Angles 
BAC, ABC, ACB, are equal to the Angles BAC, 
BDC; but the Angles BAC, ABC, A CB, are 


equal 


re % <4 


4% 
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* equal to the two Right Angles. Therefore likewiſe, * 32. 1. 
the Angles BAC, BDC ſhall be equal to two Right 
Angles. - And after the ſame Way we prove, that the 
Angles. ABD, A CD, are alſo equal to two. Right 
Angles: Therefore he oppoſite Angles of any Quadri- 

lateral Figure deſcribed in a Circle, are equal to two 

Right Angles; which was to be demonſtrated, @* 


PROPOSITION XXII. 
THE OR E M. 0 


Two ſimilar and unequal Segments of 70 e. 5 
not be ſet upon the ſame Right Line, and on the 
ſame Side thereof. 


OR if this be poſſible, let the two ſimilar and un- 

1 equal Segments ACB, ADB, of two Circles ſtand 

upon the Right Line A B on the ſame Side thereof, 

Draw ACD, and let CB, BD, be joined. Now be- 

cauſe the Segment A CB. is ſimilar to the Segment 
ADB, and ſimilar Segments of Circles are * ſuch“ Def. 1 f. 
which receive equal Angles; the Angle A CB will F hit. 
be equal to the Angle ADB, the outward one to the 
inward one; Which is + abſurd. Therefore fmilar t 16. 1. 
and unequal Segments of two Circles, cannot be ſet 

upon the ſame Right Line, and on the ſame Side there 

ef; which was to be demonſtrated. Paget” 


PROPOSITION XXIV. 
THEOREM. | 


Similar Segments of Circles being upon equal Right 
 . Limes, are equal to one another. 
T ET AEB, CFD be equal Segments of Circles, 
ſtanding upon the equal Right Lines AB, CD. I 


fay, the Segment AEB is equal to the Segment CFD. R 
For the Segment A E B being applied to the Seg- 
ment CFD, ſo that the Point A co-incides with C, 
and the Line AB with CD; then the Point B will 
co-incide with the Point D, ſince AB and CD are 
equal. And fince the Right Line AB co-incides with 
G'2 n 
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Od, the Segment AEB will co-incide with the 
Segment CFD. For if at the fame Time that AB 


co- incides with CD, the Segment A E B ſhould not 
co. incide with the Segment CFD, but be otherwiſe, 


Points than two, viz. in the Points C, G, D; which 
110 this. is * impoſlible. Wherefore if the Right Line AB 


incide with and be equal to the Segment CFD. 
Therefore ſimilar Segments of Circles being upon equal 


Right Lines, are equal to one another; which was 
to be demonitrated. 


PROPOSITION XXV. 
PROBLEM. 


A Segment of a Circle being given, to deſcribe the Cir- 
cle whereof it is the Segment. 


T ET ABC be a Segment of a Circle given. It 
is required to deſctibe a Circle whereof. AB C 

is a Segment. 
2 10. 1. Biſect AC in D, and let DB be drawn + from 
1 11. 1. the Point D at Right Angles to A C, and join AB. 
| Now the Angle ABD is either greater, equal, or leſs 
than the Angle BAD: And firſt let it be greater, and 
1 23. 1. make + the Angle BAE at the given Point A, with 
the Right Line BA, equal to the Angle ABD; 

produce DB to E, and join E C. 

Then becauſe the Angle ABE is equal to the An- 
| *6, 1. gle BAE, the Right Line BE will be? equal to EA. 
1 | And becauſe AD is equal to DC, and DE common, 
i "the two Sides AD, DE, are each equal to the two 
= - Sides CD, DE; and the Angle ADE is equal to the 
1 Angle CDE; for each is a Right one. Therefore 


alſo equal to EC. And accordingly the three Right 
Lines AE, EB, EC, are equal to each other. There- 
I fore a Circle deſcribed about the Center E, with ei- 
8 ther of the Diſtances AE, E B, E C, ſhall paſs thro” 
the other Points, and be that required to be deſcribed. 
But it is manifett that the Segment ABC is leſs than 


4 a Semi- 


as CGD ; then a Circle would cut a Circle in more 


co- incides with CD, the Segment AEB will co- 


the Baſe AE is equal to the Baſe EC. But AE has 
been proved to be equal to EB. Wherefore BE is 


B 
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a Semicircle, becauſe the Center thereof is without 
the ſame. | 
But if the Angle ABD be equal to the Angle BAD; 
then if AD be made equal to BD, or DC, the three 
Right Lines AD, DB, DC, are equal between 
themſelves, and D will be the Center of the Circle 
to be deſcribed; and the Segment AB C is a Semi- 
circle. | | 

But if the Angle ABD is leſs than the Angle 
BAD, let the Angle BAE be made, at the given 
Point A with the Right Line BA, within the Seg- 
ment ABC, equal to the Angle ABD; 

Then the Point E, in the Right Line D B, will be 
the Center, and ABC a Segment greater than a Se- 
micircle. Therefore a Circle is deſcribed, whereof 
a Segment is given; which was to be done. 2 


PROPOSITION XXVI. 
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n 2 


- 
. =_ by 
* — 
: 
. 1 ** 9 ö T 1 = * . > r — 5 > : ” TT * > 8 -, > - 
: 323 T y 3 2 r * 1 = N * 5 ä 
— . 7 : * e. 0 oy 2 a 2 4 * PER Py — * m4 9 . . * 
— 1 5 k — 49 * * — as. 
2 1 : "a at : * oY : — bn W. - . K 22 * I — mg - m 8 < 
3 8 ID 2 - = — 
SS aw rr — — ”- = * — a 9 8 fy * = : we" war dy > — 


/ 


In equal Circles, equal Angles ſtaud upon equal Cir- 
cumfereuces, whether they be at their Centers, or 
at their Circumferences. 


ET ABC, DEF, be equal Circles, and let 
IL BGC, EH F, be equal Angles at their Centers, 
and BAC, E DF, equal Angles at their Circumfe- 
rences. I fay the Circumference B K C is equal to 
the Circumference ELF. | 
For let BC, EF, be joined, Becauſe ABC, DEF, 
are equal Circles, the Fw drawn from their Cen- 
ters will be equal. Therefore the twa Sides BG, GC, 
are equal to the two Sides EH, HF; and the Angle 
Gis equal to the Angle at H. Wherefore the Baſe 
BC is ® equal to the Baſe EF, Again, becauſe the 4 4. x. 
- Angle at A is equal to that at D, the Segment BAC 
will be + fimilar to the Segment EDF; and they are 1 Def. 11. 
upon equal Right Lines BC, EF, But thoſe ſimilar 
Segments of Circles, that are upon equal Right Lines, / 
are + equal to each other, Therefore the Segment 1 this. 
BAC, will be + equal to the Segment EDF. ButÞ Def. 11. 
the whole Circle ABC, is equal to the whole Circle 
DEF. Therefore the remaining Circumference BKC, 
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ſhall be equal to the remaining Ciacumference ELF. 
Therefore in equal Circles, equal Angles ſtand upon 


equal Circumferences, whether they be at their Centers, 


or at their Circumferences; which was to be demon- 
ſtrated, {9 


PROPOSITION XXVIL 
THEOREM. 


Angles, that ſtand upon equal Circumſerences in equal 
Circles, are equal to each other, whether they be at 
their Centers or Circumſerences. 


ET the Angles BGC, EHF, at the Centers 
of the equal Circles ABC, DEF, and the An- 
gles BAC, EDF, at their Circumferences, ſtand 


upon the equal Circumferences BC, EF. I ſay the 


Angle BGC is equal to the Angle E HF, and the 
Angle BAC to the Angle EDF. | 
For if the Angle BGC be equal to the Angle EHF, 


it is manifeſt that the Angle BAC is alſo equal to the 


Angle EDF: But if not, \let one of them be the 
greater, as BG C, and make the Angle B 9 at 
the Point G, with the Line BG, equal to the Angle 


+26of this EHF. But equal Angles ftand 4 upon equal Circum- 


ferences, when they are at the Centers. Wherefore 
the Circumference BK, is equal to the Circumfe- 
rence EF. But the Circumference EF is equal to 
the Circumference BC. Therefore BK is equal to 
BC, a leſs to a greater; which is abſurd. Where- 
fore the Angle BGC is not unequal to the Angle 
EHF; and fo it muſt be equal to it. But the An- 
gle at A is one half of- the Angle BGC; and the 
Angle at D one half of the Angle EHF. There- 


fore the Angle at A is equal to the Angle at D.“ 


Wherefore Angler, that ſtand upon equal Circumfe- 
rences in equal Circles, are equal to each other, whe- 
ther they be at their Centers or Circumſerences; 
which was to be demonſtrated, | 
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PROPOSITION XXVII. 
THEOREM. 


In equal Circles, equal Right Lines cnt off equal 
Parts of the Circumferences; the greater equal to 
the greater, and the leſſer equal to the leſſer. © 


E ABC, DEF, be equal Circles, in which 

L are the equal Right Lines BC, EF, which cut 

off the greater Circumferences BAC, EDF, and 

the leſſer Circumferences BGC, EHF. I fay the 

oreater Circumference B A C, is equal to the greater 

Circumference ED F, and the leſſer Circumference 

BGC, to the leſſer Circumference EH F. | 

For aſſume the Centers K and L of the Circles, 

and join BK, K C, EL, LF. 
Becauſe the Circles are equal, the Lines drawn 

from their Centers are * alſo equal. Therefore the * Def. 1. 

two Sides BK, K C, are equal to the two Sides 

EL, LF; and the Baſe BC, is equal to the Baſe EF. 

Therefore the Angle BKC, is + equal to the Angle+8. 1. 

ELF. But equal Angles ſtand + upon equal Circum- {26 of this. 

ferences, when they are at the Centers, Wherefore | 

the Circumference B GC, is equal to the Circum- 

ference EHF, and the whole Circle ABC, equal 

to the whole Circle DEF; and fo the remaining 

Circumference B A C, ſhall be equal to the remain- 

ing Circumference EDF. Therefore in equal Cir- 

cles, equal Right Lines cut off equal Parts of the 

Circumferences ; which was to. be demonſtrated. 


PROPOSITION XXIX. 
THEOREM. 
In equal Circles, equal Right Lines ſubtend equal 


Circamferences. 


: gd there be two equal Circles ABC, DEF; 

and let the equal Circumferences BGC, EHF, 

be aſſumed in them, and BC, EF, joined. I fay, 

the Right Line B C is equal to the Right Line EF. 
| 64 For 
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® r of this. For find“ the Centers of the Circles K, L, and 
join BK, K C, EL, LE. 

Then becauſe the Circumference BGC is equal to 

the Circumference EH F; the Angle BK C ſhall be 

+29 of this, I equal to the Angle ELF. And becauſe the Circles 

ABC, DEF, are equal, the Lines drawn from their 

I Def. 1. Centers ſhall be + equal. Therefore the two Sides 

| BK, K C, are equal to the two Sides EL, LF ; and 

they contain equal Angles : Wherefore the Baſe B C 


44.1. is J equal to the Baſe EF. And ſo in equal Circles, 


which was to be demonſtrated. 
PROPOSITION XXX. 
PROBLE M. 
| To cut a given Circumfereuce into 20 equal Parts. 


EXE the given Circumference be ADB. It is 
required to cut the ſame into two equal Parts. 
* 10.1, Join AB, which biſeQt ® in C; and let the Right 
Line CD be drawn from the Point C at Right An- 
gles to AB; and join AD, DBZ. 
Nou becauſe AC is equal to CB, and C D is 
common, the two Sides AC, CD, are equal to the 
two Sides BC, CD; but the Angle A CD is equal 
to the Angle BCD; for each of them is a Right 
Angle: Therefore the Baſe AD is + equal to the 


equal Circumferences ſubtend equal Right Lines; 


— 
. 


T 4 
| $28 of his. Baſe BD. But equal Right Lines cut + off equal 


Circumferences. Wherefore the Circumference AD 
| ſhall be equal to the Circumference BD. There- 
tore a given Circumference is cut into two equal 
Parts ; which was e be doe, OE 


PRO- 
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is in the Segment AB C being greater than a Semi- 


Circle, and the oppoſite Angles of any quadrilatera! A 


Book III. Euclids ELxmentss or 
PROPOSITION XXX 
THEOREM. 


In a Circle, the Angle that is in a Semicirele, is a Right 
Angle; but the Angle in a greater Segment, is leſs 
than a Right Angle; and the Angle in a leſſer Seg- 
ment, greater than a Right Angle : Moreover, the 
Angle of a greater Segment, is greater than a Right 
Angle; and the Angle of aleſſer ee is leſs p 2 
a Right Line. Jy e 


T ET there be a Circle AB CD, whoſe Dia- 
meter is BC, and Center E; and join BA, 

AC, AD, DC. I fay, the Angle which is in 

the Semicircle BAC is a Right Angle, that which 


circle, viz. the Angle ABC, is leſs than a Right 
Angle; and that which is in the Segment A DC, 
being leſs than a Semicircle, that is, the Angle ADC 
is greater than a Right Angle. | 

For join AE, and produce BA to F. 

Then becauſe BE is equal to EA, the Angle EAB 
ſhall be“ equal to the Angle EB A. And becauſe “ 5. 7: 
AE is equal to EC, the Angle ACE will be + equal f 32. 1. 
to the Angle CAE. Therefore the whole 13 
BAC is equal to the two Angles ABC, AC B; 
but the Angle FAC being without the Triangle 
ABC, is+ equal to the two Angles ABC, A CB: 
Therefore the Angle BA C is equal to the Angle 
FAC; and ſo each of them is + a Right Angle. Def. 10 1. 
Wherefore the Angle BAC in a Semicircle is a Right 
Angle. And becauſe the two Angles ABC, BAC, 
of the Triangle AB C*, are leſs than two Right“ 17. t. 
Angles, and BAC is a Right Angle; then ABC is 
leſs than a Right Angle, and is in the Segment ABC 
greater than a Semicircle. 

And ſince ABCD is a quadrilateral Figure in a 


Figure deſcribed in a Circle, are + equal to two Right f22 ofthis, 
Angles; the Angle ABC, ADC, are equal to two 1 
Right Angles, and the Angle ABC is leſs than a vn 


Right Angle: Therefore the remaining Angle ADC = 


92 


\ 


ment AD C, which is leſs than a Semicircle. 

I fay, moreover, the Angle of the greater Segment 
contained under the Circumference ABC, and the 
Right Line A C, is greater than a Right Angle; and 


the Angle of the leſſer Segment, contained under the 


Circumference ADC, and the REN Line AC is leſs 
than a Right Angle. T his manifeſtly appears ; for be- 
cauſe the Angle contained under the Right Lines B A, 
AC, is a Right Angle, the Angle contained under the 
Circumference ABC, and the Right Line AC, will 
be greater than a Right Angle. Again, becauſe the 
Angle contained under the Right Lines CA, AF, is 
a Right Angle, therefore the Angle which is con- 
tained under the Right Line A C, and the Circum- 
ference ADC, is leſs than a Right Angle. There- 


fore, in a Circle, the Angle that is in à Semicircle, is 


a Right Angle; but the Angle in a greater Segment, is 


leſs than a Right Angle 5 and the Angle in a leſſer Seg- 
ment, greater than a Right Angle: . the * 
gle of a greater Segment, is greater than a Right Au- 


| gle; and the Angle of a leſſer Segment, is leſs than a 


Right Angle; which was to be demonſtrated. 
PROPOSITION XXXII. 
THEOREM. 


if any Right Line zouches aCircle, and a Right Line 


be drawn from the Point of Contact cuiting the 
Circle; the Angles it makes with the Tangent Line, 


will be equal to thoſe which are made in the alter- 
nate Segments of the Circle. 1 


Þ ET any RightLine EF touch the Circle ABCD 
in the Point B, and let the Right Line BD be 


any how drawn from the Point B cutting the Circle. 
I fay, the Angles which BD makes with the Tangent 
Line EF, are equal to thoſe in the alternate Segments 
of the Circle; that is, the Angle FBD is equal to an 


Angle made in the Segment DAB, »1z. to the Angle 
DAB; and the Angle DBE equal to the Angle 
DCB, made in the Segment DCB. For 


* 
1 


Draw 
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will be greater than a Right Angle, and is in the Seg- 


d e nrg gere 


10 


Book III. Enclids ELEMENTS. =, 


% 


Draw B A from the Point B at Right Angles to“ 11. 1. 


EF; and take any Point C in the Circumference 


BD, and join AD, DC, CS. 21 4h 

Then becauſe the Right Line EF touches the Cir- 
cle ABCD in the Point B; and the Right Line BA 
is drawn from the Point of Contact B at Right An- 
gles to the Tangent Line; the Center of the Circle 
ABCD, will + be in the Right Line B A; and ſo f 19. 3. 
BA is a Diameter of the Circle, and the Angle ADB, 5 
in a Semicircle, is + 2 Right Angle. Therefore the £31 of this. 
other Angles BAD, ABD, are equal to one Right 
Angle, But the Angle ABF, is alſo a Right Angle: 
Therefore the Angle ABF, is * equal to the Angles * 32+ f. 
BAD, ABD; and if ABD, which is common, be 
taken away, then the Angle DBF remaining, will 
be equal to that which is in the alternate Segment of 
the Circle, viz. equal to the Angle BAD. And be- 
cauſe ABCD is a Quadrilateral Figure in a Circle, OY 
and the oppoſite Angles thereof are + equal to two af 
Right Angles: The Angles DBF, DBE, will be ä 
equal to the Angles BAD, BCD. But BAD has 
been proved to be equal to DBF; therefore the An- 
gle DBE, is equal to the Angle made in D C B, the 
alternate Segment of the Circle, viz. equal to the 
Angle DCB, Therefore, if any Right Line touches 
a Circle, and a Right Line be drawn from the Point 
of: Contact cutting the Circle; the Angles it makes 
with the Tangent Line, will be equal to thoſe which 
are made in the alternate Segments of the Circle; 
which was to be demonſtrated. 


A | Is Fs s 4 | | 
PROPOSITION XXXIIL 
PROBLEM. 


To deſcribe, upon a given Right Line, a Segment of a 
Circle, which ſhall contain an Angle, equal to a given 
 Right-lined Angle. 2 | 


E T the given Right Line be AB, and C the green 

Right-lined Angle. It is required to deſcribe the | 
Segment of a Circle upon the given Right Line AB, 
containing an Angle, equal to the Angle C. | 


At 


T 4&1 


of this. 


23. 1. 
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At the Point A, with the Right Line AB, make 
+ the Angle BAD equal to the Angle C, and draw 


* AE from the Point A, at the Right Angle, to AD. 
Likewiſe biſect + AB in F, and let F & be drawn 


from the Point F, at Right Angles, to AB, and 
join GB. 3 | 

Then becauſe AF is equal to FB, and FG is com- 
mon, the two Sides AF, FG, are equal to the two 
Sides BF, FG; and the Angle AFG, is equal to the 
Angle BFG. Therefore the Baſe AG is + equal 
to the Baſe GB. And ſo if a Circle be deſcribed 
about the Center G, with the Diſtance AG, this ſhall 
paſs through the Point B. Deſcribe the i rh which 
let be AB E, and join EB. Now becauſe AD is 
drawn from the Point A, the Extremity of the Diame- 


„ Cor, 16. ter AE, at Right Angles to AE, the ſaid AD will“ 


touch the Circle. And ſince the Right Line AD 
touches the Circle ABE, and the Right Line AB, is 
drawn in the Circle from the Point of Contact A, 


+32 ofthis.the Angle DAB is + equal to the Angle made in the 
1 alternate Segment, vi. equal to the Angle AEB. 


But the Angle DAB, is equal to the Angle C. There- 


fore the Angle C will be equal to the Angle AE B. 


Wherefore the Segment of a Circle AEB is de- 
ſcribed upon the given Right Line AB, containing an 
Angle AEB, equal to a given Angle C, which was 
#0 be done. . 


PROPOSITION XXXIV, 


To cut off a Segment from a given 7 ircle, that Hall 


contain au Angle, equal to @ given Right-lined Angle. 


ET the given Circle be ABC, and the Right- 


lined Angle given D. It is required to cut off a 
Segment from the Circle ABC, containing an An- 
gle equal to the Angle D. 


$17 of this. the t the Right Line E F, touching the Circle 


in the, Point B, and make * the Angle FBC at the 
Point B equal to the Angle P). 
* Then becauſe the Right Line EF touches the Cir- 
cle ABC in the Point B, 

the 


and BC is dràwn from 


- pug 
* 4 
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the Point of Contact B; the Angle FBC will be * equal ; 207 this: 
to that in the alternate Segment of the Circle z but the 

Angle F B C is equal to the Angle D. Therefore the 

Angle in the Segment BAC, will be equal to the 

Angle D. Therefore the Segment BAC is cut off 

from the given Circle AB C, containing an Angle 

_ 1 the given Right - lined Angle D; which was 

to be done. 


PROPOSITION XXXV. 
THEOREM. | 


i et © I OA 


If two Right Lines ina Circle mutually cat each other, 
| the Rectangle contained under the Segments of the 
| _ 5 equal to the Rectangle under the Segments of 

the other. e RT | 75 75 


r 9 ©" od faks pwnd VW Go # 
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N the Circle ABCD, let two Right Lines mutu- 
ally cut each other in the Point E. I ſay the 
Rectangle contained under AE, and E C, is equal 
to the Rectangle contained under DE, EB. 
If AC and DB paſs thro? the Center, fo that E be 
the Center of the Circle ABCD; it is manifeſt, ſince 
AE, EC, DE, E B, are equal; that the Rectangle, 
_ n- EC, is equal to the Rectangle under 
7 4 | 
But if AC, DB, do not paſs thro? the Center, aſ- 
ſume the Center of the Circle F; from which draw 
FG, FH, perpendicular to the Right Lines AC, DB, 
and join FB, FC, FE. 
Then becauſe the Right Line GF, drawn thro? 
the Center, cuts the Right Line AC, not drawn thro? 
the Center at Right Angles, it will alſo biſect“ the ® 4 of this. 
fame. Wherefore A G is equal to GC: And be- 
cauſe the Right Line AC is cut into two equal Parts 
in the Point 8, and into two unequal Parts in E, the 
Rectangle under AE, E C, together with the Square 
of E G, is f equal to the Square of GC. And if f 5. 2 
the common Square of G F be added, then the Rect- 
ang under AF, E C, together with the Squares of 
EG, GF, is equal to the Squares of CG, GF. But 
the Square of F E is f equal to the Squares of EG, 
GF, and the Square of F C equal 1 to the r 147. 1. 
| p; 
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of CG, GF. Therefore the Rectangle under AE, 
E C, together with the Square of F E, is equal to the 
Square of F C, but CF is _ to FB. Therefore 


the Rectangle under AE, EC, together with the of 
Square of E F, is equal to the Square of FB. For of 
the ſame Reaſon, the Rectangle under D E, EB, to- the 
ether with the Square of F E, is equal to the Square of mY 
F B. But it has been proved, that the Rectangle under 1 
AE, EC, together with the Square of F E, is alſo 1 
equal to the Square of FB. Therefore the ReQan- F 
le under AE, EC, together with the Square of F E, 0 
is equal to the 42 80 under DE, E B, together Ci 
with the Square of FE. And if the common Square * 
of F E be taken away, then there will remain the E 
KRectangle under AE, E C, equal to the Rectangle Ls 
under 5 E, EB. Wherefore, f tuo Right Lines in * 
a Circle mutually cut each other, the Rectangle con- 5 
zained under the Segments of the one, 1s equal to the A 
Rectangle under the Segments of the other; which th 
was to be demonſtrated. 8 Je 
PROPOSITION XXXVI. * 
ä THEOREM. T 
If ſome Point be talen withont a Circle, and from that a 
Point two Right Lines fall to the Circle, oue of 18 
which cuts the Circle, aud the other touches it; tbe tt 


Rectangle contained under the whole Secaut Line, | 
and its Part between the Convexity of the Circle 
and the aſſumed Point, will be equal to the Square 
of the Tangent Line. | | 


FT ET any Point D be aſſumed without the Circle 
ABC, and let two Right Lines DCA, .DB, 

fall from the ſaid Pointto the Circle; whereof DCA 
cuts the Circle, and DB touches it. I ſay the ReQan- 8 
gle under AD, DC, is equal to the Square of DB. 0 
Now DCA either paſles thro? the Center, or not. I 
In the firſt place, let it paſs thro* the Center of the 7 
f 

c 

4 


Circle ABC, which let be E, and join EB. Then 
*18 of his. the Angle EB D is * a Right Angle. And fo ſince 
the Right Line AC is biſected in E, and CD is added 

thereto, the Rectangle under AD, DC, ah 

wit 
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with the Square of E C, ſhall “ be equal the Square & 6. 2. 
of ED. But EC is equal to EB; wherefore the 
Rectangle under AD, DC, together with the Square 
of EB, is equal to the Square of ED. But the Square 5 
of ED is + equal to the Square of EB, and BD. For f 47. 1. 
| the Angle EB D, is a Right Angle: Therefore the 

Rectangle under AD, DC, together with the Square 

of EB, is equal to the Squares of EB and BD; and 

if the common Square of EB be taken away, the 

Rectangle under AD, DC, remaining, will be equal 

to the Square of the Tangent Line BD. Fe | 
Now let DCA not paſs through the Center of the 4 i 
| Circle ABC; and ind + the Center E thereof, and © 1 of this. 
| draw EF perpendicular to AC, and join EB, EC, 
ED. Therefore EFD is a Right Angle. And be- 
cauſe a Right Line EF, drawn through the Center, 
cuts a Right Line A C at Right Angles, not drawn ; 
through the Center, it will * biſect the ſame at Right“ 3 of us 
Angles; and ſo AF is equal to FC. Again, ſince 
the Right Line AC is biſected in F, and CD is ad- 
ded thereto, the Rectangle under AD, DC, together 
with the Square of FC, will be * equal to the Square 
of FD. And if the common Square of EF be added, 
then the Rectangle under AD, DC, together with 
the Squares of F C and FE, is equal to the Squares 
of DF and FE. But the Square of DE, is equal 
to the Squares of DF and FE; for the Angle EFD 
is a Right one: And the Square of CE is f equal to 
the Square of CF and FE. Therefore the ReQan- 
gle under AD, DC, together with the Square of CE, 
is equal to the Square of ED; but CE is equal ta 
EB. Wherefore the Rectangle under AD, DC, to- 
gether with the Square of EB, is equal to the Square 
of ED. But the Squares of EB and BD are + equal 
to the Square of ED; fince the Angle EBD is a Right 
one. Wherefore the Rectangle under AD and DC, 
together with the Square of E B, is equal to the 
Squares of EB and BD. Andif the common Square 
of EB be taken away, the Rectangle under AD and 
DC, remaining, will be equal to the Square of DB. 
Therefore, if any Point be taken without a Circle, and 
from that Point two Right Lines fall to the Circle, one 
of which cuts the Circle, and the other touches it; the 
Rectangle contained under the whole Secant Line, and 
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its Part between the Convexity of the Circle and the L. 

aſſum d Point, will be equal to the Square of the Tan- 15 

1 | gent Line; which was to be demonſtrated. | de 
1 :.-.-.. PROPOSITION ein * 


T HE OR E M. 


If ſome Point be taken without a Circle, and two 
EKigbi Lines be drawn from. it to the Circle, ſo that 
one cuts it, and the other falls upon it; and if the 
Rectangle under the whole Secant Line, aud the Part 
thereof, without the Circle, be equal to the Square 
of the Line fallin 82 the Circle, then this laſt 

Line will touch 1 ircle. 


| I ET ſome Point D beaſſum'd without the Circle 
=_ :. * IL ABC, and from it draw two Right Lines DCA, 
bt DB, to the Circle, in ſuch Manner that D C A cuts 
the Circle, and DB falls upon it: And let the Rect- 
angle under AD, DC, be equal to the Square of 
DB. I fay, the Right Line D B touches the Circle. 
717 ef this. For let the Right Line DE be drawn“ touching 
ä the Circle ABC, and find F the Center of the Circle; 


5 and join E F, FB, FD. | 
1 4 18. . Then the Angle FED is + a Right Angle. And 
i becauſe DE touches the Circle ABC, and DCA 
jf | cuts it, the Rectangle under AD, and DC, will be 
1 equal to the Square of DE. But the Rectangle un- 
bi) t By Eyp. der A D and DC, is + equal to the Square of DB. 
þ Wherefore the Square of DE ſhall be equal to the 
U |  _ Square of DB. And ſo the Line DE will be equal 
bl to the Line DB. But E F. is equal to FB: There- 
1 fore the two Sides DE, E F, are equal to the two 
10 Sides DB, BF; and the Baſe FD is common. 
Wherefore the Angle DEF is equal to the Angle 


98 DBF but DEF is a Right Angle; wherefore DBF 
mn. is alſo a Right Angle, and F B produced is a Dia- 


meter. But a Right Linedrawn at Right Angles, on 
__— | the End of the Diameter of a Circle, touches the 
N | - £ th Circle © therefore BD neceſſarily touches the Circle: 
vl [ of We prove this in the ſame Manner, if the Center 
| of the Circle be in the Right Line CA. [f therefore 
| any Point be aſſumed without a Circle, and two 1 
| ines 
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Lines be drawn from it to the Circle, ſo tFat one cats 
it, and ibe other falls upon it; and if the Rectangle un- 
der the whole Secant Line, and the Part thereof, with« 
out the Circle, be equal to the Square of the Line fal- 


| ling upon the Circle; then this laſt Line will touch 


the Circle; which was to be demonſtrated. 


Coroll. Hence, if from any Point without a Circle, 
ſeveral Right Lines AB, AC, are drawn cutting 
the Circle; the Rectangles 5 under 
the whole Lines AB, AC, and thèir external Parts 

AE, AF, are equal between themſelves, For if 
the Tangent A D be drawn, the Rectangle under 
BA and AE, is equal to the Square of AD; and 
the Rectangle under CA and AF, is equal to the 
ſame Square of AD: Therefore the Rectangles 
ſhall be equal. | L 


The END of the THIRD Boo ; 
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ELEMENTS. 


BOOK IV. 


"DEFINITIONS. 


of the Angles of the inſeribed Figure, | 


1 Right-lined Figure is ſaid to be inſeribed 
| in a Right-lined Figure, when every one 
touches every one of the Sides of the Fi- 


gure, wherein it is deſcribed. 


III. In like Manner a Hgure is ſaid to be deſcribed about 


a Figure, when every one of the Sides of the Figure, 
circumſcribed, touches every one of the Angles of the 
Figure about which it is circumſeribed. 
III. A Right-lined Figure is ſaid to be inſcribed in 4 
- Circle, when every one of the Angles of that Figure 


which is inſcribed, touches the Circumſerence of the 
Cirele. 


IV. A Right-lined Figure is ſaid to be deſcribed about | 


a Circle, when every one of the Sides of the circum- 


ſcribed Figare, touches the Circamference of the 
C:rcle. ; . 
15 V. So 
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V. So likewiſe a Circle is ſaid to be inſcribed in a 
Right-lined Figure, when the Circumference of the 


Circle touches all the Sides of the Figure in which 
it is mſcribed. | 


VI. A Circle is ſaid to be deſcribed about a Figure, 
when the Circumference of the Circle touches all the 


Angles of the Figure which it Circumſcribes. 
VII. A Reght Line is ſaid to be applied in a Circle, 


when its Extremes are in the Circumference of the 


Circle. 
PROPOSITION I. 
PRO BL E M. 


To apply a Right Line in a given Circle, equal to a 
given Right Line, whoſe Length does not exceed 
the Diameter of the Circle. 


ET the Circle given be ABC, and the given 

L Right Line not greater than the Diameter be D. 

It is required to apply a Right Line in the Circle 
ABC, equal to the Right Line D. | 

Draw BC the Diameter of the Circle; then if BC 

beequal to D, what was required, is done: for in 


the Circle ABC there is applied the Right Line BC, 


equal to the Right Line D : But if not, the Diameter 


101 


BC is greater than D, and put * CE equal to D; * 3.17 


and about the Center C, with the Diſtance CE, let 
the Circle AE F be deſcribed ; and join CA. 


Then becauſe the Point C is the Center of the 
Circle AEF, CA will be equal to CE; but Dis 


equal to CE. Wherefore A C is equalto D. And 
ſo in the Circle ABC, there is applied a Right Line 
AC, equal to the given Right Line D, nor greater 
than the Diameter; which was to be done. 
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PROPOSITION U. 
PROBLEM 


In a given Circle, ” deſcribe a Triangle equiangular 
| to a given Triangle. 


ET ABC be aCircle given, and DEF a given 
Triangle. It is required to deſcribe a Triangle 

in the Circle ABC, equiangular to the Triangle DEF. 
Draw the Right Line G AH touching * the Circle 
ABC in the Point A, and with the Right Line AH 
at the Point A, make + an Angle HAC, equal to the 
Angle DEF. Likewiſe at the ſame Point A, with 
the Line AG, make the Angle GAB equal to the 


Angle DFE, and join BC. 


J hen becauſe the Right Line HA G touches the 


Circle AB C, and A C is drawn from the Point of 


t 32. 3: 


4 Cor. 2. 
32. 1. 


Contact in the Circle; the Angle H AC fhall be 
equal to ABC, the Angle in the alternate Segment 
of the Circle. But the 755 HAC is equal to the 
Angle DEF; therefore alſo the Angle ABC, is equal 
to the Angle DEF: For the ſame Reaſon, the Angle 
ACB is likewiſe equal to the Angle DFE. Where- 
fore the other Angle BAC, ſhall be + equal to the 
other Angle EDF. And conſequently, the Triangle 
ABC is equiangular to the Triangle DEF, and is 
deſcribed in the Circle ABC; which was io be done. 


PROPOSITION m. 
PROBLEM. 


About a given Circle 70 deſeribe a Triangle, equiangu- 


lar to a Triangle given. 


E ABC be the given Circle, and DEF the 
given Triangle: It is required to deſcribe a Tri- 
angle about the Circle ABC equiangular to the 
Triangle DEF. | 

Produce the Side E F both Ways to the Points G 
and H, and find the Center of the Circle K, and any 
how draw the Line KB. Then at the Point K, * 


the Circle ABC in the Points A, B, C, and the Lines 


Right Angles; therefore the other Angles AK B, 
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KB make the Angle BK A equal to the Angle“ 23. 1. 
DEG; and the Angle BK C at the ſame Point K 

on the other Side the Line K B, equal to the Angle 
DFH; and thro' the Points A, B, C, let the Right 

Lines LAM, MBN, NCL, be drawn touching 

the Circle ABC. 


Then becauſe the Lines LM, MN, NL, touch 


KA, KB, KC, are drawn from the Center K to the 
Points A, B, C; the Angles at the Points A, B, C, 
will be F Right Angles. And becauſe the four An- 18 3. 
gles of the quadrilateral Figure AMBK are equal to 
our Right Angles, (for it may be divided into two 
Triangles,) and the Angles KAM, KBM, are each 


AMB are equal to two Right Angles. But DE G, 
DEF, are equal to two Right Angles ; therefore the 

7 25 AKB, AMB, are equal to the Angles DEG, 
DEF, whereof A K B is equal to DE G. Where- 

fore the other Angle AMB is equal to the other An- 

gle DEF. In like Manner we demonſtrate, that the 
Angle LNB is equal to the Angle DFE. Therefore 
the other Angle MLN is t equal to the other Angle f Cor. 2. 
EDF. Wherefore the Triangle LN M is equian- 32. 1. 
gular to the Triangle DEF, and is deſcribed about 

the Circle ABC; which was to be done. 


PROPOSITION IV. 
PROBLEM. 
To inſcribe a Circle in a given Triangle. 


ET ABC be a Triangle given. It is required 
to inſcribe a Circle in the ſame. | 
Cut“ the Angles ABC, BCA, into two equal“ 9. 1. 
Parts by the Right Lines BD, DC, meeting each 
other in the Point D. And from this Point draw „ 
D 5 DF, DG, f perpendicular to the Sides A B,F 12. 1. 
BC, AC. | | 
Now becauſe the Angle EBD is equal to the An- 
1 FB D, and the Right Angle BED is equal to the 
ight Angle EFD; then the two Triangles E BD, 
F, have two Angles of the one, equal to two 
| H 3 Angles 
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Angles of the other, and one Side DB common to both, 
viz. that which ſubtends the equal Angles; therefore 
the other Sides of the one Triangle ſhall be + equal to 
the other Sides of the other ; and ſo DE ſhall be equal to 
DF. And for the ſame Reaſon, DG is equal to DF: 
Therefore DE is alſo equal to DG. And ſo the 
three Right Lines DE, DF, D G, are equal between 
themſelves, Wherefore a Circle deſcribed about the 
Center D, with either of the Diſtances DE, DF, DG, 


will alſo paſs thro? the other Points. And the Sides 


* 16, 3. 


. 
SIT, k. 


from which Points let DF, EF, be drawn Fat Right 


AB, BC, AC, will touch it; becauſe the Angles at 
E, F, and G, are Right Angles. For if it ſhould cut 


them, a 12 60 Line drawn on the Extremity of the 


Diameter of a Circle at Right Angles, will fall with- 
in the Circle; which is * abſurd. Therefore a Circle 
deſcribed about the Center D, with either of the Di- 
ſtances DE, DF, DG, will not cut the Sides AB, 
BC, CA; wherefore it will touch them, ahd will 
be a Circle deſcribed in the Triangle ABC. Phere- 
fore the Circle EFG is deſcribed in the given Trian- 
gle ABC; which was to be done. | 


PROPOSITION V. 
PROBLEM. 7 
To deſcribe a Circle about a given Triangle, 
Lu T ABC be a given Triangle. It is required to 


deſcribe a Circle about the ſame, 
Biſect * the Sides AB, AC, in the Points D, E; 


Angles to AB, AC, which will meet either within 
the Triangle ABC, or in the Side BC, or without 
the Triangle. 


Firſt let them meet in the Point F within the Tri- 


angle, and join BF, FC, FA. Then becauſe AD is 
equal to DB, and DF is common, and at Right An- 


gles to AB; the Baſe AF will be + equal to the Baſe 


FB. And after the ſame Manner we prove, that the 


Baſe CF is equal to the Baſe FA. Therefore alſo is 


BF equal to CF: And ſo the three Right Lines FA, 
FB, FC, are equal to each other. Wherefore a Cir- 
cle deſcribed about the Center F, with either of the 

== Diſtances 


— ([ 
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, Diſtances FA, FB, FC, will paſs alſo thro? the other 
e Points, and will be a Circle deſcribed about the Tri- 
0 angle ABC. Thereforedeſcribe the Circle ABC. 

0 econdly, let DF, EF, meet each other in the 


Point F, in the Side BC, as in the ſecond Figure, 
and join AF. Then we prove, as before, that the 
Point F is the Center of a Circle deſcribed about the 
Triangle ABC. 2 | 5 
Laſtly, let the Right Lines DF, EF, meet one 
another again in the Point F, without the Triangle, 
as in thethird Figure; and join AF, FB, FC. And 
becauſe AD is equal to DB, and DF is common, 
and at Right Angles, the Baſe AF ſhall be equal to 
the Bale BF. So likewiſe we prove, that CF is 
alſo equal to AF. Wherefore BF is equal to CF. 
And ſo again, if a Circle be deſcribed on the Center 
F, with either of the Diſtances FA, FB, FC, it will 
paſs thro* the other Points, and will be deſcribed 
about the Triangle ABC; which was to be done. 


Coroll. If a Triangle be Right-angled, the Center of 
the Circle falls in the Side oppoſite to the Right 
Angle; if acute-angled, it falls within the Trian- 
gle; and if obtuſe- angled, it falls without the Tri- 
angle. 25 
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To inſcribe a Square in a given Circle. 


EEE ABCD be a Circle given. It is required 
to inſcribe a Square within the ſame. . 
Draw AC, BD, two Diameters of the Circle cut- 
ting one another at Right Angles, and join AB, 
BC, CD, DA. RE 8-1 
Then becauſe BE is equal to ED, (for E is the 
Center) and EA is common, and at Right Angles to 
- BD, the Baſe BA ſhall be * equal to the Baſe AD; * 4. r. 
and for the ſame Reaſon BC, CD, as alſo BA, AD, 
are all equal to each other. Therefore the Quadri- 
lateral Figure ABCD, is equilateral. I fay it is alſo 
rectangular. For becauſe the Right Line DB. is a 
e 5 H 4 Diameter 
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Euclids ELEMENTS. Book IV. 
Diameter of the Circle ABCD; BAD, will be a Se- 
micircle. Wherefore the Angle BAD is * a Right 
Angle. And for the ſame Reaſon every of the An- 
gles ABC, BCD, CDA, is a Right Angle. There- 
fore AB CD is a rectangular quadrilateral Figure: 
But it has alſo been proved to be equilateral. Where- 


fore it ſhall neceſſarily be a Square, and is deſcribed 
in the Circle AB CD; which was to be done. 


PROPOSITION VII. 
PR OB L EM: 44s 


To deſcribe a Square about a given Circle. 
] ET ABCD be a Circle given. It is required 

to deſcribe a Square about the ſame. : 
Draw AC, BD, two Diameters of the Circle 


cutting each other at Right Angles, and thro* the 


Points A, B, C, D, draw * FG, GH, HE, KF, 
Tangents to the Circle AB CD. bb | 
Then becauſe FG touches the Circle ABCD, and 
EA is drawn from the Center E to the Point of Con- 
tact A, the Angles at A will be + Right Angles. For 


the ſame Reaſon, the Angles at the Points B, C, D, 


T 28. 1. 


* 34. 1. 


are Right Angles. And ſince the Angle AEB is a 


Right Angle, as alſo EB G, GH ſha!l be + parallel 


to AC; and for the ſame Reaſon, AC to KF. In 


this Manner we prove likewiſe, that GF and HK 
are parallel to BED; and ſo GF is parallel to HK. 
Therefore GK, GC, AK, FB, BK, are Parallelo- 

rams; and ſo GF is * equal to HK, and GH to 

K. And ſince AC is equal to BD, and AC “ equal 
to either GH, or FK, and BD equal to either GF, 
or HK; GH, or FK, is equal to GF, or HK. There- 
fore FG H K is an equilateral quadrilateral Figure: 
I ſay it is alſo equiangular. For becauſe GBEA is 
a Parallelogram, and A EB is a Right Angle, then 
AGB ſhall be alſo a Right Angle. In like manner 
we demonſtrate, that the Angles at the Points H, K, F, 
are Right Angles. Therefore the quadrilateral Fi- 
gure FG HK is rectangular; but it has been proved 
to be equilateral likewiſe. Wherefore it muſt neceſ- 
ſarily be a Square, and is deſcribed about the Circle 
ABCD; which was to be done. PR O- 
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PROPOSITION VIIL | 
_ PROBLEM. 

315 deſcribe a Circle in a given Square. 


| Prong the given Square be ABCD. It is required 
to deſcribe a Circle within the ſame. 
Biſe& * the Sides AB, AD, in the Points F, E; “ 10. 1. 
and draw} EH thro” E, parallel to AB, or DC; and f 31. 1. 
| FK thro' F, parallel f to BC, or AD. Then AK, 
KB, AH, HD, AG, GC, BG, GD, are all Parallelo- > 
grams, and their oppoſite Sides are + equal. And be-Þ 34. 1- 
cauſe D A is equal to AB, and AE is half of AD, 
and AF half of AB, AE ſhall be equal to AF; but 
the oppoſite Sides are alſo equal. Therefore F G is 
equal to GE. In like manner we demonſtrate, that 
GH, or GK, is equal to either FG, or GE. There- 
fore GE, GF, GH, GK, are equal to each other: 
And ſo a Circle being deſcribed about the Center G, 
with either of the Diſtances GE, GF, GH, GK, 
will-alſo paſs thro? the other Points, and ſhall touch 
the Sides AB, BC, CD, DA, becauſe the Angles at 
E, F, H, K, are Right Angles. For if the Circle 
ſhould cut the Sides of the Square, a Right Line, 
drawn from the End of the Diameter of a Circle at 
Right Angles, will fall within the Circle; which 
is * abſurd. Wherefore a Circle deſcribed about the * 16. 3. 
Center G, with either of the Diſtances GE, GF, N 
GH, G K, will not cut AB, BC, CD, DA, the 
Sides of the Square. Wherefore it ſhall neceſſarily 
touch them, and will be deſcribed in the Square ABCD; 
which was to be done. 


PROPOSITION IX. 
PROBLEM. 
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To deſcribe a Circle about a Square given. 
ES TABCD bea Square given. It is required i 
L to circumſcribe a Circle about the ſame. | = 
Join AC, BD, mutually cutting one another in j 


the Point E. And 
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And ſince DA is equal to AB, and AC is com- 
mon, the two Sides DA, AC, are equal to the two 
Sides BA, AC; but the Baſe DCis equal to the Baſe 
BC. Therefore the Angle DAC will * be equal to 
the Angle BAC: And conſequently the Angle DAB 
is biſected by the Right Line AC. In the ſame Man- 
ner we prove, that each of the Angles ABC, BCD, 
CDA, are biſe&ed by the Right Lines AC, DB. 


Then becauſe the Angle DAB is equal to the An- 


le ABC, and the Angle EAB is half of the Angle 
AB, and the Angle EBA half of the Angle ABC; 
the Angle E A B ſhall be equal to the Angle EBA: 
And ſo the Side EA is equal to the Side EB. In 
like manner we demonſtrate, that each of the Right 
Lines EC, E D, is equal to each of the Right Lines 


C 


EA, EB. Therefore the four Right Lines EA, EB, 


EC, ED, are equal between themſelves. Where- 
fore a Circle being deſcribed about the Center E, with 
either of the Diſtances EA, EB, EC, ED, will 
alſo paſs thro? the other Points, and will be deſcribed 
about the Square AB CD; which was to be done. 


PROPOSITION Xin 
PROBLEM. 


To make an Iſoſceles Triangle, having each of the An- 


gles at the Baſe double to the other Angle. 


0 UT * any 2 Right Line AB in the Point C, 
ſo that the Rectangle contained under AB, BC, 
be equal to the Square of AC; then about the Cen- 
ter A, with the Diſtance AB, let the Circle B D E 


+ rey this. be deſcribed; and + in the Circle BD E apply the 


t 5 of this and deſcribe + a Circle AC 
ADC 5 


Right Line BD equal to AC; which is not greater 
than the Diameter. This YG pres join DA, DC, 
about the Triangle 


Then becauſe the Rectangle ABC is equal to the 
Square of AC, and AC is equal to BD, the ReQan- 
gle under AB, BC, ſhall be equal to the Square of 

D. And becauſe ſome Point B is taken without 
the Circle ACD, and from that Point there fall two 
Right Lines BCA, BD, to the Circle, one of which 


cuts 
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cuts the Circle, and the other falls on it. And ſince 

the ReQangle under AB, BC; is equal to the Square 

of BD, the Right Line BD ſhall * touch the Circle“ 37. 3. 

ACD. And fince BD touches it, and DC is drawn 2% 

from the Poiut of Contact D, the Angle BDC is 

equal to the Angle in the alternate Segment of the +. 

Circle, viz. equal +to the Angle DAC. And ſince f 32. 3. 
the Angle BDC is equal to the Angle DAC; if | 

CDA, which is common, be added, the whole An- 

le BDA is equal to the two Angles CDA, DAC. 

But the outward Angle BCD is + equal to C D A, I 32. 1. 

DAC. Therefore B D A is equal to BCD. But 

the Angle BDA * is equal to the Angle CB D, be- * 5. 1. 

cauſe the Side AD is equal to the Side AB. Where- 5 

fore DB A ſhall be equal to BCD: And fo three 

Angles BDA, DBA, BCD, are equal to each other. 

And fince the Angle DBC is equal to the Angle 

BCD, the Side BD is + equal to the Side DC. But + 6. 125 

BD is put equal to CA. Therefore CA is equal to 

CD. And ſo the Angle CDA is equal to the Angle 

DAC. Therefore the Angles CDA, DAC, taken 

together, are double to the Angle DAC. But the 

Angle BCD is equal to the 3 CDA, DAC. 

Therefore the Angle B CD is double to the Angle 

DAC. But BCD is equal to B DA, or DBA. 

Wherefore BD A, or DBA, is double to DAB. 

Therefore the Iſoſceles Triangle ADB is made, ha- 

ving one of the Angles at the Baſe, double to the 

other Angle; which was to be done. 


PROPOSITION XI. 
PROBLEM. 


To deſcribe an equilateral and equiangular Pentagon ia 


a given Circle. 


LET ABCDE be a Circle given. It is required 

to deſcribe an equilateral and equiangular Pen- 
tagon in the ſame. : 2 1 

Make an Iſoſceles Triangle FGH, having * each *10 of this. ; 

of the Angles at the Baſe GH, double to the other 1 

Angle F; and deſeribe the Triangle ADC in the Circle : 
ABCDE, equiangular f to the Triangle FGH ; ſo _ 2 of this. 
Cm, ene | 
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the Angle CAD be equal to that at F, and ACD, 
CDA, each equal to the Angles G or H. Wherefore 
the Angles ACD, CDA, are each double to the An- 


gle CAD. This m_ done, biſe& ® ACD, CDA, 
3 Ty RE Lines CE, DB, and join AB, BC, 


Then becauſe each of the Angles ACD, CDA, is 


double to CAD, and they are biſected by the Right 


Lines CE, DB; the five Angles DAC, ACE, ECD, 
C DB, B D A, are equal to each other. But equal 
Angles ſtand * upon equal Circumferences. There- 
fore the five Circumferences AB, BC, CD, DE, EA, 
are equal to each other. But equal Circumferences 
ſubtend + equal Right Lines. Therefore the five 
Right Lines AB, BC, CD, DE, FA, are equal to 
each other. Wherefore ABCDE is an equilateral 
Pentagon. I fay, it is alſo equiangular; for becauſe 
the Circumference AB is equal to the Circumference 
DE, by adding the Circumference BCD, which is 


common, the whole Circumference ABCD is equal 


to the whole Circumference ED CB, but the Angle 
AED ſtands on the Circumference AB CD, and 
B AE on the Circumference EDCB : Therefore the 
Angle BAE is equal to the Angle AED. For the 
ſame Reaſon, each of the Angles ABC, BCD, CDE, 
is equal to BAE, or AED. Wherefore the Penta- 
gon ABCDE is equiangular ; but it has been proved 
to be alſo equilateral. And conſequently there is an 
equilateral and equiangular Pentagon inſcribed in a 
given Circle; which was to be done. * 


PROPOSITION XI. 
PROBLEM. 


To deſcribe an equilateral and equiangular Pentagon 
about a Circle given. | 


1 T ABCD E be the given Circle. It is required 
to deſcribe an equilateral and equiangular Pen- 
tagon about the ſame, | 

Let A, B, C, D, E, be the angular Points of a Pen- 
tagon ſuppoſed to be infcribed * in the Circle; ſo that 
the Circumferences AB, BC, CD, DE, EA, be 


equal ; 
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equal; and let the Right Lines GH, HK, KL, LM, 
MG, be drawn touching + the Circle in the Points + 17. 3. 
A, B, C, D, E: Let F be the Center of the Circle 
ABCD E, and join FB, F K, FC, FL, FD. 
Then becauſe the Right Line KL touches the Cir- 
cle AB CDE in the Point C, and the Right Line FC 
is drawn from the Center F to C, the Point of Con- 
tact; F C will be + perpendicular to K L: And ſo 18. 3. 
both the Angles at Care Right Angles. For the ſame 
Reaſon, the Angles at the Points B, D, are Right 
Angles. And becauſe FCK is a Right Angle, the _ 
Square of FK will be * equal to the Squares of FC, X 47. 1: 
CK: And for the ſame Reaſon, the Square of FK 
is equal to the Squares of FB, BK. Therefore the 
Squares of FC, CK are equal to the Squares of FB, 
BK. But the Square of FC is equal to the Square 
of FB. Wherefore the Square of CK ſhall be equal 
to the Square BK; and ſo BK is equal to CK. And 
becauſe F B is equal to FC, and F K is common; 
the two Sides BF, FK, are equal to the two CF, 
FK, and the Baſe BK, is equal to the BaſeKC; and 
ſo the Angle BF K ſhall be + equal to the Angle g. x; 
KFC, and the Angle BK F to the Angle FK C. | 
Therefore the Angle BF C is double to the Angle 
K F C, and the Angle BK C double to the Angle 
FK C: For the ſame Reaſon, the Angle CFD is 
double to the Angle CFL, and the Angle CLD 
double to the Angle CLF. And becauſe the Cir- 
cumference B C is equal to the Circumfergnce CD, 
the Angle BFC ſhall be + equal to the Angle CFD. 1 27. 3: 
But the Angle BF C is double to the Angle KFC, 
and the Angle DF C double to LF C. Therefore 
the Angle KFC is equal to the Angle CFL. And 
ſo FEC, FLC, are two Triangles having two An- 
gles of the one equal to two Angles of the other, 
Each to each, and one Side of the one equal to one 
Side of the other, viz. the common Side FC; where- | 
fore they ſhall have | the other Sides of the one equal + 26. 1: 
to the other Sides of the other; and the other Angle | 
of the one, equal to the other Angle of the other. 
Therefore the Right Line KC is equal to the Right 
Line CL, and the Angle FE C to the Angle FLC. 
And ſince KC is equal to. CL, KL ſhall be double 
to K C. And by the ſame Reaſon, we prove oo 
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Euclids ELEMENTS. Book IV. 
HK is double to BK. Again, becauſe BK has been 
proved equal to KC, and KL the double toKC, as 
alſo H K the double of BK, HK ſhall be equal to 
KL. So likewiſe, we prove that GH, GM, and 
M L, are each equal to HK, or K L. Therefore 
the Pentagon GHK LM is equilateral. I fay alſo, 
it is equiangular ; for becauſe the Angle FKC is equal 


to the Angle FLC; and the Angle HKL has been 


proved to be double to the Angle FE C; and alſo 
KLM double to FLC: Therefore the Angle HKL 
ſhall be equal to the Angle K LM. By the ſame 
Reaſon we demonſtrate, that every of the Angles 
EKHG, HGM, GML, is equal to the Angle HEL, 
or KLM. Therefore the five Angles GHK, HKL, 
KLM, LMG, M GH, are equal between them- 
ſelves. And ſo the Pentagon GHK LM is equian- 
gular, and it has been proved likewiſe to be equila- 
teral, and deſcribed about the Circle ABCDE; 
which was to be done, FI | 


PROPOSITION XII. 
PROBLEM. 


To inſcribe a Circle in an equilateral and equiangular 
Pentagon. FA 


| T ABCDE be an equilateral and equiangular 
L Pentagon. It is required to inſcribe a Circle in 
the ſame. 

Biſect the Angles BCD, CDE, by the Right 
Lines CF, DF, and from the Point F wherein CF, 
DF, meet each other, let the Right Lines FB, FA, 
FE, be drawn. Now becauſe BC is equal to CD, 
and CF is common, the two Sides BC, CF, are 
equal to the two Sides DC, CF; and the Angle 
BCF is equal to the Angle DCF. Therefore the 


Baſe BF is + equal to the Baſe FD; and the Triangle 


BF C equal to the Triangle DCF, and the other 
Angles of the one equal to the other Angles of the 
other, which are ſubtended by the equal Sides: There- 
fore the Angle CBF ſhall be equal to the Angle 
CDF. And becauſe the Angle CDE is double to 
the Angle CDF, and the Angle CDE is equal - by 
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Angle ABC, as alſo CDF equal to CBF; the 
Angle CBA will be double to the Angle CBF; 
and ſo the Angle AB F equal to the Angle CBF. 
Wherefore the Angle A B C is biſeCted by the Right | 
Line BF. After the ſame Manner we prove, that 
either of the Angles BAE or AED is biſected by 7 
the Right Lines AF, FE. From the Point F draw 
F G, F H, F K, FL, F M, perpendicular to the“ 12. 1. 
Right Lines AB, BC, CD, DE, EA. Then ſince 
the Angle H CF is equal to the Angle K CF; and 
the Right Angle FH C equal to the Right Angle 
FK C; the two Triangles FH C, F K C ſhall have 
two Angles of the one equal to two Angles of the 
other, and one Side of the one equal to one Side of 
the other, v:z. the Side FC common to each of them. | 
And ſo the other Sides of the one will be + equal to+ 26. 1. 
the other Sides of the other : And the Perpendicular 
FH equal to the Perpendicular FK. In the ſame 
Manner we demonſtrate, that FL, FM, or FG, is 
equal to FH, or FK. Therefore the five Right Lines 
FG, FH, FK, FL, FM, are equal to each other. 
And ſo a Circle deſcribed on the Center F, with either 
of the Diſtances FG, FH, FK, FL, FM, will 
7 thro the other Points, and ſhall touch the Right 
ines AB, BC, CD, DE, EA; ſince the Angles 
at G, H, K, L, M, are Right Angles: For if it does 
not touch them, but cuts them, a Right Line drawn 
from the Extremity of the Diameter of a Circle at 
Right Angles to the Diameter, will fall within the _ 
Circle; which is + abſurd. Therefore a Circle de- þ 16. 3. 
ſcribed on the Center F with the Diſtance of any one 
of the Points G, H, K, L, M, will not cut the Right 
Lines AB, BC, CD, DE, E A; and ſo will neceſ- 
farily touch them; which was to be done. . 


Coroll. If two of the neareſt Angles of an equilate- 
ral and equiangular Figure be biſected, and from 
the Point in which the Lines biſecting the Angles - > 
meet, there be drawn Right Lines to the other an- by 


gles of the Figure. „ the Angles. of the Figure 
Vill be bis 5 
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PROPOSITION XIV. 
PROBLEM. 


To deſcribe a Circle about a given equilateral and equi- 
angular Pentagon. 


I T ABCDE be an equilateral and Te, a 
Pentagon. It is required to deſcribe a Cir 
about the 1ame. | CULTS 
Biſe& both the Angles BCD, CDE, by the Right 
Lines CF, FD, and draw FB, FA, FE, from the 


Point F, in which they meet. Then each of the An- 


ples CBA, BAE, AED, ſhall be biſected “ by the 
ight Lines BF, FA, FE. And. ſince the Angle 
BCP, is equal to the Angle CDE ; and the Angle 
FCD, is half the Angle BCD, as likewiſe CDF, 


half CDE; the Angle FCD, will be equal to the 


Angle FDC; and ſo the Side CF,, equal to the Side 
FD. We demonſtrate in like Manner, that FB, 
FA, or FE, equal to FC, or FD. Therefore the 
five Right Lines, FA, FB, FC, FD, FE, are equal 
to each other. And ſo a Circle being deſcribed on 
the Center F, with any of the Diſtances FA, FB, 
FC, FD, FE, will paſs thro? the other Points, and 


will be deſcribed about the equilateral and equiangu- 


lar Pentagon ABCDE; which was to be done. 
PROPOSITION XV. 
PROBLEM. 


To inſcribe an equilateral and equiangular Hexagon in 


a given Circle. 


: J-E T ABCDEF be a Circle given. It is required 


to inſcribe an equilateral and equiangular Hexa- 
gon therein. | 55 


Draw AD a Diameter of the Circle AB CDE F, 
and let G be the Center; and about the Point D, as 


a Center, with the Diſtance DG, let a Circle EGCH, 
be deſcribed; join EG, GC, which produce to the 
Points B, F : Likewiſe join AB, BC, CD, ww A 

4 | | . 


ele 


* 


F A. I fay ABC DE is an equilateral and equi- 
angular Hexagon. | 

or ſince the Point G is the Center of the Circle 
ABCDEF, GE will be equal to GD. Again, 
becauſe the Point D is the Center of the Circle q 
EGCH, DE ſhall be equal to DG: But GE has 
been proved equal to G D. Therefore GE is equal 
to ED. And ſo EGD is an equilateral Triangle; and 
conſequently the three Angles thereof, EGD, GDE, 


DEG, are equal between themſelves : But the“ Cor. 5. 1, 


three Angles of a Triangle are + equal to two Right + 32. 1. 
Angles. Therefore the Angle EGD, is a third Part 
of two Right Angles. In the ſame Manner we de- 
monſtrate, that DGC is one third Part of two Right 
Angles: And ſince the Right Line CG, ſtanding upon 
the Right Line EB, makes + the adjacent Anglesf 13. 1. 
EGC, CG; the other Angle C GB, is alſo one 
third Part of two Right Angles. Therefore the An- 
gles EGD, EGC, CGB, are equal between them- 
ſelves: And the Angles that are vertical to them, viz. 
the Angles BGA, AFG, FGE, are * equal to the & 15. 1. 
Angles EGD, DGC, CGB. Wherefore the ſix 
Angles EGD, DGC, CGB, BGA, AGF, FGE, 
5 2 Circumferences. Therefore fix Circumferences, 

„BC, CD, DE, EF, FA, are equal to each other. 
But equal Right Lines ſubtend + equal Circumfe- 1 29. 3. 
rences. Therefore the fix Right Lines are equal be- 
tween themſelves; and accordingly the Hexagon 
ABCD EF is equilateral : I ſay it is alſo equiangu- 
lar. For, becauſe the Circumference A F is equal 
to the Circumference E D, add the common Cir- 
cumference AB CD, and the whole Circumference 
FABCD, is equal to the whole Circumference 
EDCBA. But the Angle FED, ſtands on the 
Circumference F A305; and the Angle AF E, 
on the Circumference ED CBA. Therefore the 
Angle AF E is * equal to the Angle DEF. Ja the# 27. z. 
fame Manner we prove, that the other Aggles of 0 
the Hexagon ABC DE F, are ſeverallgy equal to 
AFE, or FED. Therefore the Hexagon ABCDEF 
Is equiangular. But it has been proved to be alſo 
equilateral, and is inſcribed in the Circle ABC DEF; 
which was to be done, | | 

| | | Croll. 


are equal to one another. But equal Angles ſtand on f 26 3. 
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Coroll. From hence it is manifeſt, that the Side of the 
Hexagon is equal to the Semidiameter of the Circle. 
And if we draw thro' the Points A, B, C, D, E, F, 
Tangents to the Circle, an equilateral and equian- 
gular Hexagon will be defcribed about the Circle, 
as is manifeſt from what has been ſaid concernin 
the Pentagon. And ſo likewiſe may a Circle be 
inſcribed and circumſcribed about a given Hexa- 
gon; which was to be done. 


PROPOSETEHFONXVL 
PROBLEM. 
To deſcribe an equilateral and 838 Quindeca- 


gon in a given Circle. 


1 ABCD be a Circle given. It is required 
to deſcribe an equilateral and equiangular Quin- 
decagon in the ſame. 


Let AC be the Side of an equilateral Triangle in- 
{ſcribed in the Circle AB CD, and AB the Side of a 
Pentagon. Now if the whole Circumference of the 


Circle AB CD be divided into fifteen equal Parts, 


the Circumference A B C, one third of the whole, 
ſhall be five of the ſaid fifteen equal Parts; and the 
Circumference AB, one fifth of the whole will be 
three of the ſaid Parts. Wherefore the remaining 
Circumference BC, will be two of the ſaid Parts. 
And if BC be biſected in the Point E, BE, or EC, 
will be one fifteenth Part of the whole Circumference 
ABCD. And ſo if BE, EC, be joined, and either 
EC, or EB, be continually applicd in the Circle, there 
ſhall be an equilateral and equiangular Quindecagon 
deſcribed in the Circle ABCD; which was to be done. 


If, according to what has been ſaid of the Pentagon, 
Right Lines are drawn thro' the Diviſions of the 
Circle touching tne ſame, there will be deſcribed 
about the Circle an equilateral and equiangular 

- Quindecagon. And, moreover, a Circle may be 

inſcribed, or circumſcribed, about a given equila- 
teral and equiangular Quindecagon. 
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DEFINITIONS. 


PART, is a Magnitude of a Magni- 
tude, the leſs of the greater, when the 
* Meaſures the greater. 
6 ©. II. Bat a Multiple is a Magnitude of a 
Magnitude, the greater of the leſſer, when the leſſer 
. Meaſures the greater. Th 
III. Ratio, is à certain mutual Habitude of Mag- 
tudes of the ſame kind, according to Quantity). 
IV. Mapnitudes are ſaid to have Proportion to each 
_ which being multiplied can exceed one ano- 
ther. 5 1 9 8 
V. Magnitudes are ſaid to be in the ſame Ratio, the 
Finſt io the ſecond, and the third to the fourth, when 
the Equimultiples of the firſ and third, compared 
with the Equimultiples of the ſecond and fourth, ac- 
cording to any Multiplication whatſoever, are either 
both together greater, equal, or leſs, than the Egui- 
multiples of tbe ſecond and fearth, if thoſe be taken 
- zbat anſwer each other. | ow 
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Euclids ELEMENTS. Book V. 


That is, if there be four Magnitudes, and you take 
any Equimultiples of the firſt and third, and alſo any 
Equimultiples of the ſecond and fourth. And if the 
Multiple of the firſt be greater than the Multiple of 
the ſecond, and alſo the Multiple of the third greater 
than the Multiple of the fourth: Or, if the Multiple of 

the firſt be equal to the Multiple of the ſecond ; and alſo 
the Multiple of the third equal to the Multiple of the 
fourth: Or, laſtly, if the Multiple of the firſt be leſs 
than the Multiple of the ſecond; and alſo that of the 


third leſs than that of the fourth; and theſe Things 


happen according to every Multiplication whatſoever ; 
then the four Magnitudes are in the ſame Ratio, the 
firſt to the ſecond, as the third to the fourth. 


VI. Magnitudes that have the ſame Proportion, are 


called Proportionals. 


Expounders uſually lay down here that Definition 
which Euclid has given for Numbers only, in his 
ſeventh Book, viz. That | 


Magnitudes are ſaid io be erg when the 
e 


firſt is the ſame Equimultiple of the ſecond, as the third 
2s of the fourth, or the ſame Part, or Parts. 


But this Definition appertains only to Numbers and 
Commenſurable Quantities; and ſo ſince it is not 
univerſal, Euclid did well to reject it in this Element, 
which treats of the Properties of all Proportionals ; 
and to ſubſtitute another general one, agreeing to all 
Kinds of Magnitudes. In the mean time, Expounders 

very much endeavour to demonſtrate the Definition 
here laid down by Euclid, by the uſual received De- 
finition of Proportional Numbers ; but this much 


eaſter flows from that, than that from this; which 
may be thus demonſtrated ; 5 


Firſt, Let A, B, C, D, be four Magnitudes which 
are in the ſame Ratio, according to the Conditions 
that Magnitudes in the ſame Ratio muſt have laid 
down in the fifth Definition. And let the firſt be a 
1 7 of the ſecond. I ſay, the third is alſo the 
lame Multiple of the fourth. For Example: Let A 

1 5 be 


Book V. Euclids ELEMENTS. 
be equal to 5B. Then C ſhall be equal to D. Take 
any Number. For Example, 2, by which let 5 be 
multiplied, and the Product will . 5 
be 10: NG = a * F 
Equimultiples of the firſt and 3 
third Magnitudes A and C: 2A, 10B, 20, 10D 
Alſo, let 1oB and 10D be Equimultiples of the ſe- 
cond and fourth Magnitudes B and D. Then (by 
Def. 5 if 2A be equal to 10B, 20 ſhall be equal 
to 10D. But ſince A (from the Hypotheſis) is five 
Times B, 2A ſhall be equal to 10B; and ſo 2C equal 
to 10D, and C equal to 5D; that is, C will be five 
Times D. W. W. D. * * 
Secondly, Let A be any Part of B; then C will be 
the ſame Part of D. For becauſe A is to B, as C is 
to D, and ſince A is ſome Part of B; then B will be 
a Multiple of A: And ſo (by Caſe 1.) D will be the 
ſame Multiple of C, and accordingly C ſhall be the 
ſame Part of the Magnitude D, as Ais of B. W. W. D. 
Thirdly, Let Abe equal to any Number of what- 
ſoever Parts of B. I ſay, C is equal to the ſame 
Number of the like Parts of D. For Example: Let 
A be a fourth Part of five Times B; that is, let A 
be equal to 5B. I ſay, C is alſo equal to 3D. For 
becauſe A is equal to 3B, each of them being mul- 
tiplied by 4, then 4A will be equal to 5B. And ſo 
it the Equimultiples of the firſt A. Tn ok D 
J a beat: 775TH OTE? 
ſumed; as alſo the Equimultiples 
of the ſecond and fourth, v:z. 
'5B, 5D, and (by the Definition) if 4A is equal to 


5B; then 40 is equal to 5D. But 4A has been proved 
equal to FB, and ſo 1 55 be equal to 5D, and 


C equal to 2D. W. 5 
And univerſally, if A be equal to — B, C will be 
N | 


equal to =D. For let A and C 


be multiplied by 2, and B and 
D by z. And becauſe A is equal 


to; m A ſhall be equal to 8 
„B; wherefore (by Def. 5.) mC will be equal to 2D, 
and C equal to D. W. W. D. 
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VII. When-ef Equimultiples, the Multiple of the firſt 


exceeds the Multiple of the ſecond, bat the Maltiple 
of the third does not exceed the Multiple of the 
Fourth; then the firſt to the ſecond is ſaid to have 
reater Proportion than the third to the fourth. 
Analogy is a Similitude of Proportions, 
IX. Analogy at leaſt conſiſts of three Terms. | 
X. When three Magnitudes are Proportionals, the firſt 
i ſaid to have to the third, a Duplicate Ratio to what 
it has to the ſecond. 
XI. Bat when four Magnitudes are Proportionals, the 
| firſt ſhall have a Triplicate Ratio to the fourth of 
what it has to the ſecond; and ſo always one more 
in Order, as the Proportionals ſhall be extended. 
XII. Homologous Magnitudes, or Magnitudes of a like 
Ratio, are ſaid to 2 ſuch whoſe Antecedents are to 


the Antecedents, and Conſequents to the Conſe- 


uents. [7] 
xlil Alternate Ratio, is the comparing of the An- 


tecedeut with the Antecedent, and the Conſequent © 


with the Conſequent. | "4 
XIV. Inverſe Ratio, is when the Conſequent is taken 
as the Antecedent, and ſo compared with the Ante- 
* Cedent as a Conſequent, | | 
XV. Compounded Ratio, is when the Antecedent and 
Conſequent taken both as one, is compared to the 
Conſequent itſelf. | | 
XVI. 5 


? 


the Antecedent exceeds the Conſequent, is compared 


with the Conſequent. 

XVII. Converſe Ratio, is when the Autecedent is com- 
pared with the Exceſs, by which the Antecedent ex- 
ceeds the Conſequent, 

XVIII. Ratio of Equality, is where there are taken 
more than two Magnitudes in one Order, and a like 
Number of Maguitudes in another Order, comparing 
zWwo to rw being in the ſame Proportion; and it 

Hall be in the firſt Order of Magnitude, as the ſirſt 
is zo the laſt, ſo in the ſecond Order of Maguitudes 
it the firſt to the laſt: Or otherwiſe, it is the Com- 
2 dee of the Extremes together, the Means being 
_ omittea, p 


ivided Ratio, is when the Exceſs wherein 


XIX. Or- 
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XIX. Ordinate Proportion, is when, as the Autece- 
dent is to the Conſequent, ſo is the Antecedent to 
the Conſequent ; and as the Conſequent is to any other, 

. fo it the Conſequent to any other. | 


EDS i —— 
8 
— — SFo. 


XX. Perturbate Proportion, is when there are three N 
Magnitudes, and others alſo, that are equal to theſe i 

in Multitude as in the firſt Magnitudes the Ante- 1 

cedent is to the Conſequent; ſo in the ſecond Mag- 4 

nitudes is the Antecedent, to the Conſequent: And 10 

as in the firſt Magnitudes the Conſequent is to ſome li 

other, ſo in the ſecond Magnitudes, is ſome other to | 

| the Antecedent. F 
x 4 

I. TT QUIMULTIPLES of the ſame, or ; 

of equal Magnitudes, are equal to each 3 

be,, | bi 
IT. Thoſe Magnitudes that have the ſame * 
| Egquimultiple, or whoſe Equimultiples are equal, 1 
are equal to each otber. 8 1 
ö : ; 
| # 
1 

| TOE ; 
9 

ö » {1 
7 | | 7 


122 Euclids ELEMENTS. Book v. 8 
PROPOSITION I. 
THEOREM. 


If there be any Number of Magnitudes Equimultiples 4 
of a like Number of Magnitudes, each to each; | 
whatſoever Multiple any one of the former Magni. 
eudes is of its Correſpondent one, the ſame Multiple 
is all the former Magnitudes of, all the latter. 


E L there be any Number of Magnitudes 
AQ} CD, Equimultiples of a like Num- 
ber of Magnitudes E, F, each of each. 
I ſay, what Multiple the Magnitude AB is 
of E, the ſame Multiple AB, and CD, together, is 
of E and F together. 1 
For becauſe AB and CD are Equimultiples of E 
and F, as many Magnitudes equal to | 
E, that are in AB, ſo many ſhall be A 
equal to F in CD. Now divide AB 
into Parts equal to E, which let be AG, G 3 
GB, and CD into Parts equal to F, viz. 
CH, HD. Then the Multitude of 
Parts, CH, HD, ſhall be equal to the B E 
- Multitude of Parts AG, GB, Ad 
ſince AG is equal to E, and CH toF; C,T 
AG and CH, together, ſhall be equal 44 
| to E and F together. By the ſame Rea- i 
iff ſon, becauſe GB is equal to E, and H |} 
ll HD to F, GB and HD will beequal 1 2 
| to E and F together. Therefore, as 
often as E is contalned in AB, ſo often | | 
D F 
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is E and F contained in AB and CD. 

And ſo, as often as E is contained in 

AB, ſq often are E and F, together, contained in 
AB and CD together, Therefore, if there are any 
Number of Maguuudes Equimultiples of a like Num- 
ber of Magnituaes, each to each; whatſoever Multi- 
ple any one of the former Magnitudes is of its Cor- 
reſpondent one, the ſame Multiple is all the former 
Magnitudes of, all the latter; which was to be de- 
monſtrated, 
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PROPOSITION II. 
THEOREM. 
If the firſt be the ſame Multiple of the ſecond, as the 


'; third is of the fourth; and if the fiſth be the ſame 
1. Multiple of the ſecond, as the ſixth is of the fourth; 
le then ſhall the firſt, added to the fifth, be the ſame 
Maltiple of the ſecond, as the third, added to the 
ſixth is of the fourth. 
8 | 
„ ; | Hyd the firſt AB be the ſame Multiple of theſe- 
1. cond C, as the third DE is of the fourth F; and 
8 let the fifth BG be the ſame 
IS Multipte of the ſecond C, as A D 
the fixth EH is of the fourth 
E F. I fqy the firſt added to x EL 
the fifth, v:2. AG, is the ſame +> 
Multiple of the ſecond C, as | 4] 2 
the third added to the ſixth, | 
viz. DH, is of the fourth F. &. F 


For becauſe AB is the ſame IT Jo 
Multiple of C, as DE is of F, there are as many 
Magnitudes equal to C in AB, as there are Magni- 
tudes equal to F in DE. And for the ſame Reaſon 
there are as many Magnitudes equal to C in BG, as 
there are Magnitudes equal to F in EH. Therefore 
there are as many Magnitudes equal to C, in the 
whole AG, as there are Magnitudes equal to F in 
DH. Wherefore AG is the ſame Multiple of C, 
as DH is of F. And ſo the firit added to the fifth 
AG, is the ſame Multiple of the ſecond C, as the 
third, added to the fixth D H, is of the fourth F. 
Therefore, if the firſt be the ſame Multiple of the ſe- 
cond, as the third is of the fourth; and if the fifth be 
the ſame Multiple of the ſecond, as the ſixth is of the © 
fourth; then 2 the firſt, added to the fifth, be the 
ſame Multiple of the ſecond, as the third, added to 
2 * is of the fourth; which was to be demon- 

rated. 
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PROPOSITION III. 
THEOREM. 


If the Firſt be the ſame Multiple of the Second, as the 
Third is of the Fourth, and there be taken Equi- 
3 of the Firſt and Third; then will each of 
oh the Magnitudes taken be Equimultiples of the Se- 

. cond aud Fourth. 5 8 


ET the firſt A be the ſame Multiple of the ſe- 
cond B, as the third C is of the fourth D; and 
let EF, GH, be Equi- 
multiples of A and C. E 
I fay EF is the ſame /jf] H 
Multiple of B, as GH 2 
is of D. | 
For» becauſe EF is 
the ſame Multiple of A, K | _ 
38 GH is of C, there 1 Pas” 
are as many Magni- | | 3 | 
tudes, equal to A in EF, | . 


* 
as there are Magnitudes _ : [ ; F 
equal to C in GH. E A G 


Now divide EF into the Magnitudes EK, KF, equal 
to A, and GH into the Magnitudes GL, LH, equal 
to C. Then the Number of the Magnitudes EK, 


KF, will be equal to the Number of the Magnitudes 


GL, LH. And becauſe A is the ſame Multiple of 
B, as C is of D, and EK is equal to A, and GL to 
C; EK will be the ſame Multiple of B, as G is of 
D. For the ſame Reaſon, K F ſhall be the ſame 
Multiple of B, as LH is of D, Therefore becauſe 
the firſt EK is the ſame Multiple of the ſecond B, as 


the third G L is of the fourth D, and K F, LH are 
Equimultiples of the ſecond Band fixth D. The firſt 
* > of thiz.added to the fifth EF, ſhall be * the ſame Multiple 


of the ſecond B, as the third added to the ſixth G 


is of the fourth D. I/, therefore, the firſ# be the 


ſame Mutiple of the ſecond, as the third is of the 
fourth, and there be taken Equimultiples of the firſt 
and third; then will each of the Magnitudes taken be 


Equimultiples of the ſecond and fourth; which was to 
be demonſtrated. P . 


Book V. Euclids ELEMENTS. 
PROPOSITION IV. 
THEOREM. 

If the firſt have the ſame Proportion to the ſecoud 
as the third to the fourth; then alſo f mary the Equi- 
multipler of the firſk and third have the ſame 
Proportion to the Equimultiples of the ſecond and 


fourth, according to any Maltiplication whatſoever, 
if they be ſo taken as to anſwer each other. 


JET the firſt A have the fame Proportion to the 


, ſecond B as the third C hath to the fourth D; 
and let E and F, the Equi- 22 
multiples of A and C, be 24 
any how taken; as alſo G, T 
F, the Equimultiples of B 

and D. I ſay E is to G as q 
F is to H. | 

For take K and L, any 
Equimultiples of E and F ; 
and alſo M and N of G 
and H. | 

Then becauſe E is the 
ſame Multiple of A, as F 
is of C, and K, L are 
taken Equimultiples of E, 
F, K will be * the ſame 
Multiple of A, as L is of 
C. For the ſame Reaſon, 
M is the ſame Multiple of 
B as N is of D. And ſince 
A is to B, as C is to D,. 
and K and Lare Equimul- 
tiples of A and C; and alſo 
M and N Equimultiples of 
B and D. If K exceeds 
M, then 4 L will exceed N; 
if equal, equal; or leſs, leſs. 
And K, L are Equimultiples 
of E, F, and M, N, any 
other Equimultiples of GH. 
Therefore, as E is to G, ſo 


125 


126 
„ Def. 


* Def. 5. 


| 
. 5 . 014k 
21 of this. Will be * the ſame Multiple of CF, 4 5 * 


of fois, 


Then becauſe AE is the ſame Mul- 1 


Euclids ELEMENTS. Book V. 
ſhall + F be to H. Wherefore, F the firſt have the 


fame Proportion to the ſecond, as the third to the 
fourth; then alſo ſhall the Equimultiples of the 
firſt and third have the ſame Proportion to the Equi- 


multiples of the ſecond and fourth, according to any 
Multiplication whatſoever, if they be ſo taken as to 
anſwer each; which was to be demonſtrated. 
Becaule it is demonſtrated, if K exceeds M, then 
L will exceed N; and if it be equal to it, it will 
be equal; and if leſs, leſſer. It is manifeſt likewiſe, 
if M exceeds K, that N ſhall exceed L; if equal, 


equal; but if leſs, leſs. And therefore as G is to E, 


ſo is * H to F. 
Coroll. From hence it is manifeſt, if four Magnitudes 
be proportional, that they will be alſo inverſely 
proportional. 11 
PROPOSITION V. 
THEOREM. 
If one Magnitude be the ſame Multiple of another 


Magnitude, as a'Part taken from the one is of a 


Part taten from the other ; then the Reſidue of 


the one ſhall be the ſame Multiple of the Reſidue 


| of the uiher, as the whole is of the whole, 


ET the Magnitude AB be the ſame Multiple 


of the Magnitude CD, as the Part taken away 
AE is of the Part taken away CF. 
ſay that the Reſidue EB is the ſame B 


Multiple..of the Reſidue FD, as the yg] 

Whole AB ig of the whole CD. | G 
For let EB be ſuch a Multiple of G7 - 

CG as AE is of. CF. Te 


tiple of CF, as E B is of CG, AE 


as AB is of GF. But AE and AB 
are put Equimultiples.of CF and CD. 


- 


Therefore AB is the ſame Multiple of GF as of 
+ 2 Axiom CD; and ſo GF is equal to CD. Now let CF, 
; Which is common, be taken away; and the Reſid 


ue 
GC 
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GC is equal to the Reſidue DF. And then be- 


cauſe AE is the ſame Multiple of CF, as EB is 


of CG, and CG is equal to DF; AE ſhall be- 


the ſame Multiple of CF, as EB is of F D. But 
AE is put the ſame Multiple of CF as AB is of CD. 


Therefore EB is the ſame Multiple of FD, as 
AB is of CD: and ſo the Reſidue EB is the ſame 


Multiple of the Refidue FD, as the whole AB 
is of the whole CD. Wherefore, if one Magnitude 
be the ſame Multiple of another Magnitude, as a 
| Part taken from the one is of 4 Part taken from 

the other; then the Reſidue of the one ſhall be the 
| ſame Multiple of the Reſidue of the other, as the 


whole 1s of the whole; which was to be demon- 
| ſtrated. | LY | 


PROPOSITION VI. 
THEOREM. 


| If two Magnitndes be Equimultiples of two Magni- 


tudes, and ſome Magnitudes Equimuliiples of the 
ſame be taken away; then the Reſidues are either 
equal to thoſe Magnitudes, or elſe Equimultiples of 
them. | | | 


ESSE two Magnitudes A B, CD, be Equimulti- 
4 ples of two Magnitudes E, F, and let the Mag- 


nitudes AG, CH, 1 of the ſame E, F, 


be taken from AB, CD. I ſay, the Reſidues G B, 

HD, are either equal to E, F, or are Equimultiples 

of them. | | ET Ia | 
For firſt, Let GB be equal to E. I fay, HD is 

alſo equal to F. For let CK be 

equal to F. Then becauſe AG A 

is the ſame Multiple of E, as CH 75 

is of F; and GB is equal to E; 

and CK to F; AB will be * the | 

fame Multiple of E, as KH is of #2 | 

F. But AB and CD are put 

Equimultiples of E and F. G | 


* - 


Therefore KH is the fame Mul- 
tiple of F, as CD is of F. 
And becauſe KH and CD are 


Equi- 
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Multiple of A, as E is of B, and | 
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Egquimultiples of F; KH will be 


equal to CD. Take away CH | K 
which is common; then the Re- = 
ſidue KC is equal to the Reſidue |. 
HD. But K C is equal to F. | C 5 
Therefore HD is equal to F; and 

ſo GB ſhall be equal to E, and G 1 | | 


HD to F. | 
In like Manner we demon- 1 
ſtrate if G B was a Multiple of | 5 
E, that H D is the like Multiple os | 
of F. Therefore, if #wo Mag- 3 D E F 

uitudes be Equimultiples of tuo | 
Maguitudes, and ſome Magnitndes Equimultiples of 
the ſame be taken away; then the Reſidues are either 
1 to thoſe Magnitudes, or elſe Equimultiples of 
them; Which was to be demonſtrated. 


PROPOSITION VL. 
PROBLEM. 


Equal Magnitudes have the ſame Proportion to the 
ſame Magnitude; and one and the ſame Magnitude 
has the ſame Proportion to equal Magnitudes, 


T ET A, B, be equal Magnitudes, and let C be 
any other Magnitude. I ſay, A and B have 
the ſame Proportion to C; and 
likewiſe C has the ſame Propor- 
tion to A as to B. 1 


For take D, E, Equimultiples 5 ö 
of A and B, and let F be any 8 1} | 
other Multiple of C. D A | 


Now becauſe D is the ſame © | 


A is equal to B, D ſhall be alſo 
equal to E; but F is a Magnitude 
taken at Pleaſure. Therefore if | 1 
D exceeds F, then E will exceed E. C F 
F; if D be equal to F, E will be 


equal to F; and if leſs, leſs. But D, E are Equi- 


multiples of A, B; and F is any Multiple of C. There- 


* Def.F. fore it will be * as A is to C, fois B to C. 


3 I ſay 


* 
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I fay, moreover, that C has the ſame Proportion to 8 

A as to B. For the fame Conſtruction 3 

we prove, in like Manner, that D is equal to E. = 

Therefore if F exceeds D, it will alſo exceed E; if a EF 

it be equal to D, it will be equal toE; and if it be 

leſs than D, it will be leſs than E. But F is Multiple 

of C; and D, E, any other Equimultiples of A, B. 

Therefore as C is to A, ſo ſhall * Cbe to B. Where-* Def. x. 

fore Fuel Magnitudes have the ſame Proportion to 

the ſame Magnitude, and the ſame Magnitude to 

equal ones; which was to be demonſtrated. 


PROPOSITION VII. 
ABEDOREM.. 


The greater of any two unequal Magnitudes, has a 
greater Proportion to ſome third Maguitade, than 
zhe leſs has; and that third Magnitude hath a greater 


Proportion to the leſſer of the tuo Magnitudes, than 
it hat to the greater. 


T ET AB and C be two unequal Magnitudes, 
whereof AB is the greater; and let D be any 
third Magnitude. I ſay, AB has a greater Proportion 
to D, than C has to D; and D has a greater Propor- 
tion to C, than it has to AB. 
Becauſe AB is greater than C, make BE equal to 
e C, that is, let AB exceed C 
e by AE; then AE multiplied F 
ſome Number of Times, will 
be gone than D. Now let G 
be multiplied until it ex- | 
ceeds D, and let that Multiple | 
„ of AE, greater than D, be FG. 
| Make GH the ſame Multiple 
| of EB, and K of C, as FG 
| is of AE. Alſo, aſſume L 
| double to D, P triple, and ſo 
| on, until ſuch a Multiple of 
F 


— 


D is had, as is the neareſt 
greater than K; let this be N, 

: and let M be a Multiple of 
ui D the neareſt leſs than N. 
Now becauſe N is the 
neareſt Multiple of D greater 


2— ——— * — 


than K, M will not be greater than K, that is, K 

will not be leſs than M. And fince FG is the ſame 

M.ultiple of AE, as GH is of EB; FG ſhall be 

1 of this.“ the ſame Multiple of AE, as FH is of AB; but 

FG is the ſame Multiple of AE, as K is of C; 

wherefore FH is the ſame Multiple of AB, as K is 

of C; that is, FH, K, are Equimultiples of AB and 

C. Again, becauſe GH is the ſame Multiple of 

EB, as K is of C, and EB is equal to C; GH ſhall 

- + x: Ax. be f equal to K. But K isnotleſs than M. There- 

fore GH ſhall not be leſs than M; but FG is greater 

than D. Therefore the whole F H will be greater 

than M and D; but M and D together, are equal to 

N; becauſe M is a Multiple of D, the neareſt leſſer 

than N: Wherefore FH is greater than N. And ſo 

fince FH exceeds N, and K does not, and FH and 

5 K are Equimultiples of AB and C, and N is another 

T Def. 7. Multiple of D; therefore A B will have þ a greater 

Ratio to D, than C has to D. I fay, moreover, that 

| D has a greater Ratio to C, than it has to AB; for the 

j ſame Conſtruction remaining, we demonſtrate, as be- 

ö fore, that N exceeds K, but not FH. And N is a 

Multiple of D, and FH, K, are Equimultiples of 

[ AB and C. Therefore D has ꝗ a greater Propor- 

| tion to C, than D hath to B. Wheretore zhe greater 

q of any tuo unequal Magnitudes, has a greater Pro- 

| Portion to ſome third Magnitude, than the leſs bas; 

and that third Magnitnde hath a greater Proportion 

to the leſſer of the two Magnitudes, than it has to the 
14 re ater 0 : 


PROPOSITION 1X. 
THEOREM. 


Magnitudes which have the ſame Proportion to one 
and the ſame Magnitude, are equal to one another ; 
and if a Magnitude has the ſame Proportion to 

2 other Magnitudes, theſe Magnitudes are equal to 


one another. 


4 
hi 
* 
k 


L T the Magnitudes A and B have the ſame Pro- 
portion to C. I ſay, A is equal to B. 


4 For 


fore A is not leſs than B. But it hass 


Book V. Euclids ELEMENTS! 


For if it was not, A and B would not“ have the“ 8 of this: 


ſame Proportion to the ſame Magni- 
tude C; but they have. Therefore A 
is equal to B. of A 
Again, let C have the ſame Propor- |] 
tion to A as to B. I fay, A is equal | 


to B. 5 0 


For if it be not, C will not have the 
ſame Proportion to Aas to B; but it 
hath: therefore A is neceſſarily equal 
to B. Therefore, Magnitudes that 
have the ſame Proportion to one and the 


; 


ſame Magnitude, are equal to one another; and if a 
Magnitude has the ſancÞ 


roportion to other Magnitudes, 
theſe Magnitudes are equal to one another; which 
was to be demonſtrated. 


PROPOSITION X. 
THEOREM. 


Of Magnitudes having Proportion to the ſame Magni 
tude, that which has the greater Proportion, is the 
greater Magnitude : And the Magnitude to which 
the ſame bears a greater Proportion, is the leſſer 


Magnitude. 


thr T A have a greater Proportion to C, than B 
has to C. I ſay, A is greater than BZ. 

For if it be not greater, it will either be equal or 
leſs. But A is not equal to B, becauſe 


then both A and B would have * the #7 of this. 


ſame Proportion to the ſame Magni- | A 
tude C; but they have not. Therefore 
Ais not equal to B: Neither is it leſs 
than B; for then A would have aleſs 
Proportion to C than B would have; 
but it hath not a leſs Proportion: T here- B 


been proved likewiſe not to be equal to | 
it: Therefore A ſhall be greater than 8B. 
Again, let C have a greater Proportion to B than to 
A, I fay, B is leſs than A. 


K „ For 
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For if it be not leſs, it is greater, or equal. Now 


2 of ibis. B is not equal to A; for then C would have * the 


ſame Proportion to A as to B; but this it has not. 
Therefore A is not equal to B; neither is B * 
than A; for if it was, C would bave a leſs Pro- 
ortion to B than to A; but it has not: Therefore 
is not greater than A. But it has alſo been proved 
not to be equal to it. Wherefore B ſhall be leſs than 


A. Therefore of Magnitudes having Proportion to 


the ſame Magnitude, that which has the greater 


Proportion, is the greater Magnitude : Aud that Mag- 
nitude to which the ſame bears a greater Propor- 


tion, is the leſſer Magnitude ; which was to be de- 
monſtrated. 


PROPOSITION XI. 
THEOREM. 


Proportions that are one and the ſame to any third, 
are alſo the ſame to one another. 


ET A be to B as Cis to D, and C to D as E 


to F. I ſay, A is to B as E is to F. 
For take G, H, K, Equimultiples of A, C, E; and 


8 FTF 


L, M, N, other Equimultiples of B, D, F. Then 


becauſe A is to B as C is to D, and there are taken 
G, , the Equimultiples of A and C, and L, M any 
Equimultiples of BD; if G exceeds L, * then H will 


exceed M; and if G be equal to L, H will be equal 


to M; and if leſs, leſſer. Again, becauſe as C is to 


D, ſo is E to F; and H and K are taken Equimul- 


ples of C and E; as likewiſe M, N, any Equimul- 
tiples of D, F; if H exceeds M, then K will exceed 


N; and if H be equal to M, K will be equal to N; 


and if lefs, leſſer. But if H exceeds M, G will alſo 
exceed L; if equal, equal; and if leſs, leſs. Where- 


fore if G exceeds L, K will alſo exceed N; and 4 


— 
r 


N * 
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G be equal to L, K will be equal to N; and if leſs, 

leſs. But G, K are Equimultiples of AE, and L, N, 

are Equimultiples of B, F. Conſequently, as A is 

to B, ſo “ is E to F. Therefore, Proportions that * 5 Def. of 
afe one and the ſame to any third, are alſo the ſame ibis. 

to one another; which was to be demonſtrated. 


FROPOSITTON XII. 
THEOREM. 
If any Number of Magnitudes be eee, as one 


of the Antecedents is to one of the Conſequents, ſo is 
all the Antecedents to all the Conſequents. 


| So T there be any Number of proportional "oe 
nitudes, A, B, C, D, E, F; whereof as A is to B, 


FER | — H. — — K. = — 
eee _ Ca 3 C 
55 cates". . 1 


ſo C is to D, and ſo E to F. I ay, as A is to B, 
ſo are all the Antecedents A, C, E, to all the Con- 
ſequents B, D, F. — 
For let G, H, K, be Equimuitiples of A, C, E; 
and L, M, N, any Equimultiples of B, D, F. 

Then becauſe as A is to B, fois C to D, and 
ſo E to F; and G, H, K, are Equimultiples of A, 

C, E, and L, M, N, Equimultiples of B, D, F; | 
if G exceeds L, H * will alſo exceed M, and K* Def. 5. 
will exceed N; if G be equal to L, H will be equal F 7. 
to M, and K to N; and if leſs, leſs. Wheretore 
alſo, if G exceeds L, then G, H, K, together, will 
likewiſe exceed L, M, N, together; and if G be 
equal to L, then G, H, K, together, will be equal 
to L, M, N, together; and if leſs, leſs : But G, and 
G, H, K, are Equimultiples of A; and A, C, E; : 
becauſe, if there are any Number of Magnitudes Equi- + . 
multiples to a like Number of Maguitudes, each 
to the other, the ſame Multiple that one Magnitude | 
is of one, ſo ſhall + all the Magnitudes be of all. + 1 of his. 
And for the ſame Reaſon, L, and L, M, N, are 
9 K 2 Equi- 
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Equimultiples of B, and B, D, F. Therefore, as 
+5-Def. of A is to B, ſo + is A, C, E, to B, D, F. Where- - 


fore, if there be any Number of Maguitudes proportio- 
nal, as one of the Antecedents is to one of the Couſe- 
queuts, ſo 1s all the Antecedents to all the Conſequents ; 
which was to be demonſtrated. | 


PROPOSITION XII. 
THEOREM. 


If the firſt has the ſame Proportion to the ſecond, as 


the third to the fourth, and if the third has a 
greater Proportion to the fourth than the fifth to 
the ſixth; then alſo ſhall the firſt have a greater 
7 ws zo the fecond, than the fifth has to the 
Jg. | | 


E T the firſt A have the ſame Proportion to the 
ſecond B, as the third C has to the fourth D; 
and let the third C have a greater Proportion to the 


fourth D, than the fifth E to the fixth F. I fay, 


M. — 8 — H anti: 
N. — _ K- X — I. — — — 


| likewiſe, that the firſt A to the ſecond B has a greater 


* 7. Def. 
of this. 


+ F. Def. 


Cw nn 


Proportion than the fifth E to the ſixth F. | 

For becauſe C has a greater Proportion to D, 
than E has to F; there are“ certain Equimultiples 
of C and E, and others of D and F, ſuch that the 
Multiple of C may exceed the Multiple of D; but 
the Multiple of E not that of F. Now let theſe 
Equimultiples of C and E, beG and H; and K and 
L, thoſe of D and F; ſo that G exceeds K, and H 
not L: Make M the fame Multiple of A, as G is 
of C; and N the ſame of B, as K is of D. 


Then, becauſe A is to B as Ce is to D, and M and 


G are Equimultiples of A, C; and N, K, of B, D: 
If M exceeds N; then + G will exceed K; and if M 
be equal to N; G will be equal to K; and if leſs, 
leſs. But G does exceed K. Therefore M will 5 

0 


if 


\ - 


ſo exceed N. But H does not exceed L. And M, 
A, are Equimultiples of A, E; and N, L, any others 
of B, F. Therefore A has * a greater Proportion * 7. Def. 
to B than E has to F. Wherefore, F the po has of this. 
the ſame Proportion to the ſecond, as the third to the 
fourth; and if the third has a greater Proportion to 
the fourth than the fiſth to the ſixth; then alſo ſhall 
the firſt have a greater Proportion to the ſecond, than 


the fifth has to the ſixth; which was to be demon- 
ſtrated. 


PROPOSITION XIV. 
THEOREM. 


If the firſt has the ſame Proportion to the ſecond, as 
the third has to the fourth; aud if the firſt be greater 
than the third; then will the ſecond be greater than 
the fourth. But if the firſt be equal to the third, 
then the ſecond ſhall be equal to the fourth ; and if 
the firſt be leſs than the third, then the ſecond will 
be leſs than the fourth. 


T3 the firſt A have the ſame Proportion to the 
ſecond B, as the third C has to the fourth D: 
And let A be greater than C. I ſay, B is alſo greater 
than D. . 
For becauſe A is greater than C, and 
B is any other Magnitude: A will 


have * a greater Proportion to B than 8 of this. 
C has to B; but as A is to B, ſo is | 
C to D; therefore, alſo, C ſhall + | iz of this. 


have a greater Proportion to D than | | 
C hath to B. But that Magnitude to 
which the ſame bears a greater Pro- 
ortion, is + the leſſer Magnitude: | |] 

herefore D is leſs than B; and con- 1 
ſequently B will be greater than D. In | a, =: 
like Manner we demonſtrate, if A be 
equal to C, that B will be equal to D; and if Abe 
leſs than C, that B will be leſs than D. Therefore, 
the firſt has the ſame Proportion to the ſecond, as 
the third has to the fourth, and if the firſt be greater 
than the third, then will the ſecond be greater than 

: Gs the 


froof this, 
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the fourth. But if the firſt be equal to the third, then 
the ſecond ſhall be equal to the fearth: and if the firſt 
be leſs than the third, then the ſecond will be leſs than 
zhe fourth; which was to be demonſtrated. 


PROPOSITION XV. 
HE OR E M. 


Parts have the ſame Proportion as their like Multi- 
ples, if taken correſpondently. 


1 AB be the ſame Multiple of C, as DE is 
of F. I ſay, as C is to F, ſo is AB to DE. 
For becauſe AB and DE are 
Equimultiples of C and F, there A 
ſhall be as many Magnitudes 
equal to C in AB, as there are D 
Magnitudes equal to F in DE. G 
Now, let AB be divided into | 
the Magnitndes AG, GH, HB, K 
each equal to C; and ED into | 
the Magnitudes DK, KL, LE, H | | F; 


each equal to F. Then the Num- 
ber of the Magnitudes AG, GH, ; 
HB, will be equal tothe Num- B C E F 
ber of the Magnitudes DK, KL, 
| LE. Now, becauſe AG, GH, HB, are equal, as 
* 7 of this likewiſe DK, KL, LE, it ſhall be“ as AG is to 
DK: So is GH to KL, and fo is HB to LE. But 
as one of the Antecedents is to one of the Conſe- 
12 ofthis, quents, ſo + all the Antecedents to all the Conſe- 
quents. Therefore, as AG is to DK, ſo is AB to 
DE. But AG is equal to C, and DK to F. Whence, 
as Cis to F, fo ſhall AB be to DE. Therefore, 
Parts have the ſame Proportion as their like Multi- 
ples, if taken correſpondently; which was to be de- 
monſtrated. „ 


P RO- 


Book V. Enchd s EL EMEN TS. 
PROPOSITION Xvi. 
THEOREM, 


If four Magnitudes of the ſame Kind are proportio- 
nal, they alſo ſhall be alternately proportional. 


N as 


7 T four Magnitudes AB CD, be proportional; 
whereof A is to B as Cis to D. I ſay likewiſe, 
that they will be alternately proportional, vi. as A 
is to C, ſo is B to D; for take E, F, Equimultiples 


$ of A and B, and G, 
H, any Equimulti- E nn Jen — 
ples of C, D. 2ů —— c 


Then becauſe E is B 
the ſame Multiple of FZ. — H — Ee: 
A, asFis of B, and 0 
Parts have the ſame Proportion * to their like Mul- XI 5of this, Y 
tiples, if taken correſpondently ; it ſhall be as A is — 
to E, ſo is E to F. But as A is to B, ſo is C to 9 
D. Therefore alſo as C is to D, ſo + is E to F. F11 ofthis Wh 
Again, becauſe G, H, are Equimultiples of C and 9 
D, and Parts have the ſame Proportion with their 
like Multiples, if taken correſpondently, it will be 
as C is to D, ſo is G to H; but as C is to D, fo 
is E to F. Therefore alſo as E is to F, fois G to 
H; and if four Magnitudes be proportional, and the 
firſt greater than the third, then the ſecond will be 4 [14 of this 
greater than the fourth; and if the firſt be equal to 
the third, the ſecond will be equal to the fourth; and 
if leſs, leſs. Therefore, if E exceeds G, F will ex- 
ceed H; and if E be equal to G, F will be equal 
to H; and if leſs, leſs. But E, F are any Equi- ; 
multiples of A, B; and G, H any Equimultiples of 1 
C, D. Whence, as A is to C, ſo ſhall B be 4 to Def. 7. 
D. Therefore, F four * 4 0 of the ſame Kind = 
are POIs; they alſo ſhall be alternately propor- 
tional, | 5 | Eg 


K 4 P R O- 
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PROPOSITION. XVII. 
THEOREM. 


lef: 
If Magnitudes compounded, are proportional; they ſhall AE 
alſo be proportional when divided. E! 
Fl 
| fr T the compounded Magnitudes AB, BE, CD, pro 
DF, be proportional, that is, let AB be to BE vid 
as CD is to DF. I fay, theſe Magnitudes divided are 
proportional, viz. as AE is to EB, ſo is CF to FD; 
For let GH, HK, LM, 
MN, be Equimultiples of AE, X 
EB; SF, FD, nd KA NF.- -Þ] P 
any Equimultiples of EB, | 5 If 
FD. KR N 


Becauſe GH is the ſame 
| Multiple of AE as HK is of B 
F rof this. EB; therefore GH * is the | | | D 
ſame Multiple of AF, as GK H | 
is of AB. But GH is the Exh & Hm 
a 6 


ſame Multiple of AE, as LM | 
is of CF. Wherefore GK G 


L 
is the ſame Multiple of AB, is 
as LM is of CF. Again, becauſe LM is the ſame is 
Multiple of CF as MN is of FD, LM will be let 

* the ſame Multiple of CF, as LN is of CD. 
Therefore G K is the ſame Multiple of AB, as LN T 
is of CD. And ſo GK, LN, will be Equimulti- D 
ws of AB, CD. A becauſe H K is the ſame po 
Multiple of EB, as MN is of FD; as likewiſe KX be 
| the ſame Multiple of EB, as NP is of FD, the to 
+ 2 of this. compounded Magnitude HX is + alſo the ſame Mul- Is 
tiple of EB, as MP is of FD. Wherefore, ſince it is 
is as AB is to BE, ſo is CD to DF; and GK, LN, gr 
are Equimultiples of AB, CD; and alſo HX, MP, ſh; 
any Equimultiples of EB, FD: If GK exceeds HX, WW 
I Def. 5. then LN will + exceed MP: and if GK be equal to 18 
a HX, then LN will be equal to MP; if leſs, leſs. th 
Now let GK exceed H X; then if HK, which is 1 
common, be taken away, G H ſhall exceed K X. D 
But when GK exceeds HX, then LN exceeds MP; th 
therefore LN does exceed NP. If MN, which is wW 


common, 
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common, be taken away, then LM will exceed NP. 

And ſo if GH exceeds KX, then LM will exceed 

NP. In like manner we demonſtrate, if G H be 

equal to KX, that LM will be equal to NP; and if 

Jeſs, leſs. But GH, LM, are Equimultiples of 

AE, CF; and K X, NP, are any Equimultiples of 

EB, FD. Whence, as AE is to EB, ſo CF to Def. 5. 
FD. Therefore, if Magnitudes compounded, are 
proportional; they ſhall alſo be proportional when di- 

wy ; Which was to be demonſtrated, 


PROPOSITION XVII. 
THEOREM. 


If Magnitudes divided be proportional, the ſame allo 
being compounded, ſhall be proportional. 


LI T the divided proportional Magnitudes be AE, 
L EB, CF, FD; that is, as AE is to EB, ſo is 
CF to FD. I fay they are alſo propor- 
tional when compounded, v:2. as AB A 
is to BE, ſo is CD to DF. | e 

For if AB be not to BE, as CD | 
is to DF, AB ſhall be to BE as CD p 
is to a Magnitude, either greater or i 
leſs than F D. 

Firſt, let it be to a leſſer, viz. to GD. G 
Then becauſe AB is to BE as CD is to J 
DG, compounded Magnitudes are pro- B 
portional; and conſequently * they will * 17 of this, 
be proportional when divided. Therefore AE is 
to EB as CG is to GD. But (by the y.) as AE 
is to EB, ſo is CF to FD. Wherefore alſo as CG 
is to GD, ſo +is CF to FD. But the firſt CG is +11 of this. 
greater than the third CF; therefore the ſecond DG 
ſhall be + greater than the fourth DF. But it is leſs, 14 of this. 
which is abſurd, Therefore AB is not to BE, as CD 
is to DG. We demonſtrate in the fame Manner, 
that AB to BE, is not as CD to a greater than DF. 
Therefore AB to BE, muſt neceſſarily be as CD is to 
DF. And ſo if Magnitudes divided be proportional, 
they will alſo be proportional when compounded; 
which was to be demonſtrated. KD 
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"PROPOSITION XIX. 
1 THEOREM. 


Tf the whole be to the whole, as a Part taken away il 
to 4a Part taken away; then ſhall the Reſidue be 
zo the Reſidue, as the whole is to the whole. 


ET the whole AB be to the whole CD, as the 
Part taken away AE is to the Part taken away 

CF. I fay the Reſidue EB is to the Reſidue F D, 

as the whole AB is to the whole CD. 

For becauſe the whole AB is to the whole CD, 


216 F this as AE is to CF; it ſhall be * alternately as AB is to 


AE, ſo is CD to CF. Then becauſe compounded 
Magnitudes, being proportional, will be 


F17 of th. H alſo proportional when divided. As 


A 
BE is to E A, o's DF.to FC: Ad C 
again, it will be by Alternation, as BE to 

DF, ſo is EAtoFC. But as EA to FC, 

ſo (by the Hyp.) is AB to CD. And E 
therefore the Reſidue EB, ſhall be to the | 
Reſidue FD, as the whole AB to the whole 

CD. Wherefore, if the whole be to the B 
whole, as a Part taken away is to a Part 

taken away ; then ſhall the Reſidue be to the Reſidue, as the 
Whole is to the whole ; which was to be demonſtrated. 
Coroll. If four Magnitudes be proportional, they will 
be likewiſe converſely proportional. For let AB 
be to BE, as CD to DF; then (by Alternation) 
it ſhall be as AB is to CD, ſo is BE to DF. 
Wherefore ſince the wple AB is to the whole 
CD, as the Part taken away BE is to the Part 
taken away DF; the Reſidue AE to the Reſidue 
CF, fhall be as the whole AB to the whole CD. 
And again, (by Inverſion and Alternation) asAB is to 
AE, fois CD to CF. Which is by Converſe Ratio. 
The Demonſtration of Converſe Ratio, laid down in 
this Corollary, is only particular. For Alternation 
(which 1s uſed herein) cannot be applied but when the 
four proportional Magnitudes are all of the ſame Kind, 
as will appear from the 4th and 17th Definitions of this 


Book. But Converſe Ratio may be uſed when the _ 
"© 


I | 


If 
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of the firſt Ratio are not of the ſame Kind with the 
Terms of the latter, N hs inſtead of that, it ma 
not be improper to add this Demonſtration following: If 
four Magnitudes are proportional, they will be ſo con- 
werſly : For let AB be to BE, as CD to DF. And 
then dividing it is, as AE it to BE, ſo it CF 20 DF 
And this inverſly is, as BE is to AE, fois DF 20 CF; 
which by compounding becomes, as AB is to AE, ſo is 
CD to CF; which by the 17th Definition is Converſe 
Ratio; By S. Cunn. 


PROPOSITION XX. 
"THEOREM. 


If there be three Magnitudes, and others equal to them 
in Number, which being taken two and two in 
each Order, are in the ſame Ratio. And if the firſt 
e be greater than the third, then the fourth 
will be greater than the ſixth: But if the firſt be 
equal to the third, then the fourth will be equal 
to the fixth ; and if the firſt be leſs than the third, the 

. Fourth will be leſs than the fixth, 


) EEE A, B, C, be three Magnitudes, 


and D, E, F, others equal to them | | 

in Number, taken two and two in each 
Order, are in the ſame Proportion, v:z. 

Il let Abe to B, as D is to E, and B to C, as E | 
B to F; and let the firſt Magnitude A be 

n) 323 than the third C. I ſay the fourth 

F. is alſo greater than the ſixth F. And if A B C 
le A be equal to C, D is equal to F. But 

it if A be leſs than C, D is leſs than F. 

ue For becauſe A is greater than C, and B 

D. is any other Magnitude; and ſince a great- 

to er Magnitude hath *a greater Proportion 

» to the ſame Magnitude than a leſſer hath, 

in A will have a greater Proportion to B, 
TL than C to B. But as A is to B, ſo is Dto D E F 
the WW Ez and inverſly, as C is to B, ſo is F to E. 
yd, Therefore alſo D will have a greater Proportion to E, 
hit than F has to E. But of Magnitudes having Propor- 
m tion to the ſame Magnitude, that which has the greater 
of Ü 8 


% 
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o ef this. Proportion is * the greater Magnitude. © Therefore 
D is greater than F. In the ſame Manner we demon- 
ſtrate, if A be equal to C, then D will be alſo equal 
to F; and if A be leſs than C, then D will be leſs 
than F. Therefore, / there be three Magnitudes, and 
others equal to them in Number, which being taken two 
and two in each Order, are in the ſame Ratio. If the 

Jirſt Magnitude be greater than the third, then the fourth 
vill be greater than the ſixth: Bat if the firſt be equal | 
zo the third, then the fourth will be equal ta the ſixth; 
and if the firſt be leſs than the third, the fourth will 
be leſs than the faxth; which was to be demonſtrated. 


PROPOSITION: XXL 
THEOREM. 


| If there be three Magnitudes, and others equal to tbem 
in Number, which taken two and two, are in the 
| fame Proportion, and the Proportion be perturbate; 
if the firſt Magnitude be greater than the third, then 
the fourth will be greater than the ſixth; but if the 
firſt be equal to the third, then is the fourth equal to 
the ſixth; if leſs, leſs. 


; | 3. three Magnitudes, A, B, C, be proportional ; 
| and others D, E, F, equal to them in Number. 
Let their Analogy likewiſe be perturbate, | 
. 5 K to B, fe ir Eco Ff andasBis | 
to C, ſo is D to Ez if the firſt Magnitude | 
| A be greater than the third C. I ſay, the | 
| fourth D is alſo greater than the fixth F. 
| | And if A be equal to C, then D is equal to | 
F; but if A be leſs than C, then D is 
leſs than F. 5 | 
For ſince A is greater than C, and Bis 
. ® 8 of this. ſome other Magnitude, A will have“ a | 
| greater Proportion to B, than C has toB. 
But as Ais to B, ſo is E to F; and in- _f 
verſly,as C is to . ſo is Eo D. Where- | | 
| fore alſo E ſhall have a greater Proportion | 
toF than E to D. But that Magnitude to 5 
which the ſame Magnitude has a greater D E F 
ro ef this. Proportion, is Þ the leſſer Magnitude. 3 
| 7 I Therefore 


dok V. Enchds ELEMENTS. 


Wherefore F is leſs than D; and ſo D ſhall be greater 
Shan F. After the ſame Manner we demonſtrate, if 
be equal to C, D will be alſo equal to F; and 
A be leſs than C, D will alſo be leſs than F. I/, 
Wherefore, here are three Maguitudes, and others equal 
to them in Number, which taken two and two, are in 
IF the ſame Proportion, and the Proportion be perturbate; 
j the firſt Maguitude be greater than the third, then 
= the fourth will be greater than the fixth ; but if the ff 
be equal to the third, then is the fourth equal to the 
| heh ;. if leſs, leſs; which was to be demonſtrated. 


PROPOSITION XXII. 
THEOREM. 
If there be any Number of Ma nitudes, and others 


equal to them in Number, which taken two and two, 
are in the ſame Proportion; then they ſhall be iu the 
ſame Proportion by Equality. 


5 T there be any Number of Magnitudes A,B,C, 
and others D, E, F, equal to them in Number, 
which taken two and two, are in the ſame Proportion, 
that is, as A is to B, ſo is D to E, and as Bis to C, 
ſo is E to F. I ſay, they * | 
are alſo proportional by E- 
qual , viz. as A is to C 
0 is to F. 5 | 
For let G, H, be Equimul- 
les of A, D; and K, L, any 
quimultiples of B, E; and 
likewiſe M, N, any Equi- A 
multiples of C, F. Then be- 
cauſe A is to B. as D is to E, G 
and G, H, are Equimultiples | 


of A, D, and K, L, Equi- 
multiples of B, E; it ſhall be * 
as Gis to K, ſo is H to 
L. For the ſame Reaſon 
alſo it will be, as K is to M, 
ſo is L to N. And ſince 11 
ore oe res r ¶ . 1 
G, K, M, and others H, L, N, equal to them in Num- | 
n | n a 3 


2 Ws 5 


. 
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ber, which being taken two and two in each Order. 


ez ef this. ate in the ſame Proportion. If G exceeds M, * H 


will exceed N; if G be equal to M, then H ſhall be 
equal to N; and if G be leſs than M, H ſhall be leſs 
than N. But G, H, are Equimultiples of A, D, and 
M, N, any other Equimultiples of C and F. Whence 
as A is to C, ſo ſhall f D be to F. Therefore, i, 
there be an Number of Mag nitudes, and others equal 
to them in Number, which, taken two and two, are in 


. the ſame Proportion, then they ſhall be inthe ſame Pro- 


portion by Equality; which was to be demonſtrated. 
PROPOSITION XXII. 
THEOREM _ 

If there be three Magnitudes, and others equal to them 

in Number, which, taken two and two, are inthe ſame 


u array and if their Analogy be perturbate, then 
ſhall they be alſo in the ſame Proportion by Equality. 


ET there be three Mag- 9 5 | 
nitudes A, B, C, and o- | hw | bas | : 


thers equal to them in Num- 
ber D, E, F, which, taken 
two and two, are in the ſame 
Proportion, and their Ana- 


ö | | | 
logy be perturbate, that is, as | | D E Þ 
G K 


Als to B, ſo is Eto F; and 
as B is to C, fois D E. 
I fay, as A is to C, fois D L 
EF 3-4. | 
For let &, H. L. beEqui- 
multiples of A, B, D, and | P 
K, M, N, any Equimult. 7 
RN Fro pens ne fÞ 4 
3 
and ſince Parts have the ſame _ 


Then becauſe G, H, are | | 
Proportian as their like Multiples when taken corre- 


*r5 of this. ſpondently, it ſhall be * as A is to B, ſo is G to H; 


and by the ſame Reaſon, as E is to F, ſo is Mto N. 


H, ſo is M to N. Again, becauſe B is to C, as D 
— | is 


+11 of this, But A is to B as E is to F. Therefore, f as G is to 


— 
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is to E, and H, L are Equimultiples of B and D, as 
likewiſe K, M any Equimultiples of C, E; it ſhall be 
25 H to K, ſo is L to M. But it has been alſo proved, 
that as G is to H, ſo is M to N. Therefore, becauſe 
three Magnitudes, G, H, K, and others, L, M, N, 
equal to them, in Number, which taken two and 
two are in the ſame Proportion, and their Analogy is Mon: 
perturbate ; then if G exceeds K, alſo L“ will exceed i of this. 
N; and if G be equal toK, then L will be equal to 
N; and if G be leſs than K, L will likewiſe be leſs 
than N. But G, Lare Equimultſples of A, D; and K, 
N Equimultiples of C, F. Therefore, as A is to C, ſo 
| ſhall D be to F. Wherefore, F there be three Magni 
tudes, and others equal to them in Number, which taken 
nuo and two are in the ſame Proportion; and if their 
Analogy be perturbate, then ſhall they be alſo inthe ſame 
1 Proportion by Equality ; which was to be demonſtrated. 


PROPOSITION XXIV. 
THEOREM. 


If the firſt Magnitude has the ſame Proportion to the | 
ſecond, as the third to the fourth ; and if the fifth has 
the ſame Proportion to the ſecond, as the fixth has to 
the fourth, then ſhall the firſt, compounded with the 
fifth, have the ſame Proporti- G | 
on to the ſecond, as the third | 
compounded with the ſixth | 
bas to the fourth. 


* 


n 


EET the firſt Magnitude AB 
have the ſame Proportion to 
the ſecond C, as the third DE has B 
to the fourth F. Let alſo the fifth | 
BG have the ſame Proportion to 
the ſecond C, as the ſixth. EH has | 


to the fourth F. I ſay, AG the 
firſt compounded with the fifth, 
tas the ſame Proportion to the | 
ſecond C, as DH the third com- 
pounded with the ſixth, has to 1 
the fourth F. 1 A 


5 For becauſe B is to C, as EL e 
id 


* — 
_ S OS Oo — 


— 8 — . — — — 
* 


ej} 
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is to F, it ſhall be (iriverſly) as C is to BG, ſo is F 
to EH. Then ſince AB is to C, as DE is to F, and 


122 of this. as C is to BG, ſo is F to E H; it ſhall be by Equa- 


1 


lity as AB is to BG, ſo is DE to EH. And be. 
cauſe Magnitudes, being divided, are proportional, 


718 of this. they ſhall alſo be + proportional when compounded, 


t 


119 of thin alſo be * as the Reſidue GB to | | 


AB is to the whole CD, as the I 


Therefore, as AG is to GB, ſo is DH to HE: But 


..as GBis 4 to C, ſo alſo is HE to E. Wherefore, 


by Equality “, it ſhall be as AG is to C, ſo is DH to 
F. Therefore, if the firſt Magnitude has the ſame 
Proportion to the ſecond, as the third to the foarth; 
and if the eh has the ſame Proportion to the ſecond, 
as the fixth has to the fourth; then ſhall the firſt, com- 
pounded with the fifth, have the ſame Proportion to 
the ſecond, as the third compounded with the ſixth haz 


to the fourth; which was to be demonſtrated. 
PROPOSITION XXV. 
THEOREM. 


5 if four Mapnitndes be proportional, the EV eateſt, and 


the leaſt of them, will be greater than the other tuo. 


ET four Magnitudes AB, CD, E, E, be propor- 
tional, whereof AB is to CD, as E is to F; let 
AB be the greateſt of them, | | 

and F the leaſt. I ſay AB, and B 

F, are greater than CD and E. 

For let AG be equal to E, 
and CH to F. Then becauſe G 
AB is to CD, as E is to F; e 
and ſince AG, and CH, are 


— 


each equal to E and F, it fhall 4 D| BET 
be as AB is to DC; ſo is AG Wy 
to CH. And becauſe the whole | ; 1 


Part taken away AG, is to the E144 
Part taken away CH; it ſhall - RT 


the Reſidue HD; ſo is the A K 

whole AB to the whole CD. 15 

But AB is greater than CD; therefore alſo GB ſhall 

be greater than HD. And ſince AG is equal to ; 
| an 
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| and CH to F, AG and F will be equal to CH 

| and E. But if equal things are added to unequal 

things, the wholes ſhall be unequal. Therefore GB, 

N HD being unequal, for G B is the greater: If AG, 

and F, are added to GB, and CH, and E, to HD; 

; AB and F will neceſſarily be greater than C D and 

t E. Wherefore, if four Magnitudes be 9 
the greateſt, and the leaſt of them, will be greater 

be demonſtrated. 
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DEFINITIONS. 


IMILAR Right-lined Figures, are ſuch as 
have each of their ſeveral Angles equal to 
one another, and the Sides about the equal 
Angles proportional to each other. 

II. Fgures are ſaid to be reciprocal, when the Ante- 

cedent and Conſequent Terms of the Ratio's are in 
each Figure. | 


III. 4 Reoght Line is ſaid to be cut into mean aud 


extreme Proportion, when the whole is to the greater 
Segment, as the greater Segment is to the leſſer. 
IV. The Altitude of any Figure, is a perpendicular Line 
drawn from the Top, or Vertex, to the Baſe. 
V. A Ratio is ſaid to be compounded of Ratio's, when 
the Quantities of the Ratio's being multiplied into 
one another, do produce a Ratio, 


P R O- 
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PROPOSITION 1. 
THEOREM. 


Triang les and Parallelograms that have the fins At 
1 are to each other as their B el. 5 


ET the Triangles ABC, ACD, and the 
Parallelograms E C, C F, have the ſathe 
Altitude, ig. the perpendieular drawn 

from the Point A to BD. I fay, as the Baſe 

8 C, is to the Baſe CD, ſo is the Triangle AB C, 


to the Triangle ACD; and fo is the Paralſelogram | 


EC to the Parallelogram CF, 
For produce BD both ways to the Points Hand L, 


and take GB, GH, any Number of Times equal to 


the Baſe BC; and DK, KL, any Number of Times 

equal to the Baſe CD, and join AG, AH, AK, AL. 
Then becauſe CB, BG, GH, are equa] to one 

another, the Triangles AHG, AGB, ABC, alſo 


will be * equal to one another: Therefore the fame . 38. t. 


Multiple that the Baſe HC is of BC, ſhall the Trian- 
plc AH C be of the Triangle AB O. By the ſame 

eaſon, the ſame Multiple that the Baſe LC is of 
the Baſe CD, ſhall the Triangle ALC be of the Tri- 
angle ACD. And if HC be equal to the Baſe CL, 
the Triangle AH C is * alſo equal to the Triangle 


ALC: And if the Baſe H C, exceeds the Baſe CL, 
then the Triangle AH C, will exceed the Triangle 


ALC. And if HC be leſs, then the Triangle AHC, 
will be leſs. Therefore ſince there are four Magni- 
tudes, dx. the two Baſes BC, CD, and the two 
Triangles ABC, ACD; and fince the Baſe H C, 
and the Triangle AH C, are Equimultiples of the 
Baſe B C, and the Triangle ABC: And the Baſe 
CL, and the Triangle 41 C are Equimultiples of 
the Baſe CD, and Triangle ADC. And it has 
been proved, that if the Baſe H C, exceeds the Baſe 


CL, the Triangle AH C, will exceed the Triangle 


ALC; and if bal equal; it leſs, leſs. Then as 


the Bale BC, is to the Baſe 'CD, ſo f is the Trian- . 4.4 


gle Lake ©, to the Triangle ACP. 
L 2 And 
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And becauſe the Parallelogram EC, is 4 double to 
the Triangle ABC; and the Parallelogram FC, dou- 
ble + to the Triangle ACD ; and Parts have the ſame 
Proportion as their like Multiples, 'Therefore as the 
Triangle ABC is to the Triangle A CD, ſo is the 
Parallelogram E C to the Parallelogram CF. And 
ſo ſince it has been proved, that the Baſe BC is to 
the Baſe CD, as the Triangle ABC, is to the Tri- 
angle A CD; and the Triangle ABC is to the Tri- 

le A CD, as the Parallelogram EC is to the 


an 
ich CF; it ſhall be + as the Baſe BC is 


to the Baſe CD, ſo is the Parallelogram E C to 


the Parallelogram F C. Wherefore Triangles, and 


Parallelograms, that have the ſame Altitude, are to 


each other as their Baſes; which was to be demon- 
ſtrated. | 


PROPOSITION II. a 
e eee 


| If a Right Line be drawn Parallel to one of the Sides 


of a Triangle, it ſhall cut the Sides of the Triangle 
| proportionally; and if the Sides of the Triangle be 
cut proportionally, then a Right Line joining the 
Points of Section, ſhall be parallel to the other Side 
c the Triangle. „ e 
LI DE be drawn parallel to BC, a Side of 
IL the Triangle ABC. I fay, DB is to DA, as 
CE is to EA. : 
For let BE, CD, be joined. 4 
. Then the Triangle BDE is * equal to the Triangle 
CDE, for they ſtand upon the ſame Baſe DE, and 
are between the ſame Parallels DE and BC; and 
ADE is ſome other Triangle. But equal Magni- 
tudes have f the ſame Proportion to one and the 
{ame Magnitude. Therefore as the Triangle BD E 
is to the Triangle ADE, fo is the Triangle CDE 
to the Triangle ADE. arts; 
But as the Triangle BDE, is to the Triangle 


t 10 this ADE, ſo + is BD to DA; for fince they have the 


ſame Altitude, viz. a Perpendicular drawn from the 


Point. E to AB, they are to each other as their Baſes. 


4 | And 


And for the ſame Reaſon, as the Triangle CDE, is 

to the Triangle ADE, ſo is CE to EA: And 

therefore as BD is to DA, ſo “ is CE-to EA. * 11. 5. 
And if the Sides AB, AC, of the Triangle ABC, 

be cut proportionally, that is, ſo that BD be to DA, 

as CE is to EA; and if DE be joined, I ſay, DE 

is parallel to BC. | 

or the ſame Conſtruction remaining, becauſe BD 


is to DA, as CE is to EA; and BD is + to DA, ast 1 of #his: | 


the Triangle BDE is to the Triangle ADE; and 
CE is to EA, as the Triangle C DE is to the Tri- 
angle ADE : It ſhall be as the Triangle BDE, is to 
the Triangle ADE, ſo is * the Triangle G DE to 

the Triangle ADE. And ſince the Triangles DE, 
CDE, have the ſame Proportion to the Tangle 
ADE, the Triangle BD E, ſhall be + equal to the+ g. x. 
Triangle C DE; and they have the ſame Baſe D E: | 
But equal Triangles being upon the ſame Baſe, are 11 39. 1. 
between the ſame Parallels; therefore DE is parallel 

to BC. Wherefore, if a Right Line be drawn pa- 

rallel to one of the Sides of a Triangle, it ſhall cut 

the Sides of the Triangle proportionally; and if the 

Sides of the Triangle be cut proportionally, then a 

Right Line joining the Points of Section, hal be pa- 

rallel to the other Side of the Triangle; which was 

to be demonſtrated. 6 ÞﬀÞﬀ_ "49 


PROPOSITIQN. II. 
THEOREM. 


If one 45 le 85 Triangle be biſected, and the Right 
Line tbas biſetts the Angle, cuts the Baſe alſo; 
then the Segments of the Baſe will have the ſame 
Proportion, as the other Sides of the Triangle. And 
of the Segments of the Baſe have the ſame Propor- 
tion that the other Sides of the Triangle have; then 
4 Right Line drawn from the Vertex, to the Point 
of Section of the Baſe, will biſect the Angle of the _. 


riangle. | 


E there be a Triangle ABC, and let its Angle 
BAC, be * biſected by the Right Line AD. 199. x. 
ſay, as BD is to DC, ſo is BA to AC. 
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* 31, 1. For thro? C draw (CE parallel to DA, and pro- 
duce B A till it meets C E in the Point E. 
ny Then becauſe the Right Line A/C, falls on the 
1 29. 1. Parallels AD, EC, the Angle ACE, will be f equal 
to the Angle CAD: But the Angle CAD (by the 
Hypotheſis) is equal to the Angle BAD. Therefore 
the Angle BAD, will be equal to the Angle ACE, 
Again, becauſe the Right Line BAE, falls on the 
Parallels AD, EC, the outward Angle BAD, is 
+-equal to the inward Angle AE C; but he Angle 
ACE, has been proved equal to the Angle BAD : 
Therefore ACE, ſhall be equal to AEC; and ſo the 
t 6.1. Side AE is equal q to the Side AC. And becauſe the 
Line AD is drawn parallel to CE, the Side of the 

* 2. of this. Triangle BCE, it ſhall be“ as BD is to DC, ſo is 
BA to AE; but AE is equal to AC. Therefore as 

17. 5. BDis to DC, ſo is + BA to AC. | 

And if BD be to DC, as BA is to AC; and the 
Right Line AD be joined, then, I ſay, the Angle 
BAC, is biſected by the Right Line AD). | 
For the ſame Conſtruction remaining, becauſe B D 
is to DC, as BA is to AC; and as BD is to DC, fo 
t 2 of this. is + BA to AE; for AD is drawn parallel to one 
Side E C of the Triangle BCE, it ſhall be as BA is 
to AC, ſo is BA to AE. Therefore AC is equal 
to AE; and 00 iy the Angle AEC, is equal 
to the Angle ECA: But the Angle AE C, is equal 
F 29. 1. „to the outward Angle BAD; and the Angle ACE, 
equal “ to the alternate Angle CAD, Wherefore 
the Angle BAD is alſo equal to the Angle CAD; 
and fo the Angle BAC is biſected by the Right Line 
AD. Therefore, the Angle of a Triangle be biſedt+ 
ed, and the Right Line that biſeds the Angle, cuts 
zhe Baſe alſo; then the Segments of the Baſe will have 
the ſame Proportion as the other Sides of the Triangle. 
And if the Segments of the Baſe have the ſame Pro- 
portion that the other ſides of the Triaugle have; then 
4 Right Line drawn from the Vertex, to the Point of 
Hection of the Baſe, will biſect the Angle of the Trign* 
gie; which was to be demonſtrated. . 
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PROPOSITION i 
V TRE OREM © 


* Sides about the equal Angles of eguiangular Tri- 
les, are proportional; aud the Sides which are 


5 tended ander the "BY a are We 
or of like Ratio. 5 


E T A BC, DCE, be he Tiian les, 
ng the Ang le ABC equal to the An le DCE: 
the Angle *ACB y. to the Angle DEC, and the 
Angle BAC equal to the 7 60 >CDE. I ſay, the 
Sides that are about the equal Angles of the Triazgles 
ABC, DCE, are proportional; and the Sides that : 
are ſubtended under the equal Angles, are homolo- 
gous, or of like Ratio. | 
Set the Side BC, in the ſame Right Line with the 
Side CE; and becauſe the Angles ABC, ACB, are 
* leſs than two Right An nes and the Angle ACB * 17. 1 
is equal to the A fe DEC, the Angles ABC, DEC, 
are leſs than two Right Angles. And ſo BA, EB, 
produced, will meet + each Other; let them be pro f 12 2. A. 
* and meet in the Point F. "Then becauſe the 
le DCE, is equal to the Angle ABC, BF ſhall 
10 parallel to DC. Again, becauſe the Angie ACB f 28 
is equal to the Angle EC, the Side AC will be+ 
parallel to the Side FE; therefore FACD is a Pa- 4 
rallelogram ; and conſequently FA is * equal to DC, © 3+ x; 
and AC to FD: and becaufe AC is drawn parallel his 
to FE, the Side of the Triangle FBE, it ſhall be | f * T . 
28 BA is to AF, ſo is BC to CE; and (by Altering” 1 
tion) as B A is to BC, ſo is CD to CE. ain; 
becauſe CD is parallel to BF, it ſhall be f as BC is 
to CE, ſo is FD to DE; but FD is equal to AC. 
Therefore as BC is to CE, ſo is} AC to DE: Andy 5. 5. 
fo (by Alternation) as BC is to CA, fo is CE to ED. 
Wherefore becauſe it is demonſtrated that AB is to 
BC, as DC is to CE; and as BC is to CA, fo is 
CE to E D; it ſhall be * b equality, as BA is to* 24 5. 
AC, ſo is CD to DE. Therefore, the Sides about 
" the equal Angles of equiangular T rianglet, are propor- 
ion '; and the Sides, which are ſublended under the 
4 equal 
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equal Angles, are 7 145 Mi or of like Ratio; which 


was to demonſtrated.” : ,- > © 7 
PROPOSETIO;N V. 


If the Sides of two Triangles. are proportional, the 
' Triangles ſhall be equiangular ; and. their Angles, 
under which the homologous Sides are ſubtended, 
ary eqaah,. ET rn. Sar THT 


ET there be two Triangles, ABC, D EF, ha- 

IL ving their Sides proportional, that is, let AB be 

to B C, as DE is to EF; and as BC to CA, 10 is 

EF to FD. And alſo as BA to CA, ſo ED to DF. 

I ay, the Tan ABC is equiangular to the Tri- 

angle DEF; and the Angles equal, under which the 

homologous Sides are ſubtended, viz. - the Angle 

ABC, equal to the Angle DEF; and the Angle 

BCA equal to the Angle EF D, and the Angle 

BAC equal to the Angle EDP FEfff. 

For at the Points E and F, with the Line EF, make 

23. 1. the Angle FEG, equal to the Angle ABC; and 

the Angle EFG, equal to the Angle BCA: Then 

Cor. 32. 1. the remaining Angle B A C, is + equal to the remain - 
ing Angle E GF. „ ny 

And ſo the Triangle ABC is equiangular to the 


An EGF; and conſequently the Sides that are 


; ſubtended under the equal Angles, are proportional. 
4 of this, Therefore as AB is to BC, 15 is + GE to EF; but 
as AB is to BC, ſo is DE to EF: Therefore as DE 

* 11. J. is to EF, ſo is GE to EF. And ſince DE, EG, 

| have the ſame Proportion to EF, DE ſhall be + equal 
+9. 5. to EG. For the ſame Reaſon, DF is equal to FG; 
but EF is common. Then becauſe the two Sides 


the Baſe DF is equal to the Baſe F G, the Angle 
8. 1. DEF is + equal to the Angle GEF; and the Trian- 
gle DEF equal to the Triangle GEF; and the 
other Angles of the one, equal to the other Angles of 
the other, which are ſubtended by the equal Sides. 
Therefore the Angle DEF is equal to the Angle 


GEF, and the Angle EDF equal to the ** 


DEEP” are equal to the two Sides GE, EF, and 


If 


22288 01 


2 2 
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EGF ; and becauſe the Angle DEF 'is equal to the 
Angle GEF; and the Angle GEF equal to the 
Angle ABC; therefore the Angle AB C ſhall be 
alſo equal to the Angle FED: For the ſame Reaſon, 
the Angle A CB ſhall be equal to the Angle DFE; 
as alſo the Angle A equal to the Angle D; there- 
fore N ABC will be equiangular to the 
Triangle DEF. Wherefore, if the Sides of to 
Triangles are proportional,. the Triangles yt be 
equiangular.; and their Angles, under which the bo- 
mologous Sides are ſubtended, are equal; which was 
to be demonſtrated. r 


" PROPOSITION VI 
oe THEOREM. 


- 
R F 
- F 1 2 ä * — e = " * r 

—— 4 — - 4 a TR Sores A i i. * Pau E 5 * jo ax" = : 1 — ” l 
7 - 3 A "7 a 5 

* 7 Fa ITS AIRS my EA — > en . —————— 
4 — 8 = x 8 8282 * — — . Fs —_— _ — wit" 

— Es _ 1 6 * 


Es - - =p Ne —— pep 
. ES, 2 
STS IIS IEEE 
r r 4 
—* I > n 3 
D ET ES _— 


. US 


0 , 
1 
\ 7 
* 1 
5 
1 
by 
8 7 
wo 
in ol 
LB 
AW 
RH: 
. 
1 
iÞ4 
bY 
1169 
= 


If two Triangles have one Angle of the one equal to one 
Angle of the other ; aud if the Sides about the equal 
Angles be proportional, then the Triangles are equi- 

angular, and have thoſe Angles equal, under which 

are ſubteuded the homologous Sides. | 
ET there be two Triangles ABC, DEF, having 
Lone Angle BA C of the one equal to the Angle 

EDF of the other; and let the Sides about the 6qual 

- Angles be proportional, viz; let AB be to AC, as 

ED is to D F. I ſay, the Triangle ABC is equian- 

gular to the Triangle DEF; and the Angle ABC 

equal to the Angle DEF; and the. Angle ACB 
equal to the Angle DFE. 

For at the Points D and F, with the Right Line 

DF, make = the Angie F D G equal to either of the 623. 1. 

Angles BAC, EDF; and the Angle DF G equal 

to the Angle A CB. | 
Then the other Angle B, is + equal to the other +Cor.32.1. 

Angle G; and ſo the range ABC, is equinagyler 

to the Triangle DGF; and conſequently, as BA is 

to AC, ſo is + GD to DF: But (by the Hyp.) as + 4 of this. 

BA is to AC, ſo is ED to DF. Therefore as ED . * 

is* to DF, ſo is GD to DF; whence ED is f equal * 11. 5. 

to DG, and DF is common; therefore the two Sides 4 9. 5. 

ED, DF, are equal to the two Sides GD, DF; 

and the Angle EDF, equal to the Angle GDF; 

TH 7 | 1 Con- 
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* 4. 1. Conſequently the Baſe EF is ® equal to the Baſe FG, 

and the Triangle DEF equal to the Triangle 

GDF; and the other Angles of the one, equal to the 

other Angles of the other, each to each; under which 

the equal Sides are ſubtended. Therefore the Angle 

DFG is equal to the Angle DF E, and the Angle 

G, equal to the Angle E ; but the Angle DF G, is 

equal to the Angle ACB: Wherefore the Angle 

AC is equal to the Angle DFE; and the Angle 

+ By Hyp.BAQ is + alſo equal to the Angle EDF: Therefore 

the other Angle at B is- equal to the other Angle at 

E; and ſo the Triangle ABC is equiangular to the 

Triangle DEF. Therefore, if tuo Triangles have one 

Angle of the one, equal io one Angle of the other; and 

| if the Sides about the equal Angles be proportional, then 

the Triangles are equiangular; and have thoſe Angles 

equal, under which are fubtended the homologous Sides; 
which was to be demonſtrate. 


PROPOSITION VI. 
HE OR EM. 


If there are two Triangles, having one Angle of the one 
equal to one 4 n. and * Sides about 
other Angles proportional; and if the remaining third We f 
Angles are either both leſs, or both not leſs than | 
Right Aagles, then ſhall the Triangles be equiangular 40 
aud have thoſe Angles equal, about which are the th 

proportional Sides. 


12 two Triangles ABC, DEF, have one An- 
- gle of the one, equal to one Angle of theother, WF © 
P12. the Angle BAC equal to the Angle EDF; ſt 
þ and let the Sides about the other Angles A BC, DEF, 
= be proportional; wiz. as DE is to EF, fo let AB 
=_— be to BC; and let the other Angles at C and F, be 
both lefs, or both not leſs than Right Angles. I ſay, 
= - the Triangle ABC is equlangular to the T riangle 
8 DEF; and the Angle ABC is equal to the Angle 
DEF; as alſo the other Angle at C, equal to the 
other Angle at F. e 
For if the Angle ABC be not equal to the Angle 
DEF, one of them will be the greater, which AR N 


e 
* * 
* wes. © 


Q 
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ABC. Then at the Point B, with the Right Line 


AB, make“ the Angle AB G equal to the Angle“ 23. 1. 


DEF. * 85 
Now becauſe the Angle A is equal to the Angle 
D, and the Angle ABG, equal to the Angle DEF; 


the remaining Angle AGB, is ſ equal to the remain Cor. 32. 1. 


ing Angle DFE : And therefore the Triangle ABG, 
is equiangular to the Triangle DEF; and fo as AB 


is to BG, ſo is + DE to EF; but as DE is to EF, © 4 of this. 
ſo is FAB to BC. Therefore as AB is to BC, ſo is * By Hyp. 


AB to BG; and fince AB has the ſame Proportion 


to BC, that it has to BG, BC ſhall be + equal to f 9. 5. 


BG; and conſequently the Angle at C equal to the 
Angle BGC. Wherefore each of the Angles BCG, 
or BGC is leſs than a Right Angle; and conſe- 
quently, A G is greater than a Right Angle. But 
the Angle AGB has been proved equal to the Angle 
at F; therefore the Angle at F, is greater than a 


Right Angle: But (by the Ap.) it is not greater, 
fince C is not greater than a Right Angle, Which is 


abſurd, Wherefore the Angle ABC is not unequal 


to the Angle DEF; and ſo it muſt be equal to the. 


ſame; but the Angle at A is equal to that at D; 
wherefore the Angle remaining at C is equal to the 
remaining Angle at F; and conſequently the Trian- 

le ABC is equiangular to the Triangle DEF. 

herefore, i there are two Triaugles having one An- 
gle of the one, equal to one Angle of the other, and 
the Sides about other Angles proportional; and if the 
remaining third Augles are either both leſs, or both not 


„ leſs than Right Angles, then ſhall the Triangles be _ 


angular; and bade thoſe Angles equal, about which: 
- — proportional Sides; which was to be demon- 
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H EO ATEN 


If a Perpendicular be drawn, in a Right- lined Trian- 


gie, from the Right Angle to the Baſe, then the 
Triangles one each Side of the Perpendicular are 
fumilar both to the whole, and alſo to one another. 


5 ET ABC be a Wr Triangle, whoſe 


Right Angle is BAC; and let the Perpendicular 
AD be drawn from the Point A to the Baſe BC. 
I fay, the Triangles ABD, ADC, are ſimilar to one 
another, and to the whole Triangle ABC. 

For becauſe the Angle BAC is equal to the Angle 
ADB, for each of them is a Right Angle, and the 
Angle at Bis common to the two Triangles ABC, 


Cor. 32. 1. ABD, the remaining Angle ACB ſhall be equal to 


the remaining Angle BAD. Therefore the Triangle 
ABC is equiangular to the Triangle ABD; and fo 


+ 40 this. as BC, which ſubtends the Right Angle of the Tri. 


angle ABC, is to BA, ſubtending the Right Angle 
of the Triangle ABD, ſo is AB ſubtending the An- 
gle C of the Triangle TBC to DB, ſubtending an 
Angle equal to the Angle C, viz. the Angle BAD, 
of the Triangle ABD. And ſo moreover is AC to 
AD, ſubtending the Angle B, which is common to 


the two Triangles. Therefore the Triangle ABC 


t Def. 1. F is equiangular to the Triangle ABD; and the Sides 


this. 


+ 4 of this.angular to the Triangle ADC. 


about the equal Angles are proportional. Where- 
fore the Triangle ABC is + fimilar to the Triangle 
ABD. By the fame way we demonttrate, that the 
Triangle ADC is alſo ſimilar to the Triangle ABC. 
Wherefore each of the Triangles ABD, ADC, is 
ſimilar to the whole Triangle. 
I ſay, the ſaid Triangles are alſo ſimilar to one 
another. 5 | | 
For becauſe the Right Angle BDA is equal to the 
Right Angle ADC, and the Angle BAD has been 
proved equal to the Angle C; it follows, that the re- 
maining Angle at B ſhall be equal to the remaining 
Angle DAC. And ſo the Triangle A BD is equi- 
Wherefore as + BD 
ſubtending 
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ſubtending the Angle BAD of the Criangle ABD 
is to DA, ſubtending the Angle at C of the Triangle 
ADC, which is equal to the Angle BAD, ſo is AD 
ſubtending the Angle B of the Triangle ABD to 
DC, ſubtending the Angle DA C equal to the An- 
le B. And moreover, ſo is BA to AC, ſubtending 
| the Right Angles at D; and conſequently the Tri- 
| angle ABD is ſimilar to the Triangle ADC. Where- 
fore, if 4a Perpendicular be drawn, in a Right-angled 
Triangle, from the Right Angle to the Baſe, then the 
Triangles on each Side of the Perpendicular are ſimi- 
, lar both to the whole, and alſo to one another; which 
was to be demonſtrated. _ 15% . n 


Coroll. From hence it is manifeſt, that the Perpen- 
e dicular drawn in . l Triangle from the 
: Right Angle to the Baſe, is a mean proportional 
) between the Segments of the Baſe. Moreover, 
) either of the Sides containing the Right Angle is 
e a mean proportional between the whole Baſe, and 
0 
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6 that Segment thereof which is next to the Side. q 
e A -& O05 41T10:N N.. i 
A | 7] | | 
a | PROBLEM. ; 


0 To cut off any Part required from a given Right Line. 

C PET AB be a Right Line given; from which muſt 
be cut off any required Part ; ſuppoſe a third. 

4 Draw any Right Line AC from the Point A, 


2 ate to = nur LH Sg. Wome ne. 7 
Ur.. ⁵ gc a we ore 


le making an Angle at Pleaſure with the Line AB. Aſ- 9 
e ſame any Part D in the Line AC, make DE, EC, & 3. 1. 0 
5. each equal to AD, join BC, and draw + DF thro' t 31. 1. : 


is D, parallel to BC. 
Then becauſe F D is drawn parallel to the Side : 
U BC of the Triangle ABC, it ſhall be + as CD is > of this. 
to D A, ſo is BF to FA, But CD is double to 


BA, ane; HH "op . ©. * 
Wr. SY 8 SP 2 ar mM 
rc 


IE DA. Therefore B F ſhall be double to FA; and -«< | 
. ſo BA is triple to AF. Wherefore there is cut off 


AF, a third Part required of the given Right Line 
AB; which was to be done. 


} 


p R O- 
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PROPOSITION X I 
PROBLEM. B 


To divide & given undivided Right Line, as another Ri 
given Right Lint is divided. | 


b | E AB be a Nn undivided Right Line, and 
| AC a divided Line. It is required to divide AB, 
| 2 And 
Let AC be divided in the Points D and E, and ſo Th 
| ps, as to contain any Angle with AB. Join the 
| oints C and B; thro' D and E let DF, EG, be 
| * 31,1, drawn * parallel to BC; and thro' D, draw DHK, 
| parallel to AB. 8 , 
Then FH, HB, are each of them Parallelograms; 
| 14. 1, and ſo DH is+equal to FG, and HK to GB. And Ar 
becauſe HE is drawn parallel to the Side KC, of the A, 
t 2 of this. Triangle DKC, it ſhall be t as CE is to ED; ſo is Lit 
EKH to HD. But KH is equal to BG, and HD to 1 
GF. Therefore, as CE is to ED, ſo is BG to GF. Sic 
Again, becauſe FD is drawn parallel to the Side EG, 61 
of the Triangle AGE, as ED is to DA, ſo ſhall f © 
GF be to FA. But it has been proved, that CE is o 
to E D as BG is to GF. Therefore, as CE is to fo 
ED, ſo is BG to GF; and as ED is to DA, fo is A, 
G F to FA. Wherefore the given. undivided Line 
AB, is divided as the given Line AC is; which wa! 
to be done. THOPSL'Y | 


PROPOSITION XL 
PROBLEM. 
Two Right Lines being given, to find a third propor- 


tional 20 them. 


ET AB, AC, be two given Right Lines, ſo 

L placed, as to make any Angle with each other. 

It is required to find a third proportional to AB, AC. 

Produce AB, AC, to the Points D and E; make 

Bd equal to AC, join the Points B, C, and draw 

* 31. 1. * the Right Line DE thro' D parallel to B C. 5 
| hen 
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Then becauſe B C is drawn; parallel to the Side | 
DE, of the Triangle ADE, it ſhall be“ as AB is to * 2 of this. 

BD, fois AC to CE. But BD is equal to AC. 
Hence as AB is to AC, ſo is AC to CE. There- 
fore a third proportional CE is found to two given 

Right Lines AB, AC; which was to be done. 


PROPOSITION XI. 
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| PRORLEM. 

Three Right Lines being given, to find a ſourth pro- ; 
n Portional to them. 8 

ET A, B, C, be three Right Lines given. It is 


required to find a fourth proportional to them. 

Let DE and DF be two Right Lines, making any 

; Angle EDF with each other. Now make DG equal to 

» A, GE equal to B, DH equal to C, and draw. the 3 

0 Line GH, as alſo + EF through E, parallel to GH. 31. 1+ 
Then becauſe G H is drawn parallel to EF, the 


; % 
. e 5 Og 8 6 Dec, 
RE CE 


” WW Side of the Triangle DEF, it ſhall be as D G is to 3 
. GE, ſo is DH to HF. But DG is equal to A, GE i 
* 5 | 4 
os. and DH to C. Conſequently as A is to B, 4 
is ſo is C to HF. Therefore the Right Line HF, a 1 
1 fourth Proportional to the three given Right Lines 

is A, B, C, is found; which was to be done. N 


2 d, 
— 


— 
. ᷣͤ = os ah, a Es 


PROPOSITION XII. 
PR OB L E M. 
To find a Mean proportional between two given Right 


Fes. 


5 E the two given Right Lines be AB, BC. It 

| is required to find a mean proportional between 
them. Place AB, BC, in a direct Line, and on the 

ſo whole ACdeſcribe the Semicircle ADC, and draw *# 11. 1. 

ger. BD at 8 5 Angles to AC from the Point B, and 

C. let AD, D C, be joined. aft] 

ake Then becauſe the Angle ADC, in a Semicircle, 

aw WW » + a Right Angle, and ſince the Perpendicular + 31. 3. 
DB is drawn from the Right Angle to the Baſe; 


hen 4 therefore 
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® Cor. 8. therefore DB is * a mean Proportional between the 


of this, 


* 14. I. 


17. * 
11 


Angle of the other, have the Sides about the equal An. 


Segments of the Baſe AB, BC. Wherefore a mean 
Proportional between the two given Lines AB, BC, 
is found; which was to be done. | 


PROPOSITION XIV. 


THEOREM. 


Equal Parallelograms having one Angle of the one equal 

to one Angle of the other, have the Sides about the 

- equal Angles reciprocal; and thoſe Parallelogram: 

zhat have one Augle of the one equal to one Angle of 

the other, and the Sides that are about the equal An- 
gles reciprocal, are equal between themſelves. 


1 T AB, BC, be equal Parallelograms, having 
— the Angles at B equal; and let the Sides DB, 
BE, be in one ſtrait Line ; then alſo will * the Sides 
FB, BG, be in one ſtrait Line. I ſay, the Sides of 
the Parallelograms AB, BC, that are about the equal 


| Angles, are reciprocal ; that is, as DB is to BE, ſo 
IS | | 


n 7 
I GB to BF. EY: ie T8 

For let the Parallelogram F E be compleated. 

Then becauſe the Parallelogram AB is equal to 
the Parallelogram BC, and FE is ſome other Paral- 
lelogram; it ſhall be as AB is to FE, ſo is + BC to 


of this. F E; but as AB is to FE, ſo is + DB to BE; and 


as BCis to FE, ſo is GB to BF. Therefore, as 
DB is to BE, ſo is GB to BF. Wherefore the 
Sides of the Parallelograms AB, BC, that are about 


the equal Angles, are reciprocally proportional. 


And if the Sides that are about the equal Angles 
are reciprocally proportional, viz. if BD be to BE 
as GB is to BF: I ſay the Parallelogram AB is equal 
to the Parallelogram BC. 


For fince DB is to BE as GB is to BF, and DB 


to BE as the Parallelogram AB ; to the Parallelo- 
ram FE, and GB + to BF as the Parallelogram 


C to the Parallelogram FE; it ſhall be as ABis to 


FE, ſo is BC to FE. Therefore the Parallelogram 
AB is equal to the Parallelogram BC. And ſoequal 
Parallelograms having one Angle of the one equal to one 


gles 


[ | 
| 
; 


gles TEX aud thoſe r er that have one 


angle BAD. But as the Triangle CAB is to the 


AB. Therefore as CA is to AD, ſo is EA to AB. 


BAD, ſo ſhall the Triangle EAN be to the Triangle — 
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Angle af the one equal to one Angle of the other, and 
the Sides that are about the equal Angle reciprocal, 
are equal between themſelves; which was to be de- 
monſtrated, _ 


_ PROPOSITION xv. 
THEOREM. 
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Equal Triangles having one Angle of the one equal to 
one Angle of the other, have their Sides about the 
equal Angles reciprocal ; and thoſe Triangles that have 
one Angle of the one equal to one Angle of the other, 
and have alſo the Sides about the equal Angles reci- 
procal, are equal between themſelves, | 


| ag the equal Triangles ABC, ADE, have one 
Angle of the one equal to one Angle of the 
other, viz. the Angle BAC equal to the Angle DAE. 
I fay the Sides about the equal Angles are reciprocal, 
that is, as CA is to AD, ſo is EA to AB. 

For place CA and AD in one ſtrait Line, then 
EA and AB ſhall be * alſo in one ſtrait Line, and let * 14. t. 
BD be joined. Then becauſe the Triangle ABC is 
equal to the Triangle ADE, and ABD is ſome other 
2 Hong, the Triangle CAB ſhall be f to the Tri- + ,, 5. 
angle B AD, as the Triangle ADE is to the Tri- 
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Triangle BAD, fo is CA + to AD; and as the Tri- 1 of this. 
angle EAD is to the Triangle BAD, ſo is + EA to . 


Wherefore the Sides of the Triangles ABC, ADE, 
about the equal Angles, are reciprocal. F786 

And if the. Sides about the equal Angles of the 
Triangles AB C, ADE, be reciprocal, viz. if CA 
be to AD as EA is to AB. I fay the Triangle ABC 
is equal to the Triangle A D E. 
For, again let B D be joined. Then becauſe CA 
is to AD as EA is to AB, and CA to AD ; as the 
Triangle ABC to the Triangle BAD, and E A to 
AB f as the Triangle EAD to the Triangle BAD; 
therefore, as the Triangle AB C is to the Triangle 


BAD. 
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BAD. Whence the Triangles ABC, ADE, have 
the ſame Proportion to the Triangle BAD: And ſo 
the Triangle ABC is equal to the T * ADE. 
Therefore, equal Triangles having one Angle of the 
one equal to one Angle of the other, have their Sides 
about the equal Ang es reciprocal; and thoſe Triangles 
that have one Angle of the one equal to one Angle of 
the other, and have alſo the Sides about the equal An- 
gles reciprocal, are equal between themſelves ; which 
was to be demonſtrated. 


PROPOSITION XVI. 
THEOREM. 
Tf four Right Lines be proportional, the Rectangle con- 


tained under the Extremes is equal to the Rectan- 
gle contained under the Means; and if the Rectan- 

_ gle contained under the Extremes be equal to the 
Rectangle contained under the Means, then are the 
four Right Lines proportional. 


ES T' four Right Lines AB, CD, E, F, be propor- 
tional, ſo that AB be to CD, as E is to F. I ſay, 
the Rectangle contained under the Right Lines A 
and F, is equal to the Rectangle contained under the 
Right Lines CD and E. 
For draw AG, CH, from the Points A, C, at 
Right Angles to AB and CD, and make AG equal 
to F, and CH equal to E, and let the Parallelo- 
grams BG, D H, be completed. 
Then becauſe AB is to CD as E is to F, and ſince 
CH is equal to E, and AG to F, it ſhall be as AB 
is to CD, ſo is CH to AG. Therefore the Sides that 
are about the equal Angles of the Parallelograms BG, 
DH are reciprocal; and ſince thoſe Parallelograms are 
*14 of this. equal“, that have the Sides about the equal Angles 
reciprocal : Therefore the Parallelogram BG is equal 
to the Parallelogram DH. But the Parallelogram 
_ BG is equal to that contained under AB and F; for 
AG is equal to F, and the Parallelogram DH equal 
to that contained under CD and E, ſince CH is equal 


to E. Therefore the Rectangle contained under AB - 


and F is equal to that contained under CD and E. 
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And if the Rectangle contained under AB and F, 
be equal to the Rectangle contained under C D and 
E, I fay the four Right Lines are Proportionals, vix. 
as AB is to CD, ſo is E to F. | 

For the ſame Conſtruction remaining, the Rect- 
angle contained under AB and F is equal to that , 
contained under CD and E; but the Rectangle con- | 
tained under AB and F is the Rectangle BG; for 
AG is equal to F: And the Rectangle contained un- 
der CD and E is the Rectangle DH, for CH is 
equal to E. Therefore the Parallelogram BG, ſhall 
be equal to the Parallelogram DH, and they are equi- 
angular; but the Sides of equal and equiangular Pa- 
rallelograms, which are about the equal Angles, are 
* reciprocal. Wherefore as AB is to CD, ſo is CH 14 of this: 
to AG; but CH is equal to E, and AG to F; there- 
fore as AB is to CD, ſo is Eto F. Wherefore, if four 
Right Lines be proportional, the Rectangle contained 
under the Extremes, is equal to the Rectangle contain- 
ed under the Means; and if the Rectangle contained 
under the Extremes be equal to the Rectangle contain- 
ed under the Means, then are the four Right Rine 
proportional; which was to be demonſtrated. s 


PROPOSITION XVII. 
THEOREM. 
If three Right Lines be proportional, the Rectangle con- 


tained under the Extremes, is equal to the Square 

of the Mean; and if the Rectangle under the Ex- 
tremes, be equal to the Square of the Mean, then 
the three Ripht Lines are proportional. 


| 13 there be three Right Lines A, B, C, pro- 
portional; and let A be to B, as B is to C. 1 4 
ſay, the Rectangle contained under A and C, is equal bf 
to the Square of B. 4 

For make D equal to B. „ 
Then becauſe A is to B as B is to C, and B is | 
equal to D, it ſhall be“ as A is to B, ſo is D to C. * 7. 5. 1 
But if four Right Lines be Propo rtionals, the Rectan- 1 
le contained under the Extremes is + equal to the 16 this. 4 
ectangle under the Means. Therefore the Rectan- ö 
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gle contained under A and C, is equal to the ReQ” 


angle under B and D; but the ReQangle under B 
and D is equal to the Square of D, for B is equal 
to D. Wherefore the Rectangle contained under 
A, C, is equal to the Square of B. 


Aud if the Rectangle contained under A, C, be equal 


to the Square of B; I ſay, as A is to B, ſo is B to C. 
For the ſame Conſtruction remaining, the Rectan- 
le contained under A and C is equal to the Square of 
85 but the Square of B is the Rectangle contained un- 
der B, D, for B is equal to D, and the Rectangle con- 
tained under A, C, ſhall be equal to the Rectangle 
contained under B, D. But if the Rectangle contain- 
ed under the Extremes, be equal to the Rectangle 
contained under the Means, the four Right Lines 


+16 of this. ſhall be + Proportionals. Therefore A is to B as D 


i FT 


is to C; but B is equal to D. Wherefore A is to B, 
as Bis to C. Therefore, f three Right Lines be pro- 
portional, the Rectangle cuntained under the Extremes, 


1s equal to the 2 of the Meau; and if the Rectan- 


gle under the Extremes, be equal to the Square of the 
Mean, then the three Right Lines are proportional; 


which was to be demonſtrated. 
PROPOSITION XVIII. 
PROBLE M. 


Upon a given Right Line, to deſcribe a Right-lined 
Figure ſimilar, and ſimilarly ſituate to a Right- 
lined Figure given, 15 


i, T AB be the Right Line given, and CE the 
Right-lined Figure. It is required to deſcribe 
upon the Right Line AB a Figure ſimilar, and ſimi- 


ary ſituate to the mp Line Figure CE. 


Join DF, and make*at the Points A and B, with 
the Line AB, the Angles GAB, ABG, each equal 
to the Angles C and CDF. Whence the other An- 


+Cor.32.1.gle CFD is + equal to the other Angle AGB; and 


lo the Triangle FCD is equiangular to the Triangle 
GAB; and conſequently, as FD is to GB, ſo is 


14 lui. F C to GA; and ſo is CD to AB. Again, make 


with 


the Angles BGH, GBH, at the Points B and G, 


—_ 


with the Right Line BG, each equal to the Angles 

EF D, EDF; then the remaining Angle at E, is 4 Cor. 32. f. 
equal to the remaining Angle at H. Therefore the 

Triangle FDE, is equiangular to the Triangle GBI; 
and conſequently, as FD is to GB, ſo is + FE tof 4 of this. 
GH; and ſo ED to HB. But it has been proved 
that FD is to GB, as FC is to GA, and as CD to , 
AB. And therefore as FC is to AG, ſois* CD to * 11. 5. 
AB; and ſo FE to GH; and ſo ED to HB. And 

becauſe the Angle CFD is equal to the Angle 

AGB; and the Angle DFE equal to the Angle 

BGH; the whole Angle CFE ſhall be equal to the 


+ whole Angle AGH. By the ſame Reaſon, the An- 


gle CDE is equal to the Angle ABH; and the An- 

gle at C equal to the Angle A; and the Angle E 

equal to the Angle H. Therefore the Figure AH 

is equiangular to the Figure CE ; and they have the 

Sides about the equal Angles proportional. Conſe- 
quently, the Right-lined Figure AH will be + ſimi- + Def. 1. 
lar to the Right-lined Figure CE. Therefore there of this. 
is deſcribed upon the given Right Line AB, the Right- 

lined Figure AH ſimilar, hog ſimilarly fituate to the 

given Right-lined Figure CE; which was to be done. 


PROPOSITION XIX. 
THEOREM. 


Similar Triangles are in the duplicate Proportion of 
their homologous Sides. 


ET ABC, DEF, be ſimilar Triangles, having 
the Angle B equal to the Angle E; and let AB 
be to BC as DE is to EF, ſo that BC be the Side 
homologous to EF. I ſay, the Triangle ABC, to 
the Friangle DEF, has a duplicate Proportion to 


that of the Side BC to the Side E F. 


For take * BG. a third Proportional to BC and EF; *1 of this. 
that is, let BC be to EF, as EF is to BG, and join GA. - 
Then becauſe AB is to BC, as DE is to EF; it 


mall be (by Alternation) as AB is to DE, ſo is BC 


to EF; but as BC is to EF, ſo is EF to BG. There- 


fore as AB is to D E, ſo is EF to BG; conſe, 11. 5. 


quently, the Sides that are about the equal Angles R 
© g. the 
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the Triangles ABG, DEF, are reciprocal: But 
thoſe Triangles that have one Angle of the one, equal 
to one Angle of the other ; and the Sides about the 


+15 of chiz. equal Angles reciprocal, are t equal. Therefore the 


Triangle ABG, is equal to the Triangle DEF ; and 
becauſe BC is to EF, as EF is to BG, and if three 


*Def.10.5. Right Lines be proportional, the firſt has“ a dupli- 


cate Proportion to the third, of what it has to the 
ſecond. BC to BG ſhall have a duplicate Propor- 
tion of that which BC has to EF; and as BC is to 
BG, ſo is the Triangle ABC to the Triangle ABG, 
whence the Triangle ABC bears to the Triangle 
ABG a duplicate Proportion to what BC doth to EF, 
but the Triangle ABG is equal to the Triangle DEF. 
Therefore the Triangle ABC, to the Triangle DEF, 
ſhall be in the duplicate Proportion of that which the 
Side BC has to the Side EF. Wherefore ſimilar 
Triangles are in the duplicate Proportion of their ho- 
mologous Sides; which was to be demonſtrated. 


Coroll. From hence it is manifeſt, if three Right Lines 

be proportional, then as the firſt is to the third, ſo 
is a Triangle made upon the firſt to a ſimilar, and 
fimilarly deſcribed Triangle upon the ſecond : Be- 
cauſe it has been proved, as CB is to BG, ſo is the 
Triangle ABC to the Triangle ABG, that is, to 
the Triangle DEF; which was to be demonſtrated. 


PROPOSITION XX. 
THEOREM. 


Similar Polygons are divided into fimilar Triangles, 
on in Number, and hamologous to the wholes ; and 
Polygon to Polygon, is in the duplicate Proportion 

of that which one homologous Side has to the other. 


| 4 ABCDE, FGHKL, be ſimilar Polygons; 
and let the Side AB be homologous to the Side FG. 
I ſay, the Polygons ABCDE, FGHKL, are divided 
into equal Numbers of ſimilar Triangles, and homolo- 
gous to the wholes; and the Polygon ABCDE, to 
the Polygon FGHKL, is in the duplicate Proporti- 
on of that which the Side AB has to the Side FG. 


For let BE, EC, GL, LH, be joined. Then 
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Then becauſe the Polygon ABCDE is ſimilar to 
the Polygon FG HKL, the Angle BAE is equal 


to the Angle GFL; and BA is to AE as GF is to 
FL. Now ſince ABE, FGL, are two Triangles, 


having one Angle of the one equal to one Angle of 
the other, and the Sides about the equal Angles pro- 


portional; the Triangle AB E will be * equiangular * 6 f 


to the Triangle F GL; and fo alſo ſimilar to it. 
Therefore the Angle ABE, is equal to the Angle FG L; 


but the whole Angle ABC is f equal to the whole Def. 1. 
Angle'FGH, becauſe of the Similarity of the Poly- this. 


gons, Therefore the remaining Angle EB C is 
equal to the remaining Angle LGH : And fince (by 
the Similarity of the Triangles ABE, FGL) as EB 
is to BA, ſois LG to GF. And ſince alſo by the 
Similarity of the Polygons) AB is to BC, as FG is 


toGH; it fhall be + by Equality of Proportion, as 22. 5: 


E B is to BC, ſo is LG to GH, that is, the Sides 
about the equal Angles EBC, LG H are proportio- 
nal. Wherefore the Triangle EB C is equiangular 


to the Triangle LGH; and conſequently alſo ſimilar 


to it. For the ſame Reaſon, the Triangle E CD, is 
likewiſe ſimilar to the Triangle LH K; therefore the 
ſimilar Polygons ABCDE, FGHKL, are divided 
into equal e of ſimilar Triangle. 
I fay, they are alſo homologous to the wholes, 


that is, that the Triangles are proportional; and the 
Antecedents are ABE, EBC, CD. and their 'Con- 


ſequents F GL, LGH, LHK. And the Polygon 


ABCDE, to the Polygon FGHKL, is in the dupli- 
cate Proportion of an homologous Side of the one, to 
an homologous Side of the other, that is, AB to FC. 

For becauſe the Triangle ABE is ſimilar to the 
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Triangle FGL, the Triangle ABE, ſhall be“ to the 119 of zhis, [ 


| bis 75 F GL, in the duplicate Proportion of B E 


to GL: For the ſame Reaſon, the Triangle BE C, 
to the Triangle GLH, is * in a duplicate Proportion 


* 


of BE to GL: Therefore the Triangle ABE is Þ to + 11. 5. 


the Triangle F G L, as the Triangle BEC is to the 
Triangle GLH, Again, becauſe the Triangle EBC 
is ſimilar to the Triangle LGH; the Triangle EBC 
to the Triangle LGH, ſhall: be in the duplicate Pro- 
8 of the Right Line CE to the Right Line 
HL; and fo likewiſe the Triangle ECD to the Tri- 


M 4 angle 
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angle LH K, ſhall be in the duplicate Proportion of 
ck to HL. Therefore the Triangle BE C is to 
the Triangle L GH, as the Triangle CE D is to the 
Triangle LHK. But it has been proved, that the 
Triangle EBC is to the Triangle L GH, as the 
Triangle AB E is to the Triangle F GL: There- 
fore as the Triangle AB E is to the Triangle F G L 

ſo is the Triangle BE C to the Triangle & HL; an 

ſo is the Triangle ECD to the Triangle LH K. But 
as one of the Antecedents is to one of the Conſe- 
quents, ſo are? all the Antecedents to all the Conſe- 
quents. Wherefore as the Triangle AB E is to the 
Triangle F GL, ſo is the Polygon AB CD E to the 
Polygon FGHK L: But the Triangle ABE to the 


Triangle FGL, is in the duplicate Proportion of the 


homologous Side A B to the homologous Side FG; 


tor ſimilar Triangles are in the duplicate Proportion 
of the homologous Sides. Wherefore the Polygon 
AB CDE, to the Polygon FG HK L, is in the du- 


plicate Proportion of the homologous Side A B to 
the homologous Side FG. Therefore ſimilar Poly- 
gons are divided into fimilar Triangles, equal in Num- 
ber, and homologous to the Wholes ; and Polygon to Po- 
hon, is in the duplicate Proportion of that which one 
omologous Side has tothe other, Which was to be de- 
monſtrated. | 
It may be demonſtrated after the ſame manner that 
ſimilar quadrilateral Figures are to each other in the 
duplicate Proportion of their homologous Sides; and 
this has been already proved in Triangles. 


Coroll. 1. Therefore univerſally ſimilar Right-lin'd 


Figures, are to one another in the duplicate Pro- 
portion of their homologous Sides; and if X be 
taken a third Proportional to AB and FG, then AB 
will have to X a duplicate Proportion of that which 
AB has to FG; and a Polygon to a Polygon, and 
a quadtilateral Figure to a quadrilateral Figure, will 
be in the duplicate Proportion of that which one 
homologous ſide has to the other; that is, AB to 
FG; but this has been proved in Triangles. 
2. Therefore univerſally it is manifeſt, if three Right- 
Lines be proportional, as the firſt is to the third, ſo 
is a Figure deſcribed upon the firſt, to a ſimilar and 
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ſimilary deſcribed Figure on the ſecond ; which 
was to be demonſtrated. SR 


PROPOSITION XXI. 
THEOREM. 


Figares that are ſimilar to the ſame Right-lix'd Figure, 


are alſo. ſimilar to one another. 


E T each of the Right-lin'd Figures A, B, be ſi- 
milar to the Right-lin'd Figure C. I ſay, the 
Right-lin'd Figure A, is alſo ſimilar to the Right- 
lin'd Figure B. 3 OTE 
For becauſe the Right-lin'd Figure A is ſimilar to 


the Right-lin'd Figure C, it ſhall be “ equiangular® Def. . f 


thereto; and the Sides about the equal _— pro; this. 
portional. Again, becauſe the Right-lin'd Figure B 
is ſimilar to the Right-lin'd Figure C, it ſhall ® be e- 
quiangular thereto; and the Sides about the equal 
Angles will be proportional. Therefore each of the 
Right-lin'd Figures A, B, are equiangular to C, and 
they have the Sides about the equal Angles proportio- 
nal. Wherefore the Right-lin'd Figure A is o_ 

ular to the Right-lin'd Figure B; and the Sides a- 
— the equal Angles are proportional; wherefore 
A is ſimilar to B; which was to be demonſtrated. 


PROPOSITION XXII. 
THEOREM. 


If four Right Lines be proportional, the Right-lin'd Fi- 
gures fumilar and ſimilarly deſcribed upon them, ſhall 
be proportional; and if the ſimilar Right-lin'd Figures 
ſimilarly deſcribed upon the Lines, be proportional, 

then the Right Lines fhall be alſo proportional. 


1 * four Right Lines AB, CD, EF, GH, be : 
L proportional; and as AB, is to CD, ſo let EF, 
be to GH. 4 

Now let the ſimilar Figures K AB, LCD, be ſi- 


milarly deſcribed * upon AB, CD; and the ſimilar #18 of this. 


Figures MF, NH, ſimilarly deſcribed upon the * 
„ ng ; ines 


- 
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Lines EF, GH. I fay, as the 3 
K AB is to the Right-lined Figure LC, ſo is the 
_ lined Figure MF to the Right-lined Figure NH. 
11 ofthis, For take* X a third Proportional to AB, CD, and 
5 O a third Proportional to EE, GH. 
Then becauſe AB is-to CD, as EF is to GH; and 
+22.5, as CD is to X, ſo is GH to O; it ſhall be + by 
| Equality of Proportion, as AB is to X, ſo is EF to 
O. But ABis to X, as the oy ge igure KAB 
+ Cor. 20.is + to the Right-lined Figure LCD; and as EF is 
of this. to O, to. is + the Right-lined Figure MF, to the 
Right-lined Figure NH. Therefore as the Right- 
lied Figure K Ag is to the Right- lined * * LCD, 
* 11.5. ſo is * the Right-lined Figure MF to the Right-lined 
Fg . ² w co toro, 
And if the Right-lined Figure K AB be to the 
Right-lined Figure L CD, as the Right: lined Figure 
MF" is to the Right-lined Figure NH; I fay, as 
A Biis to CD, ſo is EF to GH. 
+12 this. For make E F to PR, as AB is to CD, and de- 
ſctribe upon PR a Right lined Figure SR ſimilar, and 
alike ſituate, to either of the Figures MF and NH. 
Ten becauſe AB is to CD, as EF is to PR, and 
there are deſcribed upon AB, CD, ſimilar and alike 
ſituate Right-lined Figures K AB, LCD, and upon 
EF PR, ſimilar and alike ſituate Figures MF, SR; 
it ſhall be (by what has been already proved) as the 
Right-lined Figure KAB is to the Right-lined Figure 
LCD, ſo is the Right-lined Fi ure MF to the Right- 
Lined Figure RS: But (by the Zhp.) as the Right-lined 
Figure KAB is to the -Right-lined Figure LCD, ſo 
is the Right-lined Figure MF to the Right-lined Fi- 
gure NH. Therefore as the Rightlined Figure MF 
is to the Right-lined Figure N H, fo is the Right-lined 
Figure MF to the Right-lined Figure $R : And ſince 
the Right-lined Figure M F has the ſame Proportion 
to NH, as it hath to SR, the Right lined Figure NH 
＋ 9. 1. ſhall be + equal to the Right-lined Figure 8 R; it is 
alfo -fimilar to it, and alike deſeribed; therefore GH 
is equal to PR. And becauſe AB is to CD, as EF 
is to PR; and PR is equal to GH, it ſhall be as AB is 
; to CD, fois EF to GH. Therefore, if four Right 
Lues be proportional, the Right-lined figures, ſimilar 
aud ſirnilarly deſcribed upon ihem, ſhall be proportional 1 
ie an 


F 
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and if the ſimilar Right-lined Figures ſimilarly de- z 


ſcribed upon the Lines, be proportional, then the Right 
Lines ſhall alſo be proportional; which was to be de- 
, 4 % han A os. 


LE MMA. 


Any three Right Lines A, B, and C, leing 
| | given, the Ratio of the firſt A to the third 
| C, 7s equal to the Ratio compounded of the {1 
Ratio of the firſt A to the ſecond B, and of © 
| . the Ratio of the ſecond B to the third C. 
| OR Example, let the Number 3 be the Exponent, 
F or — "54a f the Ratio + A to B3" thee is, 4 þ 
; let A be three times B, and let the Number 4 be the 
Exponent of the Ratio of B to C; then the Number 
12 produced by the Multiplication of 4 and 3, is the 1 
compounded Exponent of the Ratio of A to 8. For 
fince A contains B thrice, aud B contains C four 
times, A will contain C thrice four times; that is, 12 
times. This is alſo true of other Multiples, or Sub- 
multiples ; bat this Theorem may be univerſally de- 
monſirated thus: The Quantity of the Ratio of A to 


B, is the Number - viz. which multiplying the Con- | 
ſequent, produces the Antecedent. So likewiſe the Quan- 
tity f the Ratio of B 10 C, is = And theſe two 
Quantities multiplied by each other, produce the Num- = 
ber 58 which is the Quantity of the Ratio that | 5 
the Rectangle comprehended under the Right Lines 4 
Aand B, bas to the Rectangle comprebended under the [ 1 
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Right Lines B and C; and ſo the ſaid Ratio of the | 
Rectangle under A and B, to the Rectangle under 

B and C, is that /'which in the Senſe of Def 5. of 
this Book, is compounded of the Ratio's of A to B, : 
and B to C; but (by 1. 6.) the Rectangle contained - 
under A and B, is to the Rectangle contained under 
B and C, as A is to C; therefore the Ratio of A to } 
C, in equal to the Ratio compounded of the Ratio's of 4 
A to B, and of Bio C. If | 
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If any four Right Lines A, B, C, and D, be propo- 
ſed, the Ratio of the firſt A to the fourth D, is equal 
to the Ratio compounded of the Ratio of the firſt A to 
the ſecond B, and of the Ratio of the ſecond B to the 
—_ C, and of the Ratio of the third C to the fourth 


For in three Right Lines A, C, aud D, the Ratio of 
A to D, is equal to the Ratio's compounded of the Ra- 
tio's f A to C, and of Cto D; and it has been already 
demonſtrated, that the Ratio of A to C is equal to the 
Ratio compounded of the Ratio's of A to B, aud B to 
C. Therefore the Ratio of A to D is equal to the Ra- 
CE Ie) 

tio compounded of the Ratios of A to B, of Bo C, and 
of C to D. After the ſame Manner we demonſtrate, in 
any Number of Right Lines, that the Ratio of the firſt to 
| the laſt is equal to the Ratio compounded of the Ratio's 


B CD of the firſt to the ſecond, of the ſecond to the third, of 


the third to the fourth, and ſo on to the laſt. 

This ic true of any other Quantities beſides Right 
Lines, which will be manifeſt, if the ſame Number of 
Right Lines A, B, C, &c. as there are Magnitudes be 
aſſumed in the ſame Ratio, viz. fo that the Right Line 
Ais to the Right Line B, as the firſt Magnitude is to 
the ſecond, and the Right Line B to the Right Line C, 
as the. ſecond Magnitude is to the third, and ſo on. It 
rs manifeſt (by 22. 5.) by Equality of Proportion, that 
che fifſt Right Line A is to the laſt Right Line, as the 
firſt Magnitude is to the laſt ; but the Ratio of the Right 
Line A to the laſt Right Line, is equal to the Ratio 
compaundedof the Ratio's of A to B, B to C, and ſo on 
zo the laſt Right Line: But (bythe Hyp.) the Ratio of 
any one of the Right Lines to that neareſt to it, is the 
ſame as the Ratio of a Magnitude of the ſame Order to 
that neareſt it. And therefore the Ratio of the firſt Mag- 
nitude to the laſt, is equal to the Ratio compounded of 
25e Ratio's of the firſt Magnitude to the ſecond, of the. 
ſecond to the third, and ſo on ta the laſt ; which was to 
be demonſtrated. 8 
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PROPOSITION XXIII.. 
THEOREM. 


Equiangular Parallelograms have the Proportion to 
one another that is compounded of their Sides. 


T ET AC, CF, be equiangular Parallelograms, 
L having theAngle BOD aqua to the Angle ECG. 
I fay, the Parallelogram AC, to the Par _—_— 
CF, is in the Proportion compounded of their Sides, 
viz. compounded of the Proportion of BC to CG, 
and of DC to CE. 


For let BC be placed in the ſame Right Line 
with CG. 7 TR 

Then DC ſhall be“ in a ſtrait Line with CE, * 14: f. 
and complete the Parallelogram DG; and then t +12 of this. 
as BC is to CG, ſo is ſome Right Line K to L; 
and as DC is to CE, ſo let L be to M. 

Then the Proportions of K to L, and of L to M, | 
are the ſame as the Proportions of the Sides, viz. of *_ 
BC to CG, and DC to CE; but the Proportion of 1 
K to M is + compounded of the Proportion of K T Lemma 
to L, and of the Proportion of L to M. Wherefore proceed: © 
alſo K to M hath a Proportion compounded of the 
Sides. Then becauſe BC is to CG as the Parallelo- 
gram AC is“ to the Parallelogram CH: And ſince x of ehis; 
BC is to CG as K is to L, it ſhall be f as K is to L, f 11. 5. 
ſo is the Parallelogram AC, to the Parallelogram 
CH. Again, becauſe DC is to CE as the Parallelo - 

ram CH is to the Parallelogram CF; and fince as 

C is to CE, jo is L to M. Therefore as L is to 
M, fo ſhall + the Parallelogram CH be to the Paral- 
lelogram CF; and conſequently ſince it has been prov- 
ed that K is to L, as the Parallelogram A C is to the 
Parallelogram CH, and as L is to M, fo is the Pa- 
rallelogram CH to the Parallelogram CF; it ſhall 
be + by Equality of Proportion, as K is to M, ſo is t 22.5. 
the Parallelogram A C to theParallelogram CF ; but . 

E to M hath a Proportion compounded of the Sides: 
Therefore alſo the Parallelogram A C, to the Paral- 
lelogram CF, hath a Proportion compounded of the 
Sides. Wherefore eguiangular Parailelograms have 


the 
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the Proportion tb one another that is componuded of 
their Sides; which was to be demonſtrated. * 


PROPOSITION. XXIV. 
THEOREM. 


In every Parallelogram, the Parallelograms that are 
about the Diameter, are ſimilar to the whole, and 
alſo to one another. 5 5 


1 ABCD be a Parallelogram, whoſe Diame- 
ter is AC; and EG, HK, be Parallelograms 
about the Diameter AC. I fay the Parallelograms 
EG, HK, are ſimilar to the whole AB C D, and 


alſo to each other. 


For becauſe EF is drawn parallel to BC, the Side 


*2 of this. of the Triangle AB C, it ſhall be * as BE to EA, 
ſo is CF to FA. Again, becauſe FG is drawn pa- 
rallel to CD, the Side of the Triangle ACD, it ſhall 
be as CF to FA, fois DG to GA. But CF is to 

FA, (as has been proved) as BE is to EA. There- 

+ 11. 5. fore, as BE is to EA, fois + DG to GA; and by 


7 18. 5. compounding, as BA is to AE, ſo is + DA to AG; 


and by Alternation, as BA is to AD, fois E A to 

AG. Therefore the Sides of the Parallelograms 
ABCD, EG, which are about the common Angle 

85 BAD, are proportional. And becauſe GF is paral- 
* 29. 1. lel to DC, the Angle AGF is * equal to the Angle 
ADC, and the Angle GFA equal to the Angle DCA; 

and the Angle DAC is common to the two Trian- 

gles ADC, AGF. Wherefore the Triangle ADC 

will be equiangular to the Triangle AGF. For the 
flame Reaſon, the Triangle ACB is equiangular to the 
Triangle AFE. Therefore the whole Parallelogram 

ABCD is equiangular to the Parallelogram E G; 

+ 4 of ibis. and ſo AD is to DC as AG is f to GF. But DC 
is to CA as GF is to FA; and AC is to CB, as AF 

is to FE; and moreover, CB is to BA as FE is to 


EA. Wherefore, fince it has been proved, that DC. 


is to CA, as GF is to FA, and AC is to CB, as AF 
is to FE; it ſhall be, by Equality of Proportion, as 
DC is to CB, ſo is GF to FE. Therefore the Sides 
that are about the equal Angles of the Parallelograms 
3 AB CD, 


Book VI. Euclids ELEMENTS... 


ABCD, EG, ate proportional; and accordingly the 
Parallelogram ABCD is ſimilar to the Parallelogram 
EG. For the ſame Reaſon the Parallelogram ABCD 
is fimilar to the Parallelogram KH. Therefore both 
the Parallelograms EG, HK, are ſimilar to the Pa- 
rallelogram AB CD. But Right-lined Figures that 
are ſimilar to the ſame Right Iined Figure, are ſimi- #2 1 of this, 
lar to one another. Therefore the Parallelogram EG 
is ſimilar to the Parallelogram HK. And ſo in every 
Parallelogram, the Parallelograms that are about the 
Diameter are ſimilar to the whole, and alſo to one 
another; which was to be demonſtrated. _ h 


PROPOSITION XXV. 
_ PROBLEM. 
75 deſeribe a Right-lined Figure fimilar to a Right= 


lined Figure which ſhall be given, and equal to 
another Right-lined Figure given. 


E5 T ABC be agiven Right-lined Figure, to which 

5, is required to deſcribe another fimilar and equal 
to D. | | 5 | | 
On the Side BO of the given Figure ABC, make * 44. x, 
the Parallelogram BE equal to the Right · lined Figure 
ABC; and on the Side CE make the Paralſelo- 
gram CM equal to the Right-lined Figure D, in the 
Angle FCE, equal to the Angle CBL. Then BC, 
CF, as alſo LE, EM, will be f in two ſtrait Lines.+ 14. r. 
Find 4 GH a mean Proportional between BC, CF, 41 3 of this; 
and on GH let there be deſcribed “ the Right-lined “ 18 of this: 
Figure KGH-ſimilar and alike ſituate to the Right- F 
lined Figure AB C. | dE e, 

And then becauſe BC is to GH, as GH is to CF, 
and ſince when three Right Lines are proportional, the 
firſt is to the third as the Figure deſcribed on the firſt 
is + to a ſimilar and alike ſituate Figure deſcribed on + Cor. 20. 
the ſecond, it ſhall be as BC is to CF, ſo is the Right- of #h1s.- | 
lined Figure ABC to the Right-lined Figure K 1 
But as BC is to CF, ſo is + the Parallelogram BE to | * of this 
the Parallelogram EF. Therefore, as the Right-lined 
Figure ABC is to the Right-lined Figure KGH, fo 
is the Parallelogram BE to the 2 f F. 

ere 
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Wherefore, (by Alternation) as the Right-lined Fi- 
ure ABC is to the Parallelogram BE, ſo is the Right- 
ined Figure K GH to the Parallelogram EF. But 

the Right-lined Figure ABC is equal to the Parallelo- 

3 BE. Therefore the Right-lined Figure KGH 
is alſo equal to the Parallelogram EF. But the Pa- 

8 EF is equal to the Right-lined Figure D. 

Therefore the Right -Iined F —__ KGH is equal toD, 

But K GH is ſimilar to ABC. Conſequently there is 

deſcribed- the Right-lined Figure KGH fimilar to the 

M Figure ABC, and equal ta the given Figure 

; which was to be done. | 


PROPOSITION XXVI. 
THEOREM. 


If from a Parallelogram be taken away another ſimilar 

to the whole, and in like manner ſituate, having 
alſo an Angle common with it, then is that Paralle- 
logram about the ſame Diameter with the whole. 


ET the Parallelogram AF be taken away from 
the Parallelogram ABCD {ſimilar to A B CD, 
and in like manner ſituate, having the Angle DAB 
common. I ſay the Parallelogram ABCD is about 
the ſame Diameter with the Parallelogram AF. 
For if it be not, let AH C be the Diameter of the 
Parallel ogram BD, and let GF be produced to H; 
alſo let HK be drawn parallel to AD, or BC. 
| Then becauſe the Parallelogram AB CD is about 
the ſame Diameter as the Parallelogram KG, the Pa- 
*24 of this. rallelogram ABCD ſhall be * ſimilar to the Paralle- 
F 1 Def. oflogram KG; and ſo as DA is to AB, ſo is F GA to 
this. AK. But becauſe of the Similarity of the Parallelo- 
grams ABCD, EG, as DA is to AB, ſo is GA to 
t 11.5. AE. And therefore as GA is + to AE, ſo is GA 
to AK. And ſince GA has the ſame Proportion to 
+9. . AK as to AE, AE is | equal to AK, the leſs to a 
greater, which is abſurd. Therefore the  Parallelo- 
m ABCD is not about the ſame Diameter as the 
arallelogram AH. And therefore it will be about the 
ſame Diameter with the Parallelogram AF. Therefore, 
if from a Parallelogram be talen away another ſimilar 
I | 10 
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to the whole, and in like manner ſituate, having alſo 
an Angle common with it, then is that Patallelogram 
about the ſame Diameter with the whole ; which was 
to be demonſtrated. - 1 


PRO POSITION XXVIL 
4.2 PHD OEM: 2 
07 all Parallelograms applied to the ſame Right Line, 


and wanting in Figure by Parallelograms ſimilar and 
alike ſituate, deſcribed on the half Line, the greateſt 
ii that which is applied to the half Line, being fimi- 


lar to the Defed. 


ES T AB be a Right Line, biſected in the Point C, 
and let the Parallelogram AD be applied to the 
Right Line AB, wanting in Figure the Parallelo- 
gram CE, ſimilar and alike ſituate to that deſcribed 
1 of all Parallelograms applied to the Right 
ine AB, wanting in Figure by Parallelograms ſimi- 
lar and alike ſituate to CE. For let the Parallelogram 
AF be applied to the Right Line AB, wanting in 
Figure the Parallelogram HK, ſimilar and alike ſitu- 
ate to the Parallelogram CE. I ſay the Parallelo- 
gram AD is greater than the Parallelogram AF. 
For becaule the Parallelogram CE is ſimilar to the 


on half of the Right Line AB. I ſay, AD is the 


Parallelogram H K, they ſtand “ about the ſame Nia- 4260fibu. 


meter, let DB their Diameter be drawn, and the Fi- 


guredeſcribed. ben fince the Parallelogram CF is 1 43. 1. 


equal to FE, let HK, which is common, be added; 
and the whole CH is equal to the whole K E. But 


CH is + equal to CG, becauſe the Right Line AC is t-36. 1. 


equal to CB. ' Therefore the whole AF is equal to 
the Gnomon LNM ; and ſo CE, that is, the Paral- 
lelogram AD is greater than the Parallelogram AF. 
Therefore, of all Parallelograms applied to the ſame 
Right Line, and wanting in Figure by Parallelograms 


ſimilar and alike ſituate, deſcribed on the ball Line," 
the greateſt is that which is applied to the haf Line, 
— ſimilar to the Defect; which was to he demon- 
r ene 


e 
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: becauſe of the Determination. 
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"PROPOSITION XXVWM. _ 
7 PRODL © e 


To a Right Line given to apply a w Way equal 


to a Right Line Figure given, deficient by a Paral- 
lelogram, which ts ſimilar to another given Paralle- 
logram ; but it is neceſſary that the Right-lined Fi- 
gure given, to which the Parallelogram to be 1 
| a be equal, be not greater than the Parallelogram 
. which is applied to the half Line, ſince the Defects 
muſt be ſumilar, viz. the Defed of the Parallelogram 


applied to the half Line, and the Defed of the Pa- 
rallelogram to be applied. | 


E T AB be a given Right Line, and let the given 
KRight-lined Figure, to which the Parallelogram 
to be applied to the Right Line AB muſt be equal, 
be C, which muſt not be greater than the Parallelo- 


gram applied to the half Line, the Defe&s being ſimi- 


ar; and let D be the Parallelogram, to which the 
Defect of the Parallelogram to be applied is ſimilar. 
Now it is required to apply a Parallelogram equal to 
the given Right-lined Figure C to the gow Right 
Line AB, deficient by a Parallelogram ſimilar to D. 

Let AB be biſe&ed in E, and on EB deſcribe? the 
Parallelogram EBFG, ſimilar and alike ſituate to D, 


and complete the Parallelogram A. 


Now AG is either equal to * or greater than it, 


f AG be equal to 
C, what was propoſed will be done; for the Paralle- 


. logram AG is applied to the Right Line AB, equal to 


the given 1 hg Figure C, deficient by the Pa- 
rallelogram EF, fimilar to the Parallelogram D. But 
if it be not equal, then HE. is greater than C; but 
EF is equal to HE. Therefore E F ſhall alſo be 


L MN ſimilar and alike ſituate to D, and equal to 
the Exceſs, by which EF exceeds C. But D is fimilar 
to EF, Wherefore KM ſhall alſo be ſimilar to EF. 
Therefore let the Right Line K L be homologous to 
GE, and LM to GF. Then becauſe EF is equal to 
GC and KM together, EF will be greater than KM ; 

gta or = 


— 
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one to LM, and complete the Parallelogram 


Gnomon ro has been proved equal to C; and fo 


To aRight Line given, to apply a Patallelogram equal 


| L T AB be a given Right Line, and let C be the 


deſcribed * upon the Right Line EB, ſimilar and alike* 18. 1. 
ſituate to D; and R GH equal +25 of#hrs. 
K , Pg | N - 2 j 4 


and ſo the x 1 Line-GE is greater than KL, and 
GF than LM. Make GX equal to KL, and GO 


GOP. Therefore X © is equal and fimilar to | 

K M, but KM is ſimilar to EF, therefore XO is **21 of this. 
ſimilar to EF, and fo XO is + about the ſame Dia- 26 of his. 
meter with FE: Let GPB be their Diameter, and 
the Figure be deſcribed. _ W 
Then ſince EF is equal to C and KM together, 

and XO is equal to KM, the Gnomon 1 + remain- 
ing, is equal to the remaining Figure C; and becauſe 
OR is equal to XS, let SR, which is common, be 
added; then the whole OB is equal to the whole 
XB, but XB is equal to TE, ſince the Side AE is 
equal to the Side EB. Wherefore T E is equal to 
OB. Add XS, which is common, and then the whole 
TS is equal to the whole Gnomon ro; but the 


T'S ſhall be equal to C; and ſo the Parallelogram T'S 
is applied to the Right Line AB, equal to the given 
— 17 Figure C, and deficient e , 
SR, fimilar to the Parallelogram D, becauſe 8 R is 
ſimilar to FE; which was to be done. i 


" PROPOSITION XXIX. 
» 1” OTH ORE NM e 
to a Right-lined Figure given, exceeding by a Paral- 


lelogram, which 
Parallelogram. 


all be fimilar to another given 


given Right-lined Figure to which that to be ap- 
lied to AB muſt be equal. Likewiſe let D be the 
arallelo to which the exceeding Parallelogram 
is to be fimilar; it is required to apply a Parallelo- 
Tram to the Right Line AB, equal to the given - 
ight-lined Figure C, exceeding by a Parallelogram 
fimilar to D. 1 285 
Biſect AB in E, and let the Parallelogram EL be 


ro 


9 


* 


— 
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| E 

to EL and C together, but fimilar to D, and alike 
ſituate. Therefore GH is ſimilar to EL; let KH be 8 
a Side homologous to FL, and KG to FE. Then * 
becauſe the Parallelogram GH is greater than the Pa- f 
rallelogram EL, the Right Line KH will be greater : 
than FL, and KG greater than FE. Let FL, FE, F 
be produced, and let FLM be equal to KH, FEN | 
equal to KG, and complete the Parallelogram MN. I 
Therefore MN is equal and ſimilar to GH; but GH 1 
Tf this. is ſimilar to EL, and ſo M N ſhall be + ſimilar to J 
*26of this. EL; and accordingly E L is * about the ſame Dia- 8 
meter with MN. Let FX be their Diameter, and , 
deſcribe the Figure, r | I 
Then ſince GH is equal to EL and C together, as | 
likewite to MN; therefore MN ſhall be equal to EL 
and C. Let EL, which is common, be taken away, . 
then the Gnomon Yr © remaining, is equal to C; and | 
fince AE is equal to EB, the Parallelogram AN will . 
be alſo equal to the Parallelogram EP, that is, to LO; e 
and if EX, which is common, be added, then the a 
whole Parallelogram AX is equal to the Gnomon , 


YO, but the Gnomon r is equal to C. There- 
fore A X ſhall be alſo equal to C. Wherefore the Pa- 
rallelogram AX is applied to the given Right Line 
AB, equal to the given Right-lined-Figure C, and 
exceeding by the Parallelogram PO, ſimilar to the 
Parallelogram D; which was 10 be done. 


„„ DPROFOSCLTTION IEEE... 
PROBLEM. 


To cut a given terminate Right Line according to ex- 
treme and mean Ratio. <6 


FE = T AB be a given terminate Line; it is required | 
to cut the ſame according to extreme and mean | 
atio. SRO | 7 
4 46. 1. Deſcribe * BC the Square of AB, and apply the 
| Parallelogram CD to AC, equal to the Square B C, 
+29 of this, exceeding ſ by the Figure AD ſimilar to BC ; but BC 
is a Square, therefore AD ſhall alſo be a Square. | 
1 Now becauſe BC is equal to CD, take away CE 
which is common; then BF remaining ſhall be equal | 
N | EO N FD x 10 
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to AD remaining; but BF is equiangulrr to AD; 

therefore the Sides that are about the equal Angles © 

are 4 reciprocally proportional; and ſo as FE js tote. 

ED, ſo is AE to EB, but FE is“ equal to AC, that“ 34. 1. 

is, to AB, and ED to AE. Wherefore as BA is to 

AE, ſo is AE to EB, but AB is greater than AE; 

therefore AE is 4 greater than EB; and ſo the Right f 14. 5. 

Line AB is cnt according to extreme and mean Ratio 

in the Point E; and AE is the greater Segment there- mn 

of; which was to be done. | | = HR 
Otherwiſe thus: Let AB be the Right Line given; 

- is required to cut the ſame into extreme and mean 1 
1 Bs e 

Divide t AB fo in C, that the Rectangle contained t 11. 2. 

under AB, B C, be equal to the Square of AC. 

Then becauſe the Rectangle under AB, BC, is „%, 

equal to the Square of AC, it ſhall be“ as BA is 17 of this. 

to AC, fois AC to CB; and fo the Right Line 

AB is cut into mean and extreme Ratio ; which was 

to be done. 0 FS - 


PROPOSITION XXXI. 
THEOREM: 


Any Fignre deſcribed upon the Side of a Right-angled 
Triangle ſubtending the Right Angle, it equal to the 
Figures deſeribed upon the Sides containing the Right 
Angle, being ſimilar aud alike ſituate to the former 
„ "Fey 55 


T ET ABC be a rectangular Triangle, having the , 
Right Angle BAC. I ſay the Figure deſcribed 

on BC, is equal to the two Figures together de- 

ſcribed on BA, AC, which are ſimilar and alike 

ſituate to the Figure deſcribed on BC. 

- For draw the Perpendicular AD. W 
Then becauſe the Right Line AD is drawn in the - _ 

Right-angled Triangle ACB, from the Right Angle a, 

perpendicular to the Baſe BC; the Triangles ABD, 3 

ADC, which are about the Perpendicular AD, will be ** 8 % tas... 

ſimilar to the whole Triangle ABC, and alſo to each | 

other. Then becauſe the Triangle ABC is ſimilar to 

the Triangle ABD, it a * as CB is to BA, fo 
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is BA to BD; and ſince when three Right Lines are 


4 Cor. 20. proportional, the firſt ſhall be + to the third, as a Fi- 


of this, 


. 5. 


gure deſcribed on the firſt, to a ſimilar and alike ſitu- 
ate Figure deſcribed on the ſecond. Wherefore as 
CB is to BD, ſo is a Figure deſcribed on CB to a 
ſimilar and alike ſituate Figure deſcribed on BA. For 
the ſame Reaſon as BC is to CD, ſo is a Figure de- 
ſcribed on BC to one deſcribed on CA. Wherefore 
alſo, as BC is to BD and DC together, ſo is ꝓ the 
Figure deſcribed on BC, to thoſe two together that 
are deſcribed ſimilar and alike fituate on BA, AC; 
but BC is equal to BD and DC together : There- 


fore the Figure deſcribed on BC is equal to thoſe to- 


gether deſcribed on BA, AC; ſimilar and alike ſitu- 
ate to that on BC. Wherefore, any Figure * 
upon the Side of a Right-angled Triangle ſubtending the 
Agb Angle, is equal to the Figures deſcribed upon 
the Sides containing the Right Angle, being ſimilar 
and alike ſituate to the former Figure; which was 
to be demonſtrated. 


PROPOSITION. XXXI. 
THEOREM. 


If two Triangles having two Sides proportional to two 
Sides, be ſo e , or ſet together at one Angle, 
that their homolggous Sides be parallel, then the other 
Sides of theſe Triangles will be in one ſtrait Line. 


1 T there be two Triangles ABC, DCE, having 
two Sides BA, A C, of the one, proportional 
to two Sides CD, DE, of the other, v/z. Let BA 


be to AC, as CD is to DE; alſo let AB be paral- 


* 29. 1. 


lel to DC, and AC to DE. I ſay BC, CE, are 
both in one ſtrait Line. 1 85 
For becauſe AB is parallel to DC, and the Right 


Line AC falls on them, the alternate Angles BAC, 


ACD, will be * equal to each other. And by the 
ſame Reaſon, the Angle CDE is equal to the Angle 


ACD; wherefore the Angle BAC. is equal to the 


Angle CDE. Then becauſe ABC, DCE, are two 
Triangles, having one Angle A equal to one Angle 
D, and the Sides about the equal Angles proporee” 


7 
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nal, viz. BA to AC, as CD to DE, the Triangle 
ABC will be“ equiangular to the Triangle DCE} * 6of this, 
wherefore the Angle ABC is equal to the Angle 
DCE); but the Angle A CD has been proved to be 
equal to the Angle BAC; therefore the whole An- 
gle ACE is equal to the two 1 ABC, BAC; 
and if ACB, which is common, be added, then the 
Angles ACE, ACB, are equal to the Angles BAC, 
_ ACB, CBA; but the Angles BAC, ACB, CBA, 
are equal to two „ OO. Therefore the An- 
gles ACE, A CB, will alſo be equal to two Right 
Angles, and ſo at the Point C in the Right Line AC, 
two Right Lines BC, CE, tending contrary ways, 
makes the adjacent Angles ACE, ACB, equal to 
two Right Angles; therefore B C ſhall be + in the 14. x, 
ſame Right Line with CE. Wherefore, if zwo Tri- 
angles having two Sideggproportional to two Sides, be 
ſo compounded, or ſet zogether at one Angle, that their 
homologous Sides be Prat, | then the other Sides of 
_ theſe F will be in one ſtrait Line; which 
was to be demonſtrated. N 


PROPOSITION XXXII. 
THEOREM." 
In equal Circles oh Angles have the ſame Proportion 
with their Circumferences on which they ſtand, 
whether the Angles be at the Centers, or at the 


| Circumferences; and ſo likewiſe are the Sectors, 
as being at the Centers. . 2 


ET ABC, DEF, be equal Circles, and let the 
Angles BGC, EHF, be at their Centers &, H, 
and the Angles BAC, EDF, at their Circumferences. 
I ſay, as the Circumference B C is to the Circum- 
ference EF, ſo is the Na BGC to the Angle EHF; 
and ſo is the Angle B A © to the Angle EBF; and 
ſo is the Sector B G ta the Sector EHF. 
For aſſume any Number of continuous Circum- 
ferences CK, KL, each equal to BC; and alſo any 
Number F M, II N, esch equal to EF, and join 
FE GL HM e 


. CF 


* Def. 5. 5. is + the Angle BGC to the Angle EHF; but as the 


F. 
# 20. 3. 
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Then becauſe the Circumferences BC, CK, KL, 


are equal to each other, the Angles. BGC, CG, 
K GL, will be“ alſo equal to one another; and ſo 


the Circumference BL is the ſame Multiple of the 


Circumference BC, as the Angle BGL is of the An- 
gle BGC. For the ſame Reaſon, the Cireumference 
NE is the ſame Multiple of the Circumference EF, 
as the Angle EH N is of the Angle EHF; but if the 


Circumference B L be equal to the Circumference 


EN, then the Angle BG fhall be equal to the An- 
gle EHN; and it the Circumference BL be greater 
than the Circumference EN, the Angle BG L will 
be greater than the Angle EH N, and if leſs, leſs. 
Therefore here are four Magnitudes, vix. the two 


Circumferences BC, EF, and the two Angles BGC, 


EHF; and ſince there are taken Equimultiples of the 
Circumference BC, and thę Angle BGC; to wit, 


the Circumference BL, and the Angle BGL; as alſo 
equimultiples of the Circumference EF,. and the 
Angle EH F, viz. the Circumference EN, and the 
Angle EH N. And becauſe it is proved if the Cir» 


cumference BL exceeds the Circumference EN, the 
Angle BGL will likewiſe exceed the Angle EHN; 
and if equal, equal; if leſs, leſs. It ſhall be as the 
Circumference BC is to the Cireumference EF; ſo 


Angle BGC is to the Angle EHF, ſo is the An- 
gle BAC to the Angle EDF; for the former are * 
double to the latter. Therefore as the Circumference 
BC. is to the Circumference EF, ſo is the Angle 


BGC to the Angle EHF; and ſo the Angle BAC 


to the Angle EDF. 
Wherefore in equal Circles, Angles have the ſame 
Proportion as the Circumferences they ſtand on, whe- 


ther they be at the Centers, or at the Circumferences. 


I fay, moreover,” that as the Circumference BC is 


to the Circumference EF, ſo is the Sector GBC to 


14. 1. 


Angles, the Baſe BC ſhall be f equal to the Baſe 
7 8 | | , CK; 


the Sector HE E. 0 CCC 
For join BC, CK, and aſſume the Points X, O, 
88 ne CK, and join BX, XC, 
„ ß 
Iden becauſe the two Sides BG, GC, are equal 
to the two Sides CG, GK, and they contain equal 


I 
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CK; as likewiſe the Triangle GBC to the Triangle 
GCK. And becauſe the Cireumference BC is equal 
to the Circumference C K, and the Circumference 
remaining which makes up the whole Circle ABC, 
is equal to the remaining Circumference which makes 
up the ſame Circle, the Angle BX C is equal to the 
Angle COX; and fo the Segment BX C is ſimilar 
to the Segment CO K; and they are upon equal Right 
Lines BC, CK; but ſimilar Segments of Circles that 
ſtand upon equal Right Lines, are * equal to each 24. 3. 
other: Therefore the Segment BX C is equal to the 
Segment CO K. But the Triangle B GC is alſo 4 
equal to the Triangle CG K; and ſo the whole Sector 
BGC will be equal to the whole Sector CGK., By 
the ſame Reaſon, the Sector GKL will be equal to 
the Sector GBC, or GC; therefore the three Sec- 
tors BGC, CGK, K GL, are equal to one another. 
ſo likewiſe are the Sectors HE F, HF M, HM N. 
Wherefore the Circumference LB is the ſame Mul- 
tiple of the Circumference BC, as the Sector GBL 
is of the Sector G BC. For the ſame Reaſon, the 
Circumference N E is the ſame Multiple of the Cir- 
cumference EF, as the Sector HEN is of the Sector 
HEF; but if the Circumference BL be equal to the 
Circumference E N, then the Sector BGL will be 
equal to the Sector EHN ; and if the Circumference 
BL exceeds the Circumference EN, then the Sector 
BGL will alſo exceed the Sector EHN, and if leſs, 
leſs. Therefore ſince there are four Magnitudes, to 
wit, the two Circumferences BC, EF, and the two 
Sectors GBC, EHF; and there are taken of the Cir- 
cumference BL, and the Sector GBL, Equimultiples 
of the Circumference CB, and the Sector CGB ; as 
alſo of the Circumference EN, and the Sector HEN, 
Equimultiples of the Circumference E F, and the 
Sector HEF. And becauſe it is proved, that if the 
Circumference BL exceeds the Circumference EN, 
the Sector BGL will alſo exceed the Sector EH; 
and if equal, equal, if leſs, leſs. Therefore as the . 
Circumference BC is to the Cireumference EF, fo 
is the Sector G B C to the Sector HE F; which was 
to be demonſtrated. oy” 


Coroll. 1. 


GS 
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Coroll, 1 An Angle at the Center of a Circle is to 


\ 


four Right Angles, as an Arc on which it ſtands 


is to the whole Circumference; for as the Angle 


BAC is to a Right Angle, ſo is the Arc BC to 
a Quadrant of the Circle: Wherefore if the Con- 


ſequents be quadrupled, the Angle BAC ſhall be 
to four Right Angles, as the Arc BC is to the 
whole Circumference. Fe ett, 


The Arcs IL, BC, of unequal Circles, which 


ſubtend equal Angles, whether at their Centers, 


or Circumferences, are ſimilar; for IL is to the 
whole Circumference I LE, as the Angle TAL, 


is to four Right Angles ; but as IA L, or BAC, 


is to four Right Angles, ſo is the Arc BC to the 


whole Circumference BCF. Therefore as I L is 
to the whole Circumference I LE, ſo is BC to 
the whole Circumference BCF; and ſo the Arcs 


3 


IL, BC, are ſimilar. FS) "Epi 
Two Semi-diameters' AB, AC, cut off ſimilar 
Arcs IL, BC, from concentric Circumferences. 
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DEFINITIONS. 


l. Solid is that which has Length, Breadth, 
and Thickneſs. a Ia 
II. The Term of a Solid it a Superficies. 
| III. A Right Line it perpendicular to a 
Plane, when it makes Right Angles with all the 
Lines that touch it, and are drawn in the ſaid 
IV. A Plane is perpendicular to a Plane, when the 
Right Lines in one Plane, drawn at Right Angles 
to the common Section of the two. Planes, are at 
Right Angles to the other Plane. A + 
V. The Inclination of a Right Line to a Plane, is the 
acute Angle contained under that Line, and ano- 
tber Right one drawn in the Plane from that End 
. of the inclining Line which is in the Plane, to the 


oint where a Right Line falls from-the other 
[2 of. the inclining Line perpendicular to the - 
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W The Inclination of a Plane to a Plane, is the acute 
uole contained under the Right Lines drawn in 
555 the Planes to the ſame Point of their common 
Interſection, and making Right Angles with it. 
VII. Planes are ſaid to be inclined ſimilarly, when 
the ſaid Angles of Inclination are equal. 
VIII. Parallel Planes are ſuch, which being pro Javed 
never meet. 
IX. Similar ſolid Figures are ſuch that are contained 
* wal Naw ers of funilar Planen. 
X. Egus Nd ſimilar ſolid Figures, are thoſe that are 


contained under equal Numbers of fimilar aud equal 
Planes. 


XI. A ſolid Angle i is the Inclination of more thas two 


Right Lines that touch one another, and are not in 


et Jame Superficies: Or, a ſolid Angle is that which 
fs "IE; der more than tuo F Apgles which 
are not ſame Superficies, but being all at one 
Point. 


XII. A Pyramid is a ſolid Figure comprehended un- 


der divers Planes ſet upon one Plane, and put to- 


gether at one Point. 


XIII. A Priſma is a ſolid Figure contained under Planes, 
_ . whereof the two — are an. ſimilar, and 


parallel, and the others Parallelograms. 

XIV. 4 Sphere is a ſolid Figure, made when the Dia- 
meter of a Semicircle, remaining at reſt, the Semi- 
circle i ph cr about till it returns to the Jame 

Place from whence it began to move. 

XV. The Axis of a Sphere is that fixed Lind; about 

: which the Semjcirtle is turned. 


XVI. Fl. Center of a . is the ſame with! hat 


o the Semicirele. 


XVII. The Diameter of @ 4 Shbere; is a Right Liar 


Aras thro the Center, and terminated on either 
Side by the Superficies of "the Sphere. © 
XVII. A Cone is a Fignre deſcrihed when one of the 
Sides Ma Right-angled Triangle, containing the Right 
Augle, remaining fixed, the Triangle is turned about 
ill it return: to * Place from . rt firſt began 
to move. And if the fixed Right Line be equal to 
the other that contains Als Angle, then the Cone 
is a rectangular Cone; but if it be leſs, it is an ob- 
poſes Fa gs Cone; of greater, « an acute 5 C 25 
VAN E 
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XIX. The Axis of a Cone is that fixed Right Line 


about which the Triangle is moved. 
XX. The Baſe of a Cone is the Circle deſeribed by 
the Right Line moved about. 
XXI. A Cylinder is a Figure deſeribed by the Motion 
of a Right- angled Parallelogram, one of the Sides 
containing the Right Angle, remaining fixed while 
the Parallelogram is turned about to the ſame Place 
from whence it begun to be moved. 
XXII. The Axis of a Cylinder is that fixed Right 
Line about which the Parallelogram is turned. 
XXIII. And the Baſes of a Cylinder are the Circles 
that be deſcribed by the Motion of the. two oppoſite - 
Sides of the Parallelogram.  '' © 
XXIV. Similar Cones and Cylinders are ſuch, whoſe 
| Axes and Diameters of their Baſes are proportional. 
XXV. A Cube is a ſolid Figure contained under fix 
equal Squares, © © | 
XXVI. A Tetrahedron is a ſolid Figure contained. 
under four equal equilateral Triangles. 
XXVII. An Odabedron is a ſolid ®; ure contained 


8 


under eight equal equilateral Triangles. 
XX VIII. A Dodecahedron is a ſolid Figure contained 
under twelve equal equilateral and | equiangular ' 
Pentagons. | | 

XXIX. An Icoſabedron is a ſolid Figure contained un- 
| der twenty equal equilateral Triangles. | 
XXX. A Parallelepipedon is a Figure contained under 

fix quadrilateral ren whereof thoſe which are 
oppoſite are parallel. - 
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PRO POSITION I 
THEOREM. 


One Part of a Right Line cannot be in a plane Super. 


ficies, and another Part above it, 


Jo, if poflible, let the Part AB of the Right 
Line ABC, be in a plane Superficies, and 


the Part BC above the ſame. 
There will be ſome Right Line in the 
aforeſaid Plane, which with AB will be but one 
ſtrait Line. Let this Line be DB. _— 
Then the two given Right Lines ABC, ABD, 
have one common Segment AB, which is impofſi- 
ble; for one Right Line will not meet another in 
more Points than one. Wherefore, one Part of a 
Right Line cannot be in a plane Superficies, and ano- 
ther Part above it; which was to be demonſtrated. 


PROPOSITION IL 
THEOREM. 


If tuo Right Lines cut each other, they are both in 
one Plane; and every Triangle is iu one Plane. 


ET two Right Lines AB, CD, cut each other 
in the Point E. I ſay, they are both in one 
Plane, and every Triangle is in one Plane. 
For take any Points, F and G, in the 5 Lines 
AB, CD, and join CB, F G, and let there be drawn 
FH, GK. In the firſt Place, I ſay, the Triangle 
EBC is in one Plane. 1 
For if one Part FHC, or GBK, of the Triangle 
EB C, be in one Plane, and the other Part in another 
Plane; then one Part of each of the Lines EC, EB, 
ſhall be in one Plane, and the other Part in another 


® 1 of this. Plane; which we have proved * to be abſurd. There- 


fore the Triangle EB C is in one Plane, but both the 
Right Lines EC, EB, are in the ſame Plane as the 
3 Triangle 


Se 
Pl 
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Triangle BCE is; and AB, C D, are both in the 
ſame Plane as EC, EB are. Wherefore the Right 


Lines AB, CD, are both in one Plane, and every 
Triangle is in one Plane; which was 10 be demon- 


fra 
8  ?xorosiTION It 
THEOREM 
; If eo Planes ent each other, their common geckion 
will be a Right Line. 
: | ET two Planes AB, CB, cut each other, whoſe 


common Section is the Line DB. I ſay, DB 

) is a Right Line. 85 
2 For if it be not, draw the Right Line DEB in 
n the Plane A B, from the Point D to the Point B, 
4 and the Right Line DFB in the Plane B C. 
* Then two Right Lines DEB, DF B, have the : 
ſame Terms, and include a Space, which is * abſurd, * Axiom, 
Therefore DEB, DFB, are not Right Lines. In 
the ſame Manner we demonſtrate, that no other Line 
drawn from the Point D to the Point B, is a Right 
Line, beſides D B, the common Section of the Planes 
AB, BC. % therefore, zwo Planes cut each other, 

their common Section will be a Right Line; which 
was to be demonſtrated. | 1 0 


PROPOSITION IV. 
THEOREM. 


If to two Right Lines, cutting one another, a third 
ſtands at Righs Angles in the common Section, it 
Pall be alſo at Right Angles to the Plane drawn 

tbro the ſaid Lines. 8 


FEE the Right Line EF ſtand at Right Angles to 2» 
the two Right Lines AB, CD, in the common 


Section E. I ſay, EF is alſo at Right Angles to the 
Plane drawn thro' AB, CD. e 


For 


$8. 5. 
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For take the Right Lines E A, EB,. CE, DE. 
equal, and thro' E any-how' draw the Right Line 
G EH, and join AD, CB; and from the Point F 
let there be drawn FA, FG, FD, FC, FH, FB: 


Then becauſe two Right Lines AE, ED, are equal 
to two Right Lines = EB, and they contain * the 


equal Angles AE D, CEB; the Baſe A ſhall be 
equal to the Baſe CB, and the Triangle AED equal 
to the Triangle CEB; and ſo likewiſe is the Angle 
DAE equal to the Angle EB C; but the Angle AEG 


is * equal to the Angle BE H; therefore AGE, 


BE H, are two Triangles, having two Angles of the 
one equal to the two Angles of the other, each to each, 


and one Side AE equal to one Side EB, viz. thoſe 


that are at the equal Angles; and ſo the other Sides 
of the one, will be + equal to the other Sides of the 


other. Therefore G E is equal to EH, and AG to 


BH; and ſince AE is equal to EB, and FE is com- 
mon and at Right Angles, the Baſe AF ſhall be + 


equal to the Baſe FB: For the ſame Reaſon likewiſe, 


ſhall CF be equal to FD. Again, becauſe AD is 


equal to CB, and AF to FB, the two Sides F A, 


AD, will be equal to the two Sides FB, BC, each 


to each; but the Baſe DF has been proved equal to 


the Baſe FC: Therefore the Angle FAD is & equal 
to the Angle FBC: Moreover, AG has been proved 
equal to BH; but FB alſo is equal to AF. I here- 
fore the two Sides F A, AG, are equal to the two 


Sides FB, BH; and the Angle FAG is equal to the 


Angle F BH, as has been demonſtrated; wherefore 
the Baſe GF is g equal to the Baſe FH. Again, be- 
cauſe GE has been proved equal to EH, and EF is 
common, the two Sides GE, EF, are equal to the 
two Sides HE, EF; but the Baſe HF is equal to the 
Baſe FG; therefore the Angle G E F is S equal to 
the Angle HE F, and fo both the Angles GEF, 
HEF, are Right Angles: Therefore FE makes Right 
Angles with GH, which is any how drawn thro' E. 
After the ſame manner we demonſtrate that F E is 
at Right Angtes to all Right Lines that are drawn in 


of the Plane to it; but a Right Line is“ at Right Angles 


to a Plane, when it is at Right Angles to all Right 
Lines drawn to it in the Plane; Therefore FE is at 
Right Angles to a Place drawn thro” the Right * 

5 J 
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AB, CD. Wherefore, if to tuo Right Lines cut- 
ting one another, a third ſtands at Right Angles in 
the common Section, it ſhall be alſo at Right Angles 
zo the Plane drawn thro' the ſaid Lines; which was 
to be demonſtrated. ED 


PROPOSITION v. 


if to three Right Lines, touchin one another, a third 
ſtands at Right Angles in their common Section, 
. thoſe three Right Lines ſhall be in one and the ſame 


T ET the Right Line AB ſtand at Right Angles 
| in the Point of Contact B, to the three Right 
Lines BC, BD, BE. I ſay BC, BD, BE; are in 
que and the fume Fire (9406 E] 
For if they are not, let BD, BE, be in one Plane, 

and BC above it ; and let the Plane paſſing thro' AB, 

BC, be produced, and it will “ make the common * 3 of his. 
Section, with the other Plane, a ſtrait Line, which _ 
let be BF. Then three Right Lines AB, BC, BF, 
are in one Plane drawn thro' AB, BC; and ſince 
AB ſtands at Right Angles to BD and BE, it ſhall -: | 
be + at Right Angles to a Plane drawn thro'“ BE, 1 4 of this - 
DB; and ſo AB ſhall make + Right Ahgles with# Def. 3. 
all Right Lines touching it that are in the ſame Plane; 3 
but B F being in the ſaid Plane, touches it. Where- 
fore the Angle ABF is a Right Angle, but the Angle 
ABC Oy the 705853 is alſo a Right Angle. There- 
fore the Angle ABF is equal to the Angle ABC, 
and they are both in the ſame Plane, which cannot 
be; and fo the Right Line BC is not above the Plane 
paſſing thro! BE and BD. Wherefore the three 

ines BC, BD, BE, are in one and the ſame Plane. 
Therefore, if zo three Right Lines, touching one ano- 
ther, a third ſtands at Kight Angles in their. common 
Section, thoſe three Right Lines ſhall be in one and 
the ſame. Plaue; which was to be demonſtrated. '' 
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PROPOSITION VI. 
THEOREM. 


If two Right Lines be perpendicular to one and the ſame 
| Plane, thoſe Right Lines are parallel to one another. 


1 T two Right Lines AB, CD, be perpendicu- 


lar to one and the ſame Plane. I ſay, AB is 


parallel to CD. 


For let them meet the Plane in the Points B, D, 
and join the Right Line BD, to which let D E be 
drawn in the fame Plane at Right Angles; make 

D E equal to AB, and join BE, AE, AD. 
| Then becauſe AB is at Right Angles to the afore- 
I Def. z. ſaid Plane, it ſhall be * at Right Angles to all Right 
of this, Lines, touching it, drawn in the Plane; but ABtouches 
B .o, BE, whicharein the ſaid Plane. Therefore each 
of the Angles ABD, ABE, is a Right Angle. So for 
the ſame Reaſon likewiſe, is each of the _ 
CEB, CDE, a Right Angle. Then becauſe AB 
is equal to DE, and BD is common, the two Sides 
AB, BD, ſhall be equal to the two Sides ED, DB; 
but they contain Right Angles. Therefore the Baſe 


+4. 1. AD is + equal to the Baſe BE. Again, becauſe AB 


is equal to DE, and AD to BE, the two Sides AB, 

BE, are equal to the two Sides ED, DA; but AE, 

their Baſe, is common. Wherefore the Angle ABE 

18. 1. is + equal to the Angle EDA; but ABE is a Right 
Angle. Therefore EDA is alſo a Right Angle; and 

ſo ED is perpendicular to DA; but it is alſo perpen- 

dicular to BD and DC. Therefore ED is at Right 

Angles in the Point of Contact to three Right Lines 

BD, DA, DC. Wherefore theſe three laſt Right 


* of this. Lines are“ in one Plane: Bur BD, DA, are in the 


Þ+ 2 of this. ſame Plane as AB is; for every Triangle is + in the 
flame Plane. Therefore it is neceſſary that AB, BD, 
DC, be in one Plane; but both the Angles A BD, 

4 28. 1. BDC, are Right Angles. Wherefote AB is + paral- 
lel to CD. Therefore, if :wo Light Lines be per- 
pPendicular to one and the ſame Plane, thoſe Right 


Lines are parallel to one anotber; which was to be 
demonſtrated. ; | 
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PROPOSITION VI. 
THEOREM. 


If there be two Parallel Lines, and any Points be taken 
in both of them, the Right Lines joining thoſe Points 
Hall be in the ſame Plane as the Parallels are. 


ET AB, CD; be two parallel Right Lines, in 
LL which are taken any Points E, F. I ſay, a Right 
Line joining the Points E, F, are in the ſame Plane 
as the Parallels are. N Ft 
For if it be not, let it be elevated above the ſame, 
if poſſible, as EGF; thro' which let ſome Plane be 
drawn whoſe Section, with the Plane in which the | 
Parallels are, let * be the Right Line EF, then the e; of this 
two Right Lines EGF, EF, will include a Space, 
which is + abſurd. "Therefore a Right Line, drawn + Axiom 
from the Point E to the Point F, is not elevated 10. 1. 
above the Plane, and e it muſt be / in that 
paſſing thro? the Parallels AB, CD. Wherefore, if 
there be two parallel Lines, and any Points be taken 
in both of them, the Right Line joining theſe Points 
ſhall be in the ſame Plane as the Parallel are; Which 
was to be demonſtrated. 1 


PROPOSITION VIL 
THEOREM. 
If there be two parallel Right Lines, one of which is 


perpendicular to ſome Plane, then ſhall the other be 
perpendicular to the ſame Plane. 


ET AB, CD be two parallel Right Lines, oneSeerche Fig. 
of which, as AB is perpendicular to ſome of Frop. VI. 
Plane. I ſay, the other CD is allo perpendicular to 
the ſame Plane. | 2 
For let AB, CD, meet the Plane in the Points j, 
D, and let B D be joined; then AB, CD, BD, are 
* in one Plane. Let DE be drawn in the Plane at 7 of chis. 
Right Angles to BD, and make D E equal to AB, 
and join BE, AE, AD. Then ſince AB is perpen- 
"FS diculer 


/ 
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* Def. 3. dicular to the Plane, it will “ be perpendicular to all 
Right Lines, touching it, drawn in the fame Plane; 
therefore each of the Angles ABD, ABE, is a 

Right Angle. And fince the Right Line BD falls on 

the Right Lines AB, CD, the Angles ABD, CDB, 

+ 29. 1. hall be + equal to two Right Angles. Therefore the 
Angle CDB is alſo a Right Angle, and ſo CD is 
perpendicular to DB: And ſince AB is equal to DE, 

and BD is common, the two Sides AB, BD, are 

equal to the two Sides ED, DB. But the Angle 

— ABD is equal to the Angle EDB; for each of them 

44. 1. is a Right Angle. Therefore the Baſe AD is + equal to 
the Baſe BE. Again, ſince AB is equal to DE, and 

| BE to AD, the two Sides AB, BE, ſhall be equal 
to the two Sides ED, DA, each to each; but the 
Baſe AF is common. Wherefore the Angle AB E 
2 8. x. is equal to the Angle EDA; but the Angle ABE 
f is a Right Angle. Therefore EDA is alſo a Right An- 
gle, and ED is perpendicular to DA; but it is like- 
wiſe perpendicular to DB: Therefore ED ſhall alſo 
| +4 of this. be + perpendicular to the Plane paſſing thro' BD, DA, 
I Def. 3. and likewiſe ſhall be + at Right Angles to all Right 
Lines, drawn in the ſaid Plane that touch it. But 

DC is in the Plane paſſing thro' BD, DA, becauſe 

1 of this. AB, BD, are * in that Plane; and DC is Þ in the 
+ 7 of this. ſame Plane that AB and BD are in. Wherefore 
ED is at Right Angles to DC, and ſo CD is at 

Right Angles to DE, as alſo to DB. Therefore 

CD ſtands at Right Angles in the cqmmon Section 

D, to two Right Lines DE, DB, mutually cutting 

done another; and — 4 is at Right Angles to 

the Plane paſſing thro' DE, DB; which was zo be 

' demonſtrated, © | | 
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PROPOSITION N. 
THEOREM. 


Right Lines that are parallel to the ſame Right Line, 
not being in the ſame Plane with it, are allo paral- 
let to each other. 5 | 


13 both the Right Lines AB, CD, be parallel 
to the Right Line EF, not being in the ſame 
Plane with it. I ſay, AB is parallel to CD. _ 
For aſſume any Point G in EF, from which Point G, 
let GH be drawn at Right Angles to EF, in the Plane 
paſſing thro' EF, AB: Alſo let GK bedrawn at _—_ 
Angles to E F in the Plane paſting thro EF, CD: | 
Then becauſe EF is perpendicular to GH, and GK, | 
the Line EF ſhall alſo be * at Right Angles to a Planes , of this; 
aſſing thro' GH, GK; but E F is parallel to AB. 
herefore AB is + alſo at Right Angles to the Plane + 8 of this. 
paſſing thro! HGK. For the ſame Reaſon, CD is alſo 
at Right Angles to the Plane paſſing throꝰ HGK ; and 
therefore AB and. CD, will be both at Right Angles 
to the Plane paſſing thro' HG K. But if two Right 
Lines be at Right Angles 'to the ſame Plane, they 
ſhall be 4 parallel to each other. Therefore AB is 4 69f this. 
parallel to CD; which was to be demonſtrated. 


PROPOSITION X. 
THEOREM, 


If two Right Lines, touching one another, be parallel 

to tuo other Right Lines, touching one another, but 
not in the ſame Plane, theſe Right Lines contain 
equal Angles, EM 93 


5 pak two Right Lines AB, BC, touching one 
another, be parallel to two Right Lines DE, EF, 
touching one another, but not in the ſame Plane. - 
ſay, the Angle ABC is equal to the Angle DEF. 
For take BA, BC ED, E F, equal to one ano- 
ther, and join AD, CF, BE, AC, DF: Then be- 
| cauſe BA is equal and parallel to ED, the Right 15 
8 IR | AD 


>. 
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30. 1. AD ſhall alſo be * equal and parallel to BE. For the 
| ſame Reaſon, CF will be equal and parallel to BE; 
therefore AD, CF, are both equal and parallel to 

BE. But Right Lines that are parallel to the ſame 

| Right Line, not being in the ſame Plane with it, will 

+ 9 of this. be + parallel to each other. Therefore AD is paral- 

lel and equal to CF, but AC, DEF, joins them; 

Þ 33. 1- wherefore AC is + equal and parallel to DF. And 

becauſe two Right Lines AB, BC, are equal to two 

Right Lines DE, EF, and the Baſe AC equal to 

* 8. 1. the Baſe DF, the Angle ABC will be * equal to the 
Angle DEF. Therefore, if tuo Right Lines, touch- 

ing one another, be parallel to two other Right Lines, 

touching one another, but not in the ſame Plane, thoſe 

Right Lines contain equal Angles; which was to be 
demonſtrated. | e 


PROPOSITION XI. 
PROBLEM. 


From a Point given above a Plane, to dratu a RightL iue 
perpendicular to that Plane. | 


T ET A be a Point given above the given Plane 
BH. lt is required to draw a Right Line from 
the Point A, perpendicular to the Plane BH. 
Lt a Right Line BC be any how drawn in the 
* 12. 1. Plane BH, and let AD be drawn * from the Point A 
perpendicular to BC; then if AD be perpendicular 
to the Plane BH, the thing required is already done. 
But if not, let DE be drawn in the Plane from the 
Point D at Right Angles to BC; and let AF be 
drawn * from the Point A perpendicular to DE. 
Laſtly, thro? F draw GH parallel to B C. 

| TI ben becauſe BC is perpendicular to both DA and 
+ 4 of this. DE, BC will alſo be + perpendicular to a Plane paſ- 
© ſing thre” ED, DA. But GH is parallel to BC. 
And if there gre two Right Lines parallel, one of 
| which is at Right Angles to ſome Plane, then ſhall 
48 of this. the other be + at Right Angles to the ſame Plane. 
| Wherefore GH is at Right Angles to the Plane paſſing 
* Def. 3. thro' ED, DA, and ſo is * perpendicular to all the 

Right Lines in the ſame Plane that touch it. But A”; 
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which is in the Plane paſſing thro' ED and DA, doth + = 
touch it. Therefore GH is perpendicular to AF, 
and ſo AF is perpendicular to GH; but AF like- 
wile is perpendicular to DE; therefore AF is per- 
pendicular to both H G, DE. But if a Right Line 
ſtands at Right Angles to two Right Lines, in their , 
common Section, that Line will be + at Right An-+ 4 of this. 

gles to the Plane paſſing thro” theſe Lines. Therefore ; 
AF is perpendicular to the Plane drawn thro' ED, 
GH; that is, to the given Plane BH. Therefore 
AF is drawn from the given Point A, above the 
given Plane BH, perpendicular to the ſaid Plane; 
which was to be done. | | | 4 


PROPOSITION XI. 
PROBLEM. | 


To ered a Right Line perpendicular to a given Plang, 
| from a Point given therein. 2 


N A be a given Point in a given Plane MN. 

It is required to draw a Right Line from the 
Point A, at Right Angles, to the Plane MN, _ 

Let ſome Point B be ſuppoſed above the given | 
Plane, from which let BC be drawn * perpendicular nf of this, 
to the ſaid Plane; and let AD be drawn + from A+ 31. 1. 
parallel to B C. | 

Then becauſe AD, CB, are two parallel Right 
Lines, one of which, viz. BC, is perpendicular to 

the Plane MN; the other AD ſhall be ꝗ alſo perpen- + 8 of this, 
dicular to the ſame Plane. Therefore, a Rigbt Line 
is erected perpendicular to a given Plane, from a Point 
given therein; which was to be done. "TT 
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PROPOSITION x. 
Two Right Lines ne be erected at Right Angles, 


50 @ given Plane from a Point therein given. 


OR if it is poſſible, let two Right Lines AB, 

AC, be erected perpendicular to a given Plane on 
the ſame Side, at a given Point A, in a given Plane. 

Then let a Plane be drawn thro' BA, AC, cutting 


* 3 of this. the given Plane thro' A in the Right Line“ DAE; 


therefore the Right Lines AB, AC, DAE, are in one 
Plane. And becauſe CA is perpendicular to the 
given Plane, it ſhall alſo be f perpendicular to all 
Right Lines drawn in that Plane, and touching it; 
but DAE being in the given Plane touches it. There- 
fore the Angle CAE is a Right Angle. For the ſame 
Reaſon, BAE is alſo a Right Angle; wherefore the 
Angle CAE is equal to BAE, and they are both in 
one Plane, which is abſurd. Therefore, to R:ghe 
Lines cannot be erected at Right Angles, to a given 
Plane, from a Point therein given; which was to 
be demonſtrated. | | | 


PROPOSITION XIV. 
THE ORE XM 


5 


T-hoſe Planes, to which the ſame Right Line is per- 


pendicular, are parallel to each other. 


ET the Right Line AB be perpendicular to each 


of the Planes CD, EF. I ſay, theſe Planes are 
parallel. 5 „ . 
For if they be nat, let them be produced till they 
meet each other, and let the Right Line GH be the 
common Section, in which take any Point K, and 
join AK, BK. Then becauſe AB is perpendicular 
to the Plane EF, it ſhall alſo be perpendicular to the 
Right Line BK, being in the Plane E F produced. 


Wherefore the Angle ABK is a Right Angle. And 


for the fame Reaſon, BAK is alſo a Right Angle. 


And 


Bo 
Ar 
gle 
* 11 
pre 


cel 
the 


eat 


And fo the two Angles ABK, BAK, of the Trian- 
gle ABK, are equal to two Right Angles, which is 


58 ” | 


"> wa 
. 


* impoſſible. Therefore the Planes CD, EF, being“ 17. r. 


produced, will not meet each other, and fo are ne- 
ceſſarily parallel. Therefore, thoſe Planes, to which 
the ſame Right Line is perpendicular, are parallel to 
each other ; which was to be demonſtrated. ; 


PROPOSITION XV. 
THEOREM. 


If two Right Lines, tonching one another, be parallel to 
tuo Right Lines, touching one another, and not being 
in the ſame Plane with them, the Planes drawn 


thro* thoſe Right Lines are parallel to each other. 


E two Right Lines AB, BC, touching one 
another, be parallel to two Right Lines DE, EF, 
touching one another, but not in the ſame Plane with 
them. I ſay, the Planes paſſing thro' AB, BC, and 
DE, EF, being produced, will not meet each other. 
For'let BG be drawn from the Point B, perpendi- 
cular to the Plane paſſing thro! DE, EP, meeting 
the ſame in the Point G,; and thro* G let GH be 
drawn parallel to ED, and GK parallel to EF ; then 
becauſe BG is perpendicular to the Plane paſſing 


thro DE, EF, it ſhall alſo make Right Angles * Def. 3. 


with all Right Lines that touch it, and are in the 
ſame Plane; but GH and GK, which are both in the 
ſame Plane, touch it. Therefore each of the Angles 
BGH, BGK, is a Right Angle. And ſince BA is 


parallel to GH, the Angles GBA, GBH, are 1 f 29. 1: 


| equal to the Right Angles: But BGH is a Right An- 
gle wherefore GBA ſhall alſo be a Right Angle, and 
o BG is perpendicular to BA. For the ſame Reaſon, 
GB is alſo perpendicular to BC. Therefore ſince a 
Right Line BG, ſtands at Right Angles to two Right 


Lines BA, B C, mutually cutting each other; B G 


ſhall alſo be + at Right Angles to the Plane drawn 4 of ehis. | 


thro! BA, BC. But it is perpendicular to the Plane 
drawn thro' DE, EF; therefore BG is perpendicu- _ 
lar to both the Planes drawn thro! AB, BC, and 
DE, EF. But thoſe Planes to which the ſame Right 7 
= | jne 


*140f this. Line is perpendicular, are? parallel. Therefore the 


Plane drawn thro' AB, BC, is parallel to the Plane 
drawn thro' DE, EF. Wherefore, if tuo Right 
Lines, touching one another, be parallel to two. Right 
Lines, touching one another, and not being in the 
ſame Plane with them, the Planes drawn thro theſe 
Right Lines are parallel to each other. 


PROPOSITION XVI. 
THEOREM. 


I two parallel Planes are cut by any other Plane, their 
common Sections will be parallel. 


12 two parallel Planes, AB, CD, be cut by 
any Plane EFHG, and let their common Sec- 
tions be EF, GH. I fay EF is parallel to GH. 
For if it is not parallel, EF, GH, being produced, 
will meet each other either on the Side FH, or EG. 
Firſt let: them be produced on the Side FH, and meet 
in K; then becauſe EF K is in the Plane AB, all 
Points taken in EFK will be in the ſame Plane. But 
K is one of the Points that is in EFK. Therefore 
K is in the Plane AB, For the ſame Reaſon K is 
alſo in the Plane CD. Wherefore the Planes AB, 
CD, will meet each other. But they do not meet, 
ſince they are ſuppoſed parallel. Therefore the Right 
Lines EF, GH, will not meet on the Side F H. 
After the ſame manner it is proved, that they will not 
meet, if produced, on the Side EG. But Right 
Lines, that will neither way meet each other, are 
parallel; therefore EF is parallel to GH. I/, there 
fore, two parallel Planes are cut by any other Plane, 
their common Sections will be parallel; which was 
to be demonſtrated. | 
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PROPOSITION XVII. 


THEOREM. 


4 tuo Right Lines are cut by parallel Planes, they ſoall | 
be cut m the Jame Proportion. 


3 two Right Lines AB, CD, be cut by Pa- 
rallel Planes 2 6 , K L, M N, in the Points A, 

E By G, F, D. I fay, as the Right Line AE is 
to — Right Line EB, co is CF to FD. 

For let AC, BD, AD, be joined : Let AD meet | 
the Plane K L in the Point „and join EX, XF. 
Then becauſe two parallel Planes KL, MN, are cut 
by the Plane EBD X, their common Sections E X, 
BD, are? parallel. For the ſame Reaſon, becauſes, 5 ef bir 
two parallel Planes GH, KL, are cut by the Plane 
AX F C, their common Sections AC, F X, are pa- 
| rallel ; and becauſe EX is drawn parallel to the Side 
BD of the Triangle ABD, it ſhall be as AE is to 
EB, ſo is f AX to XD. Again, becauſe X F is f 2. 6. 
drawn parallel to the Side AC of the Triangle ADC, 
it ſhall be f as AX is to XD, ſo is CF to FD. But 
it has been proved, as AX is to XD, fois AE to 
EB. Therefore, as AE is to EB, ſo is tCF tot 11. 4 
FD. Wherefore, # two Right Lines are cut by pa- 
rallel Planes, they ſhall be cut in the ſame Proportion; * 
which was to be demonſtrated. | 


PROPOSITION XVII. 
THEOREM. 


7 a Right Line be perpendicular to ſome Plane, then 
all Planes paſſing thro' that Line will be xt 
cular to = ſame Plane, 


[5 T the Right Line AB be nila to the 

Plane CL. I ſay, all Planes that paſs thro* AB, 

are likewiſe perpendicular to the Plane CL. 

For let a Plane DE paſs thro the Right Line AB, 

whoſe common Section, with the Plane CL, is the 

Nhe Lines CE; and take ſome Point F in CE; 4 2 
Wnic 
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* Def. 3. 


pendicular to all the Right Lines which touch it, and 
are in the ſame Plane. Wherefore it is perpendicy. 


+ 8 of this. Angles to the Plane CL. Therefore FG will be 


© Def. 4. 


of this. 


Plane. But FG is drawn in onePlane DE, perpen- 


Plane CL. Therefore the Plane DE is at Right 


Pe 


 Enclids ELEMERN TS. Book XI. 
which let FG be drawn in the Plane DE, perpendi- 
cular to the Right Line CE. Then becaufe AB is 
perpendicular to the Plane CL, it ſhall alſo be * 


lar to CE; and conſequently the Angle A BF is 
Right Angle; but G F B is likewiſe a Right Angle, 
Therefore AB is parallel to FG. But AB is at Right 


at Right Angles to that ſame Plane. But one Planeis 
perpendicular to another, when the Right Lines, drawn 
in one of the Planes perpendicular to the common 
Section of the Planes, are t perpendicular to the other 


dicular to the common Section CE of the Planes, 
And it has been proved to be perpendicular to the 


Angles to the Plane C L. After the ſame manner 
it is demonſtrated, that all Planes, pating thro? the 
Right Line AB, are perpendicular to the Plane CL, 
Therefore, f a Right Line be perpendicular to ſame 
Plane, then all Planes paſſing thro that Line will be 
perpendicular to the ſame Plane ; which was to be 
demonſtrated. CLEA 0127 AF ar7 9 Ten] 


PROPOSITION XIX. . 
T HE ORA rrp 


IF two Planes, cutting each other, be per endicaly 
to ſome Plane, then their common Section will be 
perpendicular to that ſame Plane. FL 


ET two Planes AB, BC, cutting each other, 

IL be perpendicular to ſome third Plane, and let 
their common Section be BD. I ſay, BD is perpen- 
dicular to the ſaid third Plane, which let be ADC. 
For, if poſſible, let BD not be perpendicular to 
the third Plane; and from the Point D, let DE be 
drawn in the Plane AB, perpendicular to AD; and 
let DF be drawn in the Plane BC, perpendicular to 
CD; then becauſe the Plane AB is perpendicular to 
the third Plane, and DE is drawn in the Plane AB, 
perpendicular to their common Section AD, — 


PIE TR BE TENG he . 
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hall be perpendicular to the third Plane. In like* Def. 4. 


manner we prove, that D F alſo is perpendicular to 
the ſaid Plane. Wherefore two Right Lines ſtand 
x Right Angles, to this third Plane, on the ſame Side 


at the ſame Point D; which is f abſurd. Therefore to +12 tis: 


this third Plane cannot be erected any Right Lines 
ndicular at D, and on the ſame Side, except 
D, the common Section of the Planes AB, BC. 
Wherefore D B is perpendicular to the third Plane. 
If, therefore, :wo Planes, cutting each other, be per- 
endicular to ſome Plane, then their common Section 
will be perpendicular to that ſame Plaue; which was 
to be demonſtrated. -- -— - 


PROPOSITION XX. 
THEOREM 


x a ſolid Angle be contained under three plane Augles, 
any 2 F them, howſoever taken, are greater than 
_ the third, „„ ak 


ET the ſolid Angle A be contained under three 
Nane Angles BAC, C A D, DAB. I fay any 
two of the Angles BAC, CAD, DAB, are greater 
than the third, howſoever taken. 
For if the Angles BAC, CAD, DAB, be equal, 

it is evident that any two, howſoever taken, are | 
greater than the third. But if not, let BAC be the 
greater; and make the Angle BAE, at the Point A, “ 23. r. 
with the Right Line AB, in a Plane paſſing thro” BA, 
AC, equal to the Angle DA B, make AE equal to 

AD; thro' E draw BEC, cutting the Right Lines 

AB, AC, in the Points B, C, and join DB, DC: 

Then becauſe DA is equal to AE, and AB is com- 

mon, the two Sides DA, AB, are equal to the two 

Sides AE, AB; but the Angle DAB is equal to the 

8 BAE. Therefore the Baſe DB is I equal to 4. 1. 
the Baſe BE. And ſince the two Sides DB, DC, 

ate greater than BC, and DB has been proved equal . 


to BE, the remaining Side DC ſhall be greater than 


the remaining Side EC; and ſince DA is equal to 
AE, and AC is common, and the Baſe D C greater 


: 8 


than 


* = 4 1 * 
— : 
4 
MY = 
y —— 1 1 — — 0 8 ws > * , 2 
+ 7 ; K, IT MES 3 2 2 22 1 j * kn 2 MELT. 1 .. ͤ ˙ <P = TE n * P _ » 
3 5 0 : 4 n 7 25 — 5 * * io — 3 beans - — L — 4 - * 32 * — + 
2 4, . aug, = 1 « by wo, — — S — — — 9 ——— 2 et —— f j . _— p x - 
CR ( ne I . i abi al d — 0 0 Els: ab * 
p . E — * — — 1 1 = x — — * - * 
rtr * dt —— , 2 


than the Baſe E C, the Angle DA C ſhall be: ras f 25. 1 
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than the Angle EAC. But from ConſtruQtion, the 
Angle DAB is equal to the Angle BAE. Where- 
fore the Angles DAB, DAC, are greater than the 
Angle BAC. After this manner we demonſtrate, if 
any two other Angles be taken, that they are greater 
than the third. Therefore, if a ſolid Angle be contained 
under three plain Angles, any two of them, howſoever 
taken, are greater than the third; which was to be 
demonſtrated. 1 Wh 


PROPOSITION XXI. 
THEOREM. 


Every ſolid Angle is contained under plane Angles to. 
gether leſs than four Right ones, 


1 T A be a ſolid Angle, contained under plane 


| Angles BAC, CAD, DAB. I fay the Angle 
BAC, CAD, DAB, are leſs than four Right An- 
gles. | 


AB, AC, AD, and join BC, CD, DB. Then 
becauſe the ſolid Angle at B is contained undexghhree 
plane Angles CBA, ABD, CBD, any two of theſe 


No ef this, are greater than the third, Therefore the Angles 


+ 32. I, 


CBA, ABD, are greater than the Angle CBD. For 
the ſame Reaſon, the Angles. BCA, ACD, are 
„ than the Angle BCD; and the Angles CDA, 

DB, greater than the Angle C DB. Wherefore 
the fix Angles CBA, ABD, BCA, ACD, ADC, 
ADB, are greater than the three Angles CBD, BCD, 
CDB. But the three Angles CBD, BCD, CDB, 
are + equal to two Right Angles. Wherefore the fi 
Angles CBA, ABD, BCA, ACD, ADC, ADB, 
are greater than two Right Angles. And ſince the 
three Angles of each of the Triangles ABC, ACD, 
ADB, are equal to two Right Angles, the nine 


Angles of thole Triangles CBA, BCA, BAC, ACD, 


5 - * > 
4 * q , 


CAD, ADC, ADB, ABD, DAB, are equal to 


x Right Angles. Six of which Angles CBA, BCA, 


ACD, ADC, ADB, ABD, are greater than two 
Right Angles. Therefore, the three other - Angles 
C, CAD, DAB, which contain the ſolid Au- 


gle, 


— 


For take any Points B, C, D, in each of the Lines 


Da S8 


bo. 
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A ta 


e, will be leſs than four Right Angles. Where- 


fore every ſolid Angle is contained under Angles toge- 
ther, leſs than four plane Right ones; Which was to 
be demonſtrated. e 4s 


- PROPOSITION XXII. 
THEOREM. 


If there be three plane Angles, whereof two, any how 
taken, are greater than the third, and the Right 
Lines that contain them be equal; then it is poſſible 
to make a Triangle of the Agb Lines joining the 
equal Right Lines, which form the Angles. 


3 ABC, DEF, GH K, be given plane An- 
gles, any two whereof are greater than the third; 
and let the equal Right Lines AB, BC, DE, EF, 
GH, HK, contain them; and let AC, DF, GK, 
be joined. I fay, it is poſſible to make a Triangle 
of AC, DF, GK, that is, any two of them, how- 
ſoever taken, are greater than the third. 
For if the Angles at B, E, H, are equal, then AC, 
DF, GK, will be * equal, and any two of them & 4. 1 
eater than the third ; but if not, let the Angles at 
5 E, H, be unequal, and let the Angle B be greater 
than either of the others at E or H. Then the Right 


Line AC will be + greater than either DF or GK z 24. 1: 


and it is manifeſt, that AC, together with either DF, 
or GK, is greater than the other. I ſay likewiſe, that 


* 


DF, GK, together, are greater than AC. For make + at 23. 1. 


the Point B, with the Right Line AB, the Angle 
ABL, equal 3 GHK ; and make BL equal 
to either AB, BC, DE, EF, GH, HK, and join 
AL, CL. Then, becauſe the two Sides AB, 
BL, are equal to the two Sides GH, HK, each to 
each, and they contain equal Angles, the Baſe AL 


| hall be equal to the Baſe GK. And ſince the Angles 


E and H are greater than the Angle ABC, whereof 
the Angle G H K is equal to the Angle AB L, the 


other Angle at E ſhall be greater than the Angle 4 
LBC. And fince the two Sides LB, BC, are equal 
to the two Sides DE, E F, each to each, and the 
Angle DEF is greater than the Angle * 


2 


1 * g f SEES % 
_— \ - n fs 
8 TERS 1 > r A 8 I CCC ² A P Dc IE RES 43 wats — v6 
8 > ICIS,” CELL 4 r - IRE > << < 2 As e F — „ <7 -.- *- = w- S< y —Da 7 s 
a , las — — — 2” © th" 1 N . eh fan i * — 2 3 > 5 # — — — ͤ —— 4 
* g - Sl rr - 8 1 on : 22 — Bots es 1-5 + Iz RN” LS rs Sane Elke * - — g 7 — i * 3 
. =_ . A. Z ps — oy eg et gt cg $6 rne - — — — — LY Ae Da — — — x * 5 : _ 8 = — 2 


2 


4 — 
„„ nie Pe nent 90 nana nerd ng FW ou SCE ESI mo Ae» ae. en Ss OR 


* 
7 - * 
: — 
6 ov 


7 


Euclids ELEMENTS. Book XI. 


* 4 1. Baſe DF ſhall be * greater than the Baſe LC. But 


12 T ABC, DEF, GH, be three plane Au- 


*220f his poſſible to make * a Triangle of three Right Lines 
+ 22. 1. equal to AC, DF, GK: And ſo let t the Triangle 


15. 4 


* 8. 1. 


. make a ſolid Angle of three plane Angles equal to 
AB C, DEF, GH K. | 


angle LMN, or on one Side thereof, or without 


A 7 ; 
LY . > 11 
* 
* 


GK has been proved equal to AL. Therefore Dp, 
GK, are greater than AL, LC; but AL, LC, are 
greater than A C. Wherefore DF, G K, ſhall be 
much greater than AC. Therefore any two of the 
Right Lines AC, DF, GK, howſoever taken, are 
greater than the other: And ſo a Triangle may be 
made of AC, DF, G K; which was to be demons 
ſtrated. N | 


PROPOSITION XXIlL 
e PROS. 1 BAL 
To make a ſolid Angle of three plane Angles, where 
any two, howſoever taten, are greater than the 


third; but theſe three Angles muſt be leſs than four 
Right Angles, © X47 ifs K 


gles given, whereof any two, howſoever taken, 
are greater than the other, and let the ſaid three An- 
gles be leſs than four Right Angles. It is required to 


Let the Right Lines AB, BC, DE, EF, GH, HX, 
be cut off equal, and join AC, DF, GK; then it is 


LMN be made, ſo that AC be equal to LM, and 
DF to MN, and GK to LN; and let the Circle 
L MN be deſcribed + about the Triangle, whoſe 
Center let be X, which will be either within the Tri- 


DUBNmGY noo oder load 4 

_ Firſt, let it be within, and join LX, MX, NX. 
1 ſay AB is greater than LX. For if this be not ſo, 
AB ſhall be either equal to LX, or leſs. Firſt, let i 
be equal; then becauſe AB is equal to LX, and alſo 
to BC, LX ſhall be equal to BC; but LX is equal 
to XM. Therefore the two Sides AB, B C, are 
equal to the two Sides LX, XM, each to each; but 
the Baſe AC is put equal to the Baſe LM. Where- 
fore the Angle AB C ſhall be * equal to the Ange 
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1 LX M. For the ſame Reaſon, the Angle DEFis © 
equal tothe Angle MXN, and the Angle G H K to 
F the Angle N X L. Therefore the three Angles ABC, 
= DEF, G H K, are equal to the three Angles LX M, 
* MXN, NXL. But the three Angles L X M, | 
he MXN, NAXL, are * equal to four Right Angles: Cor. 
10 And ſo the three Angles A B C, DEF, G H E, ſhall 15. 1. 
de alſo be equal to four Right Angles; but they are put 
10 leſs than four Right PS, which is abſurd. There- 
fore A B is not equal to LX. I ſay alſo it is neither 
eſs than LX; for if this be poſſible, make X Oequal 
to AB, and XP to BC, and join OP. Then be- 
cauſe A B is equal to BC, X O ſhall be equal to XP; 
and the remaining Part OL equal to the remaining 
Part PM: And ſo LM is f parallel to OP, and the >. 6. 
of Triangle LMX is equiangular to the Triangle OPX. 
he Wheretore XL, is t to LM, as XO is toQP; andF 4. 6. 
ur (by Alternation) as XL is to XO, ſo is LM to 
OP. But L is greater than XO. Therefore LM 
ſhall alſo be greater than OP. But LM is put equal 
to AC. Wherefore AC ſhall be greater than OP. 
And ſo becauſe the two Right Lines A B, BC, are 
equal to the two Right Lines OX, XP, and the 
Baſe AC greater than the Baſe OP; the Angle ABC 
will be * greater than the Angle OX P. In like * 25. 1. 
manner, we demonſtrate that the Angle DEF is 
greater than the Angle MXN, and the Angle G H K, 
than the Angle NX L. Therefore the three Angles 
ABC, DE FP, G H K, are greater than the three An- 
les LX M, MXN, NX L. But the Angles A BC, 
EF, GH K, are put leſs than four Right Angles. 
Therefore the Angles LX M, MXN, NX L, ſhall 
be leſs by much than four Right Angles, and alſo | 
* to four Right Angles; which is abſurd. f Cor. 15. 
erefore A B is not leſs than LX. It has alſo 1. 
been prov d not to be equal to it. Therefore it muſt 
neceſſarily be greater. On the Point X raiſe t XR, 412. f 
perpendicular to the Plane of the Circle LM N; h.. 
whoſe Length let be ſuch, that the Square thereof be 
equal tothe Exceſs, by which the Square of A B ex- . 
ceeds the Square of LX ; and let RL, RM, RN, 
be join d. Becauſe R X is perpendicular to the Plane 
of the Circle LMN, it ſhall alſo be * perpendicular, . a 
to LX, MX, NX. 9— LX is equal 1 . 
3 ; : X 
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| XM, and X R is common, and at Right Angles to 
* 4. 1. them, the Baſe LR ſhall be equal to the Baſe R M. 

For the ſame Reaſon, R N is equal to RL, or RM. 

Therefore three Right Lines, RL, R M, RN, are 

equal to each other. And becauſe the Square of XR 

is equal to the Exceſs, by which the Square of AB 

exceeds the Square of LX; the Square of AB will be 

equal to the Squares of LX, X R together: But the 

t 47. 1. Square of RL is f equal to the Squares of LX, XR: 
For LX R is a Right Angle. Therefore the Square of 

A B will be equal tothe Square of RL; and ſo AB 
is equal to RL. But BC, DE, EF, GH, HK, 

are every of them equal to A B; and R N, or RM, 

equal to RL. Wherefore A B, B C, DE, EF, GH, 

HK, are each equal to RL, RM, or RN: And 

fince the two Sides RL, R M, are equal to the two 
Sides AB, BC, and the Baſe LM is put equal to the 
+8.1, Baſe AC, the Angle LR M ſhall be + equal to the 
Angle ABC. For the ſame Reaſon the Angle MRN 

is equal to the Angle DEF, and the Angle LRN 

equal tothe Angle G HK. Therefore a ſolid Angle 

is made at R of three plane Angles L RM, MRN, 
LRN, equal to three plane Angles given, A BC, 

DEF, GHKE. | 2 | 

Now let the Center of the Circle X be in one Side 

of the Triangle, viz. in the Side MN, and join 

XL. I ſay again, that A B is greater than LX. For 

if it be not ſo, AB will be either equal, or leſs than 

LX. Firſt let it be equal, then the two Sides A B, 
BC, are equal to the two Sides MX, LX, that is, 

they are equal to MN; but MN is put equal to DF. 

* 0, 1, Therefore DE, EF, are equal to DF, which is“ im- 

* * * poſlible. Therefore AB is not equal to LX. In 

ike manner, we prove that it is neither leſſer; for 

; the Abſurdity will much more evidently: follow. 
Eo Therefore A B is greater than LX. And if in like 
: manner, as before, the Square of RX be made equal 
to the Exceſs, by which the Square of A B exceeds 

the Square of LX, and RX be raiſed at Right An- 

ö gles to the Plane of the Circle, the Problem will be 

one. nt „„ Leer 

L aſtly, let the Center X of the Circle be without 
the Triangle LMN, and join LX, MX, NX. 
I ſay AR is greater than LX. For if it be not, it 
| N | | mu 


3 , . wc 
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muſt either be equal or leſs. Firſt, let it be equal; 
then the two Sides AB, BC, are equal to the two 
Sides MX, X L, each to each; and the Baſe AC is ; 
equal to the Baſe ML; therefore the Angle ABC is 
equal to the Angle MX L. For the ſame Reaſon, 
the Angle GH K is equal tothe Angle LX'N; and 
ſo the whole Angle MX N is equal] to the two An- 
ples ABC, GHK ; but the Angles ABC, GHK, 
axe greater than the Angle DEF. Therefore the 
Angle MXN is greater than DE F; but becauſe the 
two Sides DE, EF, are equal to the two Sides MX, 
XN, and the Baſe D E is equal to the Baſe MN, the 
Angle MXN ſhall be equal to the Angle DE F; but 
it has been proved greater, which is abſurd. There - 
fore A B is not equal to LX. Moreover we will 
rove that it is not leſs; wherefore it ſhall be neceſ- 
Farily greater. And if, again, X R be raiſed at Right 
Angles to the Plane of the Circle, and made equal to 
the Sideof that Square, by which the Square of AB 
exceeds the Square of LX, the Problem will be de- 


a termined. Now, I ſay, A B is not leſs than LX; 
, for if it is poſſible that it can be leſs, make X O equal 
y to AB, and X P equal to BC, and join OP. Then, 


becauſe A B is equal to BC, X O ſhall be equal to 
X P, and the remaining Part O L equal to the 
remaining Part PM; therefore LM is * parallel to * 2. 6, 
PO, and the Triangle LMX equiangular to the 
| MS PX O. Wherefore as } * Lis to LM, ſo 14 6. 
is XO to OP: And (by Alternation) as LX is to 
XO, ſo is LM to OP; but LX is greater than XO; 
therefore LM is greater than O P; but LM is equal 
to AC; wherefore A C ſhall be greater than O P. 
And ſo becauſe the two Sides A B, B C, are equal to 
the two Sides OX, X P, each to each; and the Baſe 
AC is greater than the Baſe Op; the Angle A B C | 
ſhall be + greater than the Angle OXP. 80 likewiſe 9 25. 1. 
if X R be taken equal to X O or X P, and OR be 
| Joined, we prove that the Angle G H K is greater 
than the Angle OX R. At the Point X, with the 
Right Line LX, make the Angle LXSequal to the * 
Angle ABC, and the Angle LXT equal to the An- 
hout gle G H K, and X &, XT, each equal to XO, and 
IX. Pin O8, OT, 8 T. Then becauſe the two Sides 
t, 7 AB, BC, are equal to 15 two Sides OX, X S, 5 
3 2 the 
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the Angle ABC is equal to the Angle OX 8, the 


Baſe AC; that is, LM ſhall be equal to the Baſe” 
OS. For the ſame Reaſon, LN is alſo equal to 


OT. And fince the two Sides ML, LN, are equal 


to the two Sides OS, OT, and the Angle MLN 
reater than he Ange SOT ; the Bafe MN ſhall” 


greater than the Baſe 8 T; but MN is equal to 


DFz therefore D F ſhall be greater than 8 T. Where 
fore becauſe the two Sides DE, EF, are equal to 


the two Sides SX, X T, and the Baſe DF is greater 


than the Baſe 8 T, the Angle DE E ſhall be greater 


than the Angle 8 XT; but the Angle SX Tis equal 
to the Angles ABC, GH K. Therefore the Angle 


DEF, is greater than the Angles ABC, GH K; but 
it is alſo leſs, which is abſurd ; which pas to be de- 
.anonſtrated, _ el hy OPT ITS AVER 


PROPOSITION XXIV. 
THEOREM. 


If a Solid be contained under fix parallel Planes, the 
oppoſite Planes thereof, are equal Parallelograms. 


ET the Solid CDGH be contained under paral- 

4 lel Planes AC, GF, BG, CE, FB, AE. I 

ſay, the oppoſite Planes thereof are equal Parallelo- 
rams. in PINE 9 

; For becauſe the parallel Planes BG, CE, are cut 


246, of by the Plane AC, their-common Sections are paral- 


this. 


rallelogram. 


lel ; wherefore AB is parallel to CD. Again, be- 
cauſe the two parallel Planes BF, AE, are: cut by 


the Plane AC, their common Sections are parallel; 


therefore A D is parallel to BC; but AB has been 
proved to be parallel to CD; wherefore AC ſhall be 
a Parallelogram. After the ſame Manner, we de- 
monſtrate that GE, FG, GB, BF, or AE, is a Pa- 

Let AH, DF, be joined. Then becauſe A B is pa- 
rallel to DC, and BH to CF, -the Lines A B, BH, 


touching each other, ſhall be parallel to the Lines 


+ 10. of 


this, 


DC, CF, touching each other, and not being inthe 
ſame Plane; wherefore they ſhall f contain equal An- 
gles. And ſo the Angle A BH is equal to the An 43 
255 2 EIN DCP. 


i Tei * 1 N 5 3 * 8 'F * * 5 6+ 
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DCF. And fince the two Sides AB, BH, are t e- 4 34. r. 


qual to the two Sides DC, CF, and the Angle A BH 


equal to the Angle D CF, the Bafe A H ſhall be ** 4. 1. 


equal to the Baſe DF, and the Triangle AB H equal 


to the Triangle DCF. And ſince the Parallelogram 
BG is f double to the Triangle A B H, and the Pa- + 41. 1. 
rallelogram CE, to the Triangle DCF, the Paralle * 
logram BG ſhall wa 25 to the Parallelogram CE. 


In like Manner, we demonſtrate that the Parallelo- 

"Sha AC is equal to the Parallelogram GE, and the 

TIS an AE ; ual to the Parallelogram BF. 
[i 


J, therefore, a Soli x parallel 


e contained under 


_ Planes, the oppoſite Planes thereof are equal Paral- 
lelggrams; which was to be demonſtrated, I 


Coroll. It follows from what has been now demon- 


ſtrated, that if a Solid be contained under ſix paral- 
lel Planes, the oppoſite Planes thereof are ſimilar 
and equal, becauſe each of the Angles are equal, and 
the Sides about the equal Angles are proportional. 


PROPOSITION XXV. 
I" TSS 


If a folid Parallelepipedon be cut by a Plane, paral- 
tel to oppoſite Planes; then as Baſe is to Ba, , 


fo ſhall Solid be to Solid. * . Abs 


ET the ſolid Parallelepipedon ABCD, be cut 
by a Plane YE, parallel to the oppoſite Planes 


RA, DH. I ſay as the Baſe EF A is to the Baſe 


E HCE, ſo is the Solid A BFY to the Solid EG CD. 


For let A H be both Warr. oduced, and make 


H M, MN, Oc. equal to „and A K, K L, £9. 
equal to AE ; and let the Parallelograms LO, K «, 


HX, MS, as likewiſe the Solids LP, KR, HL, 


MT, be compleated. Then becauſe the Right Lines 
LK, K A, AE, are equal, theParallelograms LO, 


K , AF, ſhall be“ alſo equal; as likewiſe the Pa- 1, 6. 
rallelograms K E, K B, AG: And moreover | the f 24. 0% 
Parallelograms Lr, K P, A R, for they are oppoſite. %. 


0 
For the ſame Reaſon, the Parallelograms E 0 HX, 


MS, alſo are equal to each other; as alſo the Paral- _ 
TIT. | . „lelograme 
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| lelograms HG, HI, IN; and fo are the Parallelo- 

grams DH, Ma, NT. Therefore three Planes of 

Jo Solid LP, are equal to three Planes of the Solid 

ER, or AY, each to each; and the Planes oppoſite to 

theſe, are equal to them. Therefore the three Solids 

+ Def. 10. LP, KR, AL, will be equal + to each other. For the 

of thi. ſame Reaſon, the three Solids ED, Ho, MT, are e- 

qual to each other. Therefore the Baſe LF is the fame | 

Multiple of the Baſe A F, as the Solid LY is of the 

Solid AY, For the ſame Reaſon, the Baſe N FE is 

the ſame Multiple of the Baſe HE, as the Solid NY 

is of the Solid b D: And if the Baſe LF be equal to 

the Baſe NF, the Solid LY ſhall be equal to the 

Solid NY; and if the Baſe LF exceeds the Baſe 

NF, the Solid LY ſhall exceed the Solid NI; and 

if it be leſs, leſs. Wherefore becauſe there are four 
Magpitudes, vig. the two Baſes A FE, FH, and the 

5 two Solids A Y, ED, whoſe Equimultiples are ta- 

= ken, to wit, the Baſe LF, and the Solid LY ; and 
the Baſe NF, and the Solid NY : And ſince it is 

proved, if the Baſe LF exceeds the Baſe NF, then 

the Solid L will exceed the Solid NY, if equal, 

| equal, and leſs, leſs. Therefore as the Baſe A F is 
* Def.6.3. to the Baſe FH, ſo is & the Solid AY to the Solid 
ED. Wherefore, if a ſolid Parallelepi pedon be cut by 
a Plane, parallel to oppoſite Planes; then as Baſe is 

to Baſe, ſo ſhall Solid be to Solid; which was to be 

demonſtrated. 


PROPOSITION XXVI. 
THEOREM 


Al a Right Line given, and at a Point giveninit, 
70 make a ſolid Angle equal to a ſolid Angle given. 


1 AB be aright Line ren A a given Point 


in it, and Da given ſolid Angle contained under 


0 rg Wi 


the Plane Angles EDC, EDF, FDC; itis requi- 

red to make a ſolid Angle at the given Point A, in 
the given Right Line AB, equal to the given ſolid 
Angle D. 5 | 
Aſſume any Point F in the Right Line DF, from 
*11 of this, Which let FG be drawn “ perpendicular to the FR 
— | paſſing 


e. rege eee rere ese 8 daS LH bSTGE=EoF=F-tc ggg. 


| A D, DC, meeting the ſaid Plane in the | 
Point G, and join DG, and make fthe Angles B AL, 125. 14 
BAK, atthe given Point A, with the Right Line AB, | 
equal to the Angles EDC, EDG. | | 
Laſtly, make A K equal to D G, and at the Point 
K erect + HK at _ Angles to the Plane paſling + 12 of 
_ thre BAL, and make K H equal to G E, and joinzhi.. 
f HA. I ſay, the ſolid Angle at A, which is contain- 
ed under the three plane Angles BAL, BA H, HAL, 
is equal to the ſolid Angle at D, which is contained 
under the plane Angles E DC, EDE, FDC: For 
let the equal Right Lines AB, D E, be taken, and 
join HB, K B, FE, GE. Then becauſe FG is per- 
ndicular to the Plane paſſing thro” ED, DC, it 
ſhall be * perpendicular to all the Right Lines touch- . „ 3 
ing it that are in the ſaid Plane. Wherefore both the of this. 6 
Angles FG, FGE, are Right Angles, For the ſame * * 
Reaſon, both the Angles HK A, H K B, are Right 
Angles; and becauſe the two Sides KA, AB, are equal 
tothe two Sides G D, DE, each to each, and contain 
equal Angles, the Baſe BK ſhall-be + equal to the 101. 
Baſe EG; but K H is alſo equal to & E, and they 
contain Right Angles ; therefore H B ſhall be f equal 
toFE. Again, becauſe the two Sides AK, K H, 
are equal to the two Sides DG, & FP, and they con- 
tain Right Angles, the Baſe A H ſhall be equal to the 
Baſe DF; but A B is equal to D E. Therefore the 
two Sides H A, A B, are equal to the two Sides FD 
DE; but the Baſe H B is equal tothe Baſe FE, and 
ſo the Angle BAH will be + equal to the Angle 8.1. 
EDF. For the ſame Reaſon, the Angle HAL is 
equal to the Angle FDC; for ſince if A L be taken 
equal to DC, and K L, HL, GC, EC, be joined, 
the whole Angle BAL is equal to the whole Angle 
EDC; and the Angle BAK, a Part of the one, is 
put equal to the Angle E DG, a Part of the other; 
the Angle K AL remaining, will be equal to the An- 
leGDC remaining. And becauſe the two Sides 
A, AL, are equal to the two Sides G D, DC, and © 
they contain equal Angles, the Baſe K L will be e- 
qual to the Baſe GC; but KH is equal to GF; 
wherefore the two Sides LK, K H, are equal to the 
two Sides CG, G P, but they contain Right Angles ; 
therefore the Baſe H L will be equal to the Baſe F C. 
P 4 Again, 
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to the two Sides FD, D C, and the Baſe HL is equal 


to the Baſe F C, the Angle HAL will be equal to 


the Angle FDC; but the Angle BA Lis equal to 
the Angle EDC; which was to be done. X: 


PROPOSITION XXVIL 


PROBLEM. 


| pon Right Line given, to deſcribe a Parallelepipo- 


don ſimilar, and in like Manner ſituate to a ſolid 


RT HS | | 85 arallelepipedon given. 


* 26, of 
#715, 


ET AB be a Right Line, and CD a given ſolid 
Parallelepipedon. It is required to deſcribe a 


Tond Parallelepipedon upon the given Right Line 


A fimilar, and alike ſituate to the given ſolid Pa- 


 rallelepipedon C D. 
2 Mak 


e a ſolid Angle at the given Point A, in the 
Right Line A B, which * is contained under the An- 
pes BAH, HAK, KAB; ſothat the Angle BAH 


pe equal ta the Angle E CF, the Angle BAK to the 
Angle E CG, and the Angle HA K to the Angle 


. 


G CF; and make as E C is to CG, ſo BA to AR; 
and GC to CF, as K A to AH. Then, (by Equa- 


lity of Proportion) as E C is to CF, ſo ſhall B A be 
to AH; compleat the Parallelogram B H, and the 
Solid AL. Then becauſe it is as E C is to CG, ſo 
is BA to A K, 972, the Sides about the equal Angles 
E CG, BAK, proportional; the Parallelogram K B, 
ſhall be ſimilar to the Parallelogram G E. Alſo, for 
the ſame Reaſon, the Parallelogram KH, ſhall be ſi- 
milar to the Parallelogram G P, and the Parallelo- 


8 


= pram HB, to the Parallelogram FE. Therefore 


_ » three Parallelograms of the ſolid A L, are ſimilar to 
three Parallelograms of the Solid CD; but theſe three 


4 Cor. 24. 
of this. 


; 
4 
N 


Parallelograms are t equal and ſimilar to their three 


oppoſite ones. Therefore the whole Solid A L, will 
be ſimilar to the whole Solid CD; and fo a ſolid 


Farallelepipedon A L, is deſcribed upon the given 


* Right 


A = 5 . by 


| Eutlid's ELEMENTS, Bock XI. 
Again, becauſe the two Sides H A, A L, are equal 


. ˙wwwiĩi cod m.,], —˙ Sons 
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Right Line A B fimilar, and alike fituate to the gi- g 
* ſolid Parallelepi pedon CD; which was to be dons. 


PROPOSITION XXVIIL 


THEOREM. 


Fa ſolid Parallelepipedon be cut by a Plane paſſing 
thro the Diagonals of two oppoſite Planes, that 
Solid will be biſefted by the Plane. 


ET the ſolid Parallelepipedon AB, be cut by 
L the Plane CDEF, paſſing thro? the Diagonals 
DE, of two oppoſite Planes. I ſay, the Solid 
AB is biſected by the Plane CDEF. 
For becauſe the Triangle CG F is * equ al to the · 34. 1. 
Triangle CBF, and the Triangle ADE to the Tri- 
angle DE H, and the Parallelogram CA to Þ the 24. of 
Parallelogram BE, for it is oppoſite to it; and the this, : 
Parallelogram GE to the Paralle elogram CH; the 
Priſm contained by the two Triangles CGF, ADE, 
and the three Parallelograms GE, AC, CE, isequ ual 
to the Priſmcontained under the two Triangles CF B, 
DE H, and the three Parallelograms CH, BE, CE; 
for they are contained under Planes equal i in Num- 
ber an 1 Therefore the whole Solid A B 
| is biſected b 7 the Plane CD E F; which was to be 
aemonſtrate 


PROPOSITION XXIX. 


THEOREM, 


Solid Parallelepipedons, being conſtituted upon the 
ſame Baſe, and having the ſame Altitude, and 


awhoſe inſiſtent Dag are in the ane Me 
2 are equal to one another. 


E I the ſwlid Parallele 2 CM, CN, be 
conſtituted upon the 5 Baſe AB, with the - 

ſame Altitude, whoſe inſiſtent Lines AF, AG, LM, 

LN, CD, CE, BH, BK, are in the ſame Ri he 


Lines FN, DK. I fay, the SO OR 
the Solid CN. . F TA 


* ” = NT — > Gans 


K ww. OI . 7 
* 


t 


For 


* 34. 1. 
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For becauſe CH, CK, are both Parallelograms, 
CB ſhall be * equal to DH, or EK; wherefore DH 
is equal to EK. Let EH, which is common, be 
taken away, then the Remainder D E will be equal 
tothe RemainderHK ; and ſo the Triangle DEC is 
i wo tothe Triangle HK B, and the Parallelogram 
D 


equal to the Parallelogram H N. For the ſame , 


Reaſon, the Triangle A F G is equal to the Triangle 
L MN ; and the Parallelogram CF + tothe Paralle- 
logram BM, and the Parallelogram CG to the Pa- 
rallelogram BN, for they are oppofite. Therefore 
the Priſm contained under the two "Triangles A E G, 
D E C, and the three Parallelograms A D, D G, oh 
is equal to the Priſm contained under the two Trian- 
gles LMN, H B K, and the three Parallelograms 


BM, NH, BN. Let the common Solid, whoſe 


Baſe is the Parallelogram A B, oppoſite to the Paral- 


Jelogram G E HM, be added; then the whole ſolid 


Parallelepipedon CM, is equal to the whole ſolid 
Parallelepipedon CN. Therefore, ſolid Parallelepi- 
pedons, being conſtituted upon the ſame Baſe,ana having 


the ſame Altitude, and whoſe inſiſtent Lines are in the 


ſame Right Lines, are equal to one another; which 
'was to be demonſtrated. eee 


PRO POSITION XXX. 


TN THEOREM. | 
Solid Parallelepipedons, being conſtituted upon the 
ſame Baſe, and having the ſame Altitude, whoſe 
inſiſtent Lines are not placed in the ſame Right 
Lines, are equal to one another. 


7 ET there be. ſolid Parallelepi edons CM, C N, 


having equal Altitudes, and ſtanding on the 
ſame Baſe A B, and whoſe inſiſtent Lines A F, A G, 


ILM, LN, CD, CE, B H, BK, are not in the ſame 


Right Lines. I ſay, the Solid C M is equal to the 
. . . 


For let N K x and G E, F M, be produced, 


meeting each other in the Points R, X; let alſo F M, 


1 E, be produced to the Points O, P, and join A X, 


LO, CP, B R. The Solid CM, whoſe Baſe is _ 
: Paral- 
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Parallelogram AC BL, being oppoſite to the Paral- 
jelogram F DH M, is * equal to the Solid C O, “ 29. % 
whoſe Baſe is the Parallelogram A CB L, being op- his. 
poſite to X P RO, tor they ſtand upon the 6 

AC BL; and the inſiſtent Lines A F, A X, LM, 

LO, CD, CP, BH, BR, are in the ſame Right 

Lines FO, D R; but the Solid CO, whoſe Baſe is 

the Parallelogram ACBL, being 1 f to XPRO, 

is * equal to the Solid C N, whoſe Baſe is the Paral- 

lelogram A. CB L, being 5 ge to GE KN; for 

they ſtand upon the ſame Baſe A CB L, and their 

inſiſtent Lines AG, AX, CE, CP, LN, LO, BK, 

BR, are in the ſame Right Lines GP, NR; where- 

fore the Solid CM ſhall be equal to the Solid C N. 
Therefore, (0/14 "gon Nun, being conſtituted 

upon the ſame Baſe, ana having the ſame Altitude, 

whoſe inſiſtent Lines are not placed in the ſame Right 

Lines, are equal to one another; which was to be de- 
monſtrated. | 


PROPOSITION XXXI. 
| T HEOREM. 
Solid Parallelepipedons, being conſtituted upon equal 


Baſes, and having the ſame Altitude, are equal 
to one another. N 


ET AE, C E, be ſolid Parallelepipedons conſti- 
tuted upon the equal Baſes AB, CD, and having 
the ſame Altitude, I ſay, the Solid AE is equal to 
the Solid CF. | 
Firſt, let HK, BE, AG, LM, OP, DF, CE, 
RS, be at Right Angles to the Baſes A B, CD; let 
the Angle A LB not be equal to the Angle CRD, 
and produce CR to T, ſo that RT be equal to AL: 
Then make the Angle TRI, at the Point R, in the 
Right Line R T, equal“ to the Angle ALB; make * 23. 1. 
. RY equal to LB; draw X Y thro' the Point Y pa- 
rallel to RT, and compleat the Parallelogram RX, 
and the Solid 4 Y. Therefore becauſe the two Sides 
TR, RY, are equal to the two Sides AL, LB, and 
they contain equal Angles, the Parallelogram RX 
ſhall be equal and ſimilar to the Parallelogram H L. 
2 


And 


| . 
| 
8 
1 
. 

b 


" 
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And again, becauſe AL is equal to RT, and LM 
to RS, and they contain equal Angles, the Paral- 
lelogram Ry ſhall be equal and fimilar to the Paral- 
lelogram AM. For the tame Reaſon, the Parallelo- 

ram LE is equal and fimilar to the Parallelogram 

J. Therefore three Parallelograms of the Solid 
AE, are equal and ſimilar to three Parallelograms of 
the Solid T I; and ſo the three oppoſite ones of one 
Solid, are f alſo equal and ſimilar to the three oppo- 
fite ones of the other. Therefore the whole {olid 
Parallelepipedon A E is equal to the whole ſolid Pa- 
rallelepipedon V. Let DR, XY, be produced, 
and meet each other in the Point Q, and Jet TO be 
drawn thro' T parallel to D, and produce TO, 


OD, till they meet in V, and compleat the Solid 


. 29. of 


this, 


A of 


is. 


NYR I: Then the Solid ＋ , whoſe Baſe is the Pa- 
rallelogram R, and QT is that oppoſite to it, is g e- 
qual to the Solid & Y, whoſe Baſe is the Parallelo- 
ram R, and 1 œ is that oppoſite to it; for they 
and upon the ſame Baſe R, have the fame Alti 


tude, and their inſiſtent Lines R, RY, TQ, TX, 


8 Z, SN, Fr, 42, are in the ſame Right Lines 
NX, Z+ : But the Solid 1 J is equal to the Solid 
AE; and ſo AE is equal to the Solid +2, Again, 


becauſe the Parallelogram RX is equal to the 


Parallelogram QT, for it ſtands on the ſame Baſe 
RT, and between the ſame Parallels RT, QX; and 
the Parallelogram R YX T is equal to the Parallelo- 
gram-CD, becauſe it is alſo equal to AB; the Paral- 
lelogram Q T is equal to the Parallelogram CD), and 
DT is ſome other Parallelogram. Therefore as the 
Baſe CD is to the Baſe DT, ſo is T to TD; and 


becauſe the ſolid Parallelepipedon CI is cut by the 


Plane R F, being parallel to two oppoſite Planes, it 
ſhall be * as the Baſe CD is to the Baſe DT, ſo is 
the Solid CF to the Solid R I. For the ſame Rea- 
ſon, becauſe the ſolid Parallelepipedon QI is cut by 
the Plane R parallel to two oppoſite Planes; as 
the Baſe QT is to the Baſe DT, ſo ſhall * the Solid 
day be to the Solid R I; but as the Baſe CD is to the 
Baſe DT, ſo is the Baſe T to TD. Therefore as 
the Solid CF is to the Solid R I, ſo is the Solid NY 
to the Solid RI; and fince each of the Solids CE, 


Q, bas the ſame Proportion to the Solid R 1 10 
. | gol 
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Solid CF is equal to the Solid ar but the Solid 

ar has been Je equal to the Solid AE; there- 

foge the Solid A E ſhall be ſ equal to the Solid CF. 19 5. 
But now let the inſiſtent Lines AG, HK, BE, 

LM, CN, OP, DF, RS, not be at Right Angles 


| to the Baſes AB, CD. I ſay, again, that the Solid 


AE is equal to the Solid CF. Let there be drawn 

from the Points K, E, G, M, P, E, N, 8, to the Plane 
wherein are the Baſes AB, CD, the Perpendiculars 

KE, ET, GY, Me, SI, Fr, NQ, PX, meeti 

the Plane in the Points Z, T, I, o, I, 1, a, X, und 

jon S T, I, E I, T, XT, Xa, al, tI; then 

the Solid K & is equal to the Solid PI, for they ſtand 

on equal Baſes K M. PS, have the ſame Altitude, 

and the infiſtent Lines are at Right Angles to the Ba- 

ſes 3 but the Solid K & is equal to the Solid A E, and 
the Solid PI to + the Solid CF, ſince they ſtand up- t 29. of 


on the ſame Baſe, have the ſame Altitude, and their his. 


inſiſtent Lines are in the ſame Right Lines. There- 
fore the Solid AE ſhall be equal to the Solid CF. 
Wherefore, ſolid Parallelepipedons, being conſtituted 


ußon equal Baſes, and having the ſame Altitude, are 


equal to one another; which was to be demonſtrated. 
RO POSIT ION XXXII. 
40 0 4% „ 15 5 7 


Solid Parallelepipedons, that have the ſame Alti-. 
tue, are to each other as their Baſes. 


L* AB, CD, be ſolid r that 
4 have the ſame Altitude. I ſay they are to one 
another as their Baſes; that is, as the Baſe A E is to 
the Baſe CF, ſo is the Solid A B to the Solid CD. 
For apply a Parallelogram F H to the Right Line 
FG, equal to the Parallelogram A E, and compleat. 
the ſolid Parallelepipedon GK upon the Baſe FH, 
having the ſame Altitude as CD has. Then the. 
Solid AB is * equal to the Solid G K; for they ſtand * 31: of 
upon equal Baſes AE, FH, and have the ſame Alti- hit. 
tude ; and ſo becauſe the ſolid Parallelepipedon K 


is cut by the Plane DG, parallel to two oppoſite 


Planes, it ſhall be f as the Baſe HF, is to the Baſe f 25. of 
2 | Wt FC, this. 
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FC, ſo is the Solid HD to the Solid DC; but the 
Baſe FH is equal to the Baſe A E, and the Solid A B 


to the Solid EK. Therefore as the Baſe A E is to 


the Baſe CF, ſo is the Solid AB to the Solid CH. 
Wherefore ſ0/14 Parallele pi pedons that have the owe 
Altitude, are to each other as their Baſes ; which was 

to be demonſtrated, 55 e 


PRO POSITION XXXIIL | 
nr eon 


Similar ſolid Parallelepipedons, are to one another in 
the triplicate Proportion of their homologous Sides, 


ET AB, CD, be ſolid Parallelepipedons, and 
let the Side A E be homologous to the Side CF, 


I ay, the Solid AB, to the Solid CD, hath a Propor- 


tion triplicate of that which the Side AE has to the 


14. f 
; this, 


Side C FP. i . 4 , 
For produce AE, GE, HE, to EK, EL, EM; 
and make E K equal to CF, and EL to FN, an 
EM to FR; and let the Parallelogram K L, and 
likewiſe the Solid KO be compleated. Then becauſe 
the two Sides K E, EL, are equal to the two Sides 
CF, FN, and the Angle K EL equal to the Angle 
CEN; (ſince the Angle AEG is alſo equal to the 
Angle CEN, becauſe of the Similarity of the Solids 
AB, CD) the Parallelogram K L ſhall be ſimilar and 
equal to the Parallelogram CN, For the ſame Rea- 
ſon, the Parallelogram K M is equal and fimilar to 
the Parallelogram CR, and the Parallelogram OE 
to DF. Therefore three Parallelograms of the Solid 
KO, are equal and fimilar to three Parallelograms of 
the Solid CD : But thoſe three Parallelograms are * 
equal and ſimilar to the three oppofite Parallelograms. 
Therefore the whole Solid K G is equal and fimilar 
to the whole Solid CD. Let the Parallelogram GK 
be compleated, as alſo the Solids EX, LP, upon 


the Baſes G K, K L, having the ſame Altitude as A B. 
And ſince, becauſe of the Similarity of the Solids 


AB and CD, itſis as A E is to CP, ſois EG to FN; 
and ſo E H to FR, and FC isequalto E K, and FN 


to EL, and FR to EM, It ſhall be as AE is to 


EK, 
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EK, ſo is f the Parallelogram A G to the Parallelo- 4 1,6, 
gram GK ; but as GE is to EL, fois GR to KL; 
and as HE is f to EM, ſo is PE to K M. Therefore 
as the Parallelogram A G is tothe Parallelogram G K, 
ſo is GK to K L, and PE to KM. But as AG is 
to G K, ſo is t the Solid A B to the Solid EX; and t 32. of 
as G K. is to K L, ſo is the Solid EX to the Solid this. 
PL; and as PE is to KM, ſo is the Solid PL to 
the Solid K O. Therefore as the Solid AB is to the 
Solid E X, fo is EX to PL, and PL to K O. But * 11. 5. 
if four Magnitudes be continually proportional, the 
firſt to the fourth hath ; a triplicate Proportion of f Def. 11. 
z that which it has to the "pens Therefore alſo the 5. 

Solid AB to the Solid K O, hath a triplicate Propor- 

tion of that which A B has to EX: But as AB is to 
| EX, ſo is the Parallelogram AG to the Parallelo- 
0 oramGK ; andſvistheRightLine AE to the Right 
Line EK. Wherefore the Solid AB, to the Solid 
| K O, hath a Proportion triplicate of that which AE 

has to E K; but the Solid K O is equal to the Solid 
; CD, and the Right Line E K equal tothe Right Line 
CF. Therefore the Solid A B to the Solid CD, has 
ö 


e 


a Proportion triplicate of that which the homologous 
Side AE has to the homologous Side CF; which 
was to be demonſtrates. * 


Coroll. From hence it is manifeſt, if four Right Lines 
be proportional, as the firſt is to the fourth, ſo is 

- a ſolid Parallelepipedon deſcribed upon the firſt, 
to a fimilar ſolid Parallelepipedon alike, fituate, 
- deſcribed upon the ſecond ; becauſe the firſt to 
the fourth, has a Proportion triplicate of that 
Which it has to the ſecond. 1 


, * 
1 1 
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PROPOSITION XXXIV. 
7447 i | 
The Baſes and Altitudes of equal ſolid Parallelepi- 
pedons, are reciprocally proportional; and thoſe 


 folid Parallelepipedons, whoſe Baſes and Alti- 
 tuaes are reciprocally proportional, are equal. 


ET AB, CD, be equal ſolid Parallelepipedons. 
I ſay, their Baſes and Altitudes are reciprocall 
oportional, that is, as the Baſe EH is to the Baſe 
NP, ſo is the Altitude of the Solid CD to the Alti- 
tude of the Solid AB. 
Firſt, let the infiſtent Lines AG, EF, LB, HK, 
CM, NX, OD, PR, be at Right Angles to their 
Baſes. I ſay, as the Baſe EH is to the Baſe NP, fo 
is CM to AG, For if the Baſe EH be equal 
to the Baſe NP, and the Solid AB is equal to the 
Solid CD, the Altitude CM ſhall alſo be equal to 
the Altitude A G : For if when the Baſes E H, NP, 
are equal, the Altitudes A G, CM, are not ſo ; then 
the Solid AB will not be equal to the Solid CD, but 
it is put equal to it. Therefore the Altitude CM is 
not unequal to the Altitude A G, and ſo they are ne- 
| ceſſarily equal to one another; and conſequently, as 
the Baſe E H is to the Baſe NP, ſo ſhall CM be to 
AG. But now let the Baſe EH be unequal to the 
Baſe NP, and let EH be the greater: Then fince 
the Solid AB is equal to the Solid CD, CM is great- 
erthan AG; for otherwiſe it would follow that the 
Solids A B, CD, are not equal, which are put ſuch. 
Therefore make CT equal to AG, and compleat the 
ſolid Sroormy 5 8 VC upon the Baſe NP, having 
the Altitude CT. Then becauſe the Solid AB is 
1 equal to the Solid CD, and VC is ſome other Solid, 
5. 5. and ſince equal Magnitudes have * the ſame Propor- 
* tion to the ſame Magnitude, it ſhall be as the Solid 
5 858 AB is to the Solid CV, fo is the Solid CD to the 
OT Solid CV ; but as the Solid AB is to the Solid CV, 
+ 32.of ſo is f the Baſe EH to the Baſe NP; for AB, CV, 
t 5iß. are Solids having equal Altitudes. And as the Soli 
7555. of CD is to the Solid CV, ſo is the Baſe MP to 15 
his. | 1 | Baic 
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Baſe PT, and fo is MC to CT. Therefore as the 
Baſe EH is to the Baſe NP, ſo is MC to CT; but 
CT is equal to AG. Wherefore as the Baſe EH is 
to the Baſe NP, fois NC to AG. Therefore the 
Baſes and Altitudes of the equal ſolid Parallelepipe- 
dons A B, CD, are reciprocally proportional. 
Now, let the Baſes and Altitudes of the ſolid Pa- 
rallelepipedons A B, CD, be reciprocally proportio- 
nal; that is, let the Baſe EH be to the Baſe NP, 
as the Altitude of the Solid CD is to the Altitude of 
the Solid AB. I ſay the Solid A B is equal to the 
Solid CD. „ . 
For let again the inſiſtent Lines be at Right Angles 
to the Baſes; then if the Baſe E H be equal to the 
BaſeNP, and EH is to NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; the 
Altitude of the Solid C D ſhall be equal to the Alti- 
tude of the Solid AB. But ſolid Parallelepipedons 
that ſtand upon equal Baſes, and have the ſame Al- | 
titude, are * equal to each other. Therefore the So-* 31. of © 
lid AB is equal to the Solid CD. _ 
But now let the Baſe E H not be equal to the Baſe 
NP, and let E H be the greater; then the Altitude o 
the Solid CD is greater than the Altitude of the So-- 
lid AB; that is, CM is greater than AG. Again, 
put CT equal to AG, and compleat the Solid CV 
as before: And then becauſe the Baſe E H is to the 
Baſe NP, as MC is to AG, and AG is equal 
to CT; it ſhall be as the Baſe EH is to the 
Baſe NP, ſo is MC to CT; but as the Baſe EH 
is to the Baſe NP, ſo is the Solid A B to the Solid 
VC ; for the Solids AB, CV, have equal Altitudes : 
And as MC is to CT, fo is the Baſe MP to the 
Baſe PT, and ſo the Solid CD to the Solid CV. 
Therefore as the Solid AB is to the Solid CV, ſo 
is the Solid CD to the Solid CV: But fince each of 
the Solids AB, CD, has the ſame Proportion to 
CV, the Solid A B ſhall be equal to the Solid CD; 
which was to be demonſtrated. — SIE. 
Now let the inſiſtent Lines FE, BL, GA, KH, 
XN, DO, MC, R P, not be at Right Angles to the 
Baſes ; and from the Points E, G, B, K, X, M, D, R, 
let there be drawn Perpendiculars to the Planes 
of the Baſes EH, NP, meeting the {ame in the 
N . Points 


— , 
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proved, 


Points.S, T, Y, V, Q, Z, o, o, and compleat the 
Solids FV, X 2. Then, I ſay, if the Solids A B, 


CD, be equal, their Baſes and Altitudes are e. 5 


cally proportional, vis. as the Baſe EH is to the Baſe 
NP, ſo is the Altitude of the Solid C D to the Al- 
titude of the Solid AB. 


For becauſe the. Solid A B is equal to the Solid 


* 30,of CD, and the Solid AB is * equal to the Solid BT; 


this, for they ſtand upon the ſame Baſe, have the ſame Al- 

titude, and their inſiſtent Lines are not in the ſame 

Right Lines, and the Solid DC is & equal to the So- 

lid DZ, fince they ſtand upon the ſame Baſe, XR 

have the ſame Altitude, and their inſiſtent Lines are 

not in the ſame Right Lines; the Solid B ſhall be 

equal to the Solid D Z; bur the Baſes and Altitudes 

or thoſe equal Solids, whoſe Altitudes are at Right 

+ From Angles to their Bales, aref reciprocally proportional. 

what has Therefore as the Baſe E K is to the Bale R, ſois 

been before the Altitude of the Solid D Z, to the Altitude of the 

Solid BT; but the Baſe EK is equal to the Baſe 

E H, and the Baſe X R to the Baſe N P. Wherefore 

as the Baſe EH is to the Baſe NP, ſo is the Altitude 

of the Solid DZ to the Altitude of the Solid BT; 

but the Solids DZ, DC, have the ſame Altitude, and 

ſo have the Solids BT, B A. Therefore the Baſe EH 

3s tothe Baſe NP, as the Altitude of the Solid DC 

is to the Altitude of the Solid AB; and ſo the Baſes 

and e of equal Solids are reciprocally propor- 
tional. 

Again, let the Baſes and Altitudes of the ſolid 

Parallelepipedons A B, CD, be reciprocally propor- 

tional, vis. as the Baſe E H is to the Baſe N P, ſo let 

the Altitude of the Solid CD be to the Altitude of 


the Solid AB. I ſay, the Solid A B is equal to the 
Solid CD. 


For the ſame Conſtruction remaining, becauſe the 


Baſe EH is to the Baſe NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; and 
ſince the Baſe EH is equal to the Baſe EK, and NP 
toXR, it ſhall be as the Baſe FK is to the Baſe XR, 
ſo is the Altitude of the Solid CD to the Altitude of 
the ſolid AB; but the Altitudes of the Solids AB, 
BT, are the ſame; as alſo of the Solids CD, D. 
Therefore the Baſe FK is to the Baſe SR . 

titude 
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Altitude of the Solid D Z is to the Altitude of the- 


Solid BT; wherefore the Baſes and Altitudes of the 


ſolid Parallelepipedons BT, D Z, are reciprocall 
proportional; but thoſe ſolid Parallelepipedons, bels 
Altitudes are at Right Angles to their Baſes, and the 
Baſes and Altitudes are om proportional, are 
equal to each other, But the Solid B IT is equal to 
the Solid BA; for they ſtand upon the ſame Baſe 
F K, have the ſame Altitude, and their inſiſtent Lines 
are not in the ſame Right Lines; and the Solid DZ. 
is alſo equal to the Solid DC, fince they ſtand upon 
the ſame Baſe XR, have the ſame Altitude, and their 
inſiſtent Lines are not in the ſame Right Lines. 
Therefore the Solid A B is equal to the Solid CD; 
which was to be demonſtratea. I 


'PROPOSITION XXXV. 


THEOREM. 


If there be two plane Angles equal, and from the Ver- 
tices of thoſe Angles two Right Lines be elevated a- 
bove the Planes, inwhich the Angles are, contain- 
ing equal Angles with the Lines firſt given, each to 
its correſpondent one; and if in thoſe elevated Lines 

any Points be talen, from which Lines be drawn per- 
pendicular to the Planes in which the Angles firſt 
given are, and Right Lines be arawn to the Augles 

firſt given from the Points made by the Perpen- 
diculars in the Planes, thoſe Right Lines will con- 

_ tain equal Angles with the elevated Lines. 


T ET BAC, ED E, be two equal Right: lin'd An- 

les; and from A, D, the Vertices of thoſe An- 
gles, let two Right Lines AG, DM, be elevated 
above the Planes of the ſaid Angles, making equal 
hone with the Lines firſt given, each to its corre- 


ndent one, vi. the Angle MDE equal to the 
nole GAB, and the Angle MDF to the Angle 

GAC; and take any Points G and M in the Right 
Lines AG, DM, from which let GL, MN, be 
drawn perpendicular to the Planes paſſing thro BAC, 
ED FP, meeting the ſame in the Points L, N, and 
Q 2 | join 
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join LA, ND. I ſay the Angle GAL is equal to 


the Angle MD N. 

Make A H equal to DM, and thro' H let HK be 
drawn parallel to GL; but GL is perpendicular to 
the Plane paſſing thro BAC. Therefore HK: ſhall 


= of this, be#alſo perpendicular tothe Plane paſſing thro' BAC. 


T 47 . 


Draw from the Points K, N, tothe Right Lines AB, 
AC, DE, DE, the Perpendiculars K B, K C, NE, 


NF, and join HC, CB, MF, FE. Then becauſe 
the Square of H A js f equal to the Squares of H K, 


EKA, and the Squares of K C, CA, are t equal to 


. 


* 
ty 
BD 
— 


T 3; 4; 


to DE, the two Sides CA, AB, ſhall be n 


the Square of K A ʒ the Square of H A ſhall be equal 
to the Squares of HK, K C, CA; but the Square of 
HC is equal to the Squares of HK, K C. Therefore 
the Square of H A will be equal to the Squares of 
HC and CA; and ſo the Angle HCA is t a Right 
Angle. For the ſame Reaſon, the Angle DEM is 
alſo a Right Angle. Therefore the Angle ACH is 
equal to DF M; but the Angle HAC is alſo equal 
to the Angle MDF. Therefore the two Triangles 
MDF, HAC, have two Angles of the one equal to 
two Angles of the other, each to each, and one Side 
of the one equal to one Side of the other, vis. that 
which is ſubtended by one of the equal Angles; that 
is, the Side HA equal to DM; and ſo the other 


Sides of the one, ſhall be * equal to the other Sides 


of the other, each to each. Wherefore A C is equal 


to DF. In like Manner we demonſtrate, that AB is 


equal to DE; for let HB, ME, be joined. Then 
becauſe the Square of AH is equal to the Squares of 
AK and K H; and the Squares of AB, BK, are 
equal to the Squarcof AK; the Squares of AB, BK, 
KH, will be equal to the Square of AH; but the 
Square of BH is equal to the Squares of BK, KH; 
for the Angle HK B is a Right Angle, becauſe HK 
is a wer to the Plane paſſing thro' BAC. 
Therefore the Square of AH is equal to the Squares 
of AB, BH. Wherefore the Angle AB His f a Right 
Angle. For the ſame Reaſon, the Angle DEM 
is alſo a Right Angle. And the Angle BAH is 
equa] to the Angle EDM, for ſo it is put; and AH 


is equal to DM. Therefore AB is f alſo equal to 


DE. And fo ſince AC is equal to DF, and AB 
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the two Sides FD, DE; but the Angle BAC is 
equal to the Angle EDE. Therefore the Baſe BC 
is * equal to the Baſe EF, the Triangle to the Tri- * 4. 1 
angle, and the other Angles to the other Angles. 
Wherefore the Angle ACB is equal to the Angle 
DFE ; but the Right Angle ACK is equal to the: 
Right Angle DFN; and therefore the remaining An- 
ole BC K is equal to the remaining Angle E FN. 
For the ſame Reaſon, the Angle CBK is equal to 
the Angle FE N; and ſo becauſe B CK, E FN, are 
two Triangles, having two Angles equal to two An- 
gles, each to each, and one Side equal to one Side, 
which is at the equal Angles, vis. B C equal to EF; 
therefore they ſhall have the other Sides equal to the 
other Sides. Therefore C K is equal to FN, but AQ 
is equal to DF. Therefore the two Sides AC, CK, 
rare equal to the two Sides DF, FN, and they con- 
tain Right Angles ; conſequently the Baſe A K is 
ö equal to the Baſe DN. And ſince A H is equal to 
ö DM, the Square of A H ſhall be equal to the Square 
of DM; but the Squares of AK, K E, are equal to 
. the Square of AH ; for the Angle AK H is a Right 
t Angle, and the Squares DN, NM, are equal to the 
r Square of D M, fince the Angle DNM is a Right 
8 
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Angle. Therefore the Squares of A K, K H, are 
equal to the Squares of DN, NM; of which the 
6 Square of A K is equal to the Square of DN. Where- 
n fore the Square of K H remaining, is equal to the re- 
f maining Square of N M; and ſo the Right Line HK 
e is equal ro MN. And ſince the two Sides HA, AK, 
8 are equal to the two Sides MD, DN, each to each, 
and the Baſe H K has been proved equal to the Baſe 
NM, the Angle H A K ſhall be t equal to the Angle t 8. 1. 
MD N; which was to be demonſtrated. ; 


2 wr Fake 
* 


Coroll, From hence it is manifeſt, that if there be two 
Right-lin'd plane Angles equal, from whoſe Points 
equal Right Lines be elevated on the Planes of tho 
Angles, containing equal Angles with the Lines 
firſt given, each to each; Perpendiculars drawn | 
from the extreme Points of hoffe elevated Lines to 
the Planes of the Angles firſt given, are equal to 


one another. 


3 


C 
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PROPOSITION XXXVII. 


THEOREM. 


If three Right Lines be proportional, the Solid Paral- 
lelepipedon made of them, is equal tothe ſolid Pa- 


rallelepipedon made of the Middle Line, if it le 


an Equilateral one, and Equiangular to the 
aforeſaid Parallelepipedon. 


ET three Right Lines A, B, C, be proportional, 
vi. Let A be to B, as B is to C. I ſay, the So- 

lid made of A, B, C, is equal to the equilateral So- 
lid made of B, equiangular to that made on A, B, C. 
Let E be a ſolid Angle contained under the three 


plane Angles DEG, GEP, FED; and make DE, 


GE, E F, each equal to B, and compleat the ſolid 


126. of 
this. 


F 14. 6. 


Parallelepipedon EK. Again, put LM equal to A, 
and at the Point L, at the Right Line LM, make* a 
ſolid Angle contained under the plane Angles NLX, 
XLM, MLN, equal to the ſelid Angle E; and make 
LN equal to B, and LX to C. Then becauſe A is 
to B, as B is to C, and A is equal to LM, and B to 
LN, EF, EG, or ED, and C to LX; it ſhall be 


as LM is to EF, ſo is G E to LX. And fo the Sides 


about the equal Angles M LX, GE E, are recipro- 
cally proportional. Wherefore the Parallelogram 


MX is f equal to the Parallelogram G F. And fince 


the two plane Angles GE F, X LM, are equal, and 


the Right Lines LN, ED, being equal, are erected at 
the angular Points containing equal Angles with the 


Lines firſt given, each to each; the Perpendiculars 
drawn + from the Points N, D, to the Planes drawn 


thro X LM, G EF, are equal one to another. There- 
fore the Solids LH, EK, have the ſame Altitude; but 
ſolid Parallelepipedons that have equal Baſes, and the 
ſame Altitude, are * equal to each other. Therefore 
the Solid HL is equal to the Solid EK. But the 80- 
lid HL is that made of thethree Right Lines A, B, C, 


and the Solid E K that made of the Right Line B. 


Therefore, if three Right Lines be proportional, the ſo- 
lid Parallelepipedon made of them, is equal to the ſolid 
Parallele pipedon maze cf the Midale Line, if it be an 

3 equi 


* 
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equilateral one, and equiangular to the aforeſaid ꝓa- 
 rallelepipeaon ; which was to be 5 


PROPOSITION XXXVII. 
oe inne e 
If four Right Lines be proportional, the ſolid Paral- 
lelepipedons ſimilar, and in like manner deſcribed 
from them, ſhall be proportional. And if the ſo- 
lid Parallelepipedons, being ſimilar, and alike de- 


ſcribed, be proportional, then the Right Lines 


they are deſcribed from, ſhall be proportional. 


* the four Right Lines AB, CD, EF, GH, 


oportional, viz. let A B be to CD, as EF 
is to GH, and let the ſimilar and alike ſituate Paral- 


lelepipedons K A, LC, ME, NG, be deſcribed from 


them. I ſay, K A is to LC, asME is to NG. 
For becauſe the ſolid Fr onns KA is ſimi- 
lar to LC, therefore K A to LC 


475 


all have * a Pro- * 33. of 


portion triplicate of that which A B has to CD. For this. 


the ſame Reaſon, the Solid ME to NG will have a 


| U Proportion of that which EE has to GH. But 


Ah is to CD, as EF is to GH. Therefore A K is to 
LC, as ME is to NG. And if the Solid AK be to 
the Solid LC, as the Solid M E is to the Solid N G. 
Ifay, as the Right Line AB is tothe Right Line CD, 
fo is the Right Line EF to the Right Line GH. For 


becauſe A K to L C has ſ a Proportion triplicate of f 33. of 


that which A B has to CD, and ME to NG has att his. 


Proportion triplicate of that which EF has to GH, 
and fince AK is to LC, as ME is to NG; it ſhall 
beas AB is to CD, ſois EF to GH. Therefore, 
if four Right Lines be proportional, the ſolid Parallel- 
eßi pedons ſimilar , and in like Manner deſori bed from 
them, ſhall be proportional. And if the ſolid Paral- 
lelepi pedons, being ſimilar and alike deſcribed, be pro- 


fortional, then the Right Lines they are deſcribed from, 
Hall be proportional; which was to be demonſtrated. 


Q 4 R- 
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PRO POSITION XXXVVII. 
THEOREM. 


| If a Plane be perpendicular to a Plane, and a 
1 Line be drawn from a Point in one of the 
| Planes perpendicular to the other Plane, that 
| Perpendicular ſhall fall in the common Section 
of the Planes. | 


1 E T the Plane CD be perpendicular to the Plane 

| AB, let their common Section be AD, and let 

1 | ſome Point E be taken in the Plane CD. I ſay, a 

| Perpendicular, drawn from the Point E to the Plane 

AB, falls on AD. | 

For if it does not, let it fall without the ſame, as 

| E F meeting the Plane A B in the Point F, and from 

| : the Point F let FG be drawn in the Plane A B per- 

* Def. 4. pendicular to AD; this ſhall be * perpendicular to 

this. the Plane CD; and join EG. Then becauſe F G is 

| 4 4 peers to the Plane CD, and the Right Line 

in the Plane of CD touches it: The Angle 

q T Def. 3. F GE ſhall be f a Right Angle. But EF is allo 

, of this. at Right Angles to the Plane AB; therefore the 

1 Angle EFGis a Right Angle. And ſo two Angles 

| of the Triangle E F G, are equal to two Right An- 

＋ 17. 1. gles ; which is + abſurd. Wherefore if a Right Line, 

rawn from the Point E perpendicular to the Plane 

AB, does not fall without the Right Line A D: And 

ſo it muſt neceſſarily fall on it. Therefore, if a Plane 

be perpendicular to a Plane, and a Line be drawn 

from a Point in one of the Planes perpendicular to 

the other Plane, that Perpendicular "gan fall in the 

common Section of the Planes; which was to be de- 
monſtrated, 
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T -E the Sides of CF, AH, the oppoſite Planes of 


and DG the Diameter of the ſolid e 


DE is * parallel to BG, and D, I, G, 8, are Points « ,. 1. 


PROPOS1ATION XXXIX. 
THEOREM. 


If the Sides of the oppoſite Planes of a ſolid Paral- 
lelepipedon be divided into tuo equal Parts, and 
Planes be drawn thro' their Sections; the com- 
mon Settion of the Planes, and the Diameter of 
the ſolid Parallelepipedon, ſhall divide each other 
into two equal Parts. | 


the ſolid Parallelepipedon AF, be cut in half in 
the Points K, L, M, N, X, O, P, R, and let the 
Planes K N, X R, be drawn thro' the Sections: 
Alſo let Y S be the common Section of the Planes, 


I ſay, YS, D G, biſect each other, that is, Y T is 
equal to T 8, and DT to TG. : 

For join DT, YE, BS, SG. Then becauſe DX 
18 8 to O E, the Alternate Angles DX Y, YOE 
are * equal to one another. And becauſe DX is equal * 29. 1. 
to OE, and YX to YO, and they contain equal 
Angles, the Baſe D ſhall be f equal to the Baſe YE + 4 
and the Triangle DX to the Trian le IXO E, and 
the other Angles equal to the other 3 : There 
fore the Angle X Y D is equal to the Angle OI E; 
and ſo D E is t a Right Line. For the ſame Rea- + 14. 1. 
ſon BSG is alſo a Right Line, and BS is equal to 
S G. Then becauſe CA is equal and parallel to D B, 
as alſo to E G, D B ſhall be equal and parallel to E G; 
and the Right Lines D E, G B, join them: Therefore 


- E — F CY Ip —_ FO —_ < 7 ; - — — 8 . — 
3 — ·˙wA m . . .. 2 8 — SToeia £ — _ SG EIT bh 
pers AE nn I . £4 5. CRE Se III — 2 n 8 22 r : Io 
N Nr — 8 Co *. — — a ww ” 1 * : So * * — n - $56 =" ne 
n : —_ "% — 2 „ee 8 . : 


Cen Sie 2 


1 
+: 
ih, 
8 
1 
* 
7 
74 
1 
; 
1 
. 
Mo 
oy 
*. 


. 


taken in each of them, and D G, IS, are joined. There- 
fore DG, IS, are f in one Plane. And ſince DE is 1 7, of... 
parallel to BG; the Angle EDT ſhall be * equal to % s. 
the Angle BG T, for they are Alternate. But the Angle 29. 1. 
DTI, is + equal to the Angle G TS. Therefore t 1j. 1. 
DT, GTS are two Triangles, having two Angles 
of the one equal to two Angles of the other, as like- 
wiſe one Side of the one equal to one Side of the o- 
ther, viz. the Side D equal to the Side G8: For 
they are Halves of DE, BG: Therefore they ſhall 
hays the gther Sides of one, equal to the other os 
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of the other; and ſo DPT is equal to TG, and YT 
to TS. Wherefore, F he Sides of rhe oppoſite Planes 
of a ſolid Paralleispipedon be divided into two equal 

Parts, and Planes be arawn thro' their Sections; the 
common Section of the Planes, and the Diameter of the 
folid Parallelepipeaon, ſhatl divide each other into two 
equal Parts; which was to be demonſtrated. 


PROPOSITION XI. 
C 
Tf of two triangular Priſms, one ſtanding on a Baſe, 
which is a Parallelogram, and the other on a Tri- 
angle, if their Altitudes from theſe Baſes are e- 
qual, and the Parallelogram double to the Trian- 
gle, then thoſe Priſms are equal to each other. 


ET ABCDEF, GHE LMN be two Priſms 
of equal Altitude. The Baſe of one of which is 
the Parallelogram AF, and that of the other, the 
Triangle GHK, and let the Parallelogram AF be 
double to the Triangle GH K. I fay the Priſm AB- 
CDEF is equal to the Priſm GHKLMN. 

For compleat the Solids AX, GO. Then becauſe 
the Parallelogram AF is double to the Triangle 
G H K, and fince the Parallelogram HK is * dou- 
ble to the Triangle GHK, the Parallelogram AF 
ſhall be equal to the Parallelogram HK. But ſo- 
lid Parallelepipedons, that ſtand upon equal Baſes,and 
have the ſame Altitude, are f equal to one another. 
Therefore the Solid A X is equal to the Solid GO. 
But the Priſm ABC DEF is half the Solid AX, and 
the Priſm GHKLMN is t half the Solid GO: There- 
fore the Priſm ABCDEF is equal to the Priſm G H- 
KLMN, Wherefore, #if there be two Pri ſins — 


equal Altitudes, the Baſe of one of which 1s a Par 


telogram, and that of the other a Triangle, and if the 
Parallelogram be double to the Triangle, the ſaid 
Priſms ſpall be equal to each other. © 
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BOOK XII. 


PRO POSITION I. 
THEOREM. 


Similar Polygons, inſcrib'd in Circles, are to one ano- 
ther as the Squares of the Diameters of the Circles. 


ET ABCDE, FGH KL, be Circles, 
I wherein are inſcrib'd the ſimilar Poly- 
gons ABCDE, FGHK L, and let 
SE BM, GN, be Diameters of the Cir- 
„ 4 cles. I ſay, as the Square of BM is to 
we che Square of GN, ſo is the Polygon 
ABCDE to the Polygon FGH KL. | 
For join BE, AM, GL, FN. Then becauſe the 
Polygon ABCDE is fimilar to the Polygon FG H- 


K L, the Angle BA E is equal to the Angle GFL; 


and BA is to AE, as GF is to FL. Therefore 
the two Triangles BAE, GFL, have one Angle of 
the one equal to one Angle of the other, vis. the An- 
gle BA E equal to the Angle GFL, and the ow 
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teſs than the leſſer of the 
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about the equal Angles proportional. Wherefore the 
Triangle A B E is*equiangular to the Triangle FGL; 
and ſo the Angle AE B is equal to the Angle ELG. 
But the Angle AE B is F equal to the Angle AMB; 
for they ſtand on the ſame Circumference 5 and the 
Angle FL G is f equal to the Angle FN G. There- 
fore the Angle A MB is equal to the Angle FN G. 
But the Right Angle BAM is + equal to the Right 


Angle GFN. Wherefore the other Angle ſhall be 


equal to the other Angle. And ſo the Triangle AMB 
is equiangular to the 'Triangle FGN ; and conſe- 
uently * as BM is to GN, ſo is BA to GF. But 
the Proportion of the Square of BM to the Square 
0 
GN; and the Proportion of the Polygon A BCD E 
to the Polygon FG HK L, is | duplicate of the Pro- 
portion of B A to GF. Wherefore, as the Square of 
Þ M is to the Square of GN, ſo is the Polygon 


ABCDE to the #591 FG HK L. Therefore, 
ſimilar Polygons, inſcri : 
ther as the Squares of the Diameters of the Circies; 


A in Circles, are to one ano- 
which was to be demonſtrated. 


LE MMA. 
If there be two unequal Mag- 
nitudes propos d, and from 
ibo greater be takena Part D A 
greater than its Half; aud A | 
if from what remains K Fj Fi 
there be again takena Part 5 a 
greater than half this Re- 11 En 
mainder; and again from 
this laſt Remainder a Part | 
greater than its half; and | | 
if this be done continually, 
there will remain at la a 
Magnitude that ſhall be + 


propes'd Magnitudes. 


L ET AB and C be two unequal Magnitudes, 
4 Whereot AB is the greater, I ſay, if from AB 


. 


GN, is e ee of the dey e of BM to 
Do 
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be taken a 1 Part than half, and from the Part 
remaining there be again taken a Part greater than its 
| half, and this be done continually, there will remain 
a Magnitude at laſt that ſhall be leſs than the Mag- 
nitude C. | | 
For C being ſome Number of Times multiply'd, 
will become greater than the Magnitude A B. Let 
it be multiply'd, and let DE be a Multiple of C 
reater than AB. Divide DE into Parts D E, F G, 
G E each equal to C,and take B H a Part greater than 
half of A B from AB, and again from A H the Part 
HK greater than halt A H, and from AK a Part 


greater than half A K, and ſo on, until the Diviſions | 


thatare in AB are equal in Number to the Diviſions 
in D E. Therefore let the Diviſions A K, K H, H B, 
be equal in Number to the Diviſions D E, FG, GE. 
Then becauſe D E is greater than A B, and the Part 


E G is taken from E P, being leſs than half thereof, 


and the Part B H greater than half of A B is taken 
from it, the Part remaining GD, ſhall be greater 
than the Part remaining H A. Again, becauſe GD 
is greater than HA; and G E being half of GD, is 
taken from the ſame ; and HK being greater than 
half H A, is taken from this likewiſe ; the Part re- 
maining FD, ſhall be greater than the Part remain- 
ing AK; but FD is equal to C. Therefore C is 

reater than AK; and ſo the Magnitude AK is 
ſeller than C. Therefore the Magnitude AK being 
the Part remaining of the Magnitude AB, is leſs 
than the lefler propos d Magnitude C; which 
was to be demonſtrated. If the Halves of the Mag- 
nitudes ſhould have been taken, we demonſtrate this 
after the ſame Manner. This is the firſt Propoſirion 
of the tenth Book. 


PROPOSITION, I. 
ERS 0 Rs 
Circles are to each other as the Squares of their 
9722100 | Diameters. | | 


ET ABCD, EFGH, be Circles, whoſe Di. 
ameters are BD, F H. I ſay, as the Square of 
ABCD 


BD is to the Square of FH, ſo the Circle 


to the Circlè EFG H. For 


| 
I 
14 
#1 


TP 8 
— - *. 
Wt Re 2 5 nit Es 


8 
ig dhe) 


>= 1 be = 2 — 
. 


r — 4 
25 
— 


— 
* 
n 


2. ho 


e 8 — Nn 
AA = EE * - 
=> Er I 


T IIS WES : 
CE EI nn er, 
SES - _ ES D Iſls 
<5, IM * RI = 


240 


.. 


Euclid's ELEMENTS. Book XII. 


For if it be not ſo, the Square of BD ſhall be to 
the Square of FH, as the Circle ABCD is to ſome 
Space either leſs or greater than the Circle EPG H, 
Firſt let it be toa Space 8, leſs than the Circle E FGH, 
and let the Square EFGH be deſcribed therein. 

This Square EFGH will be greater than half the 


Circle EFGH ; becauſe if we draw Tangents to the 


Circle thro' the Points E, E, &, H, the Square E FGH 
will be half that deſcribed about the Circle; but the 
Circle is leſs than the Square deſcribed about it. There- 
fore the Square EFGH is greater than half the Circle 
EFGH. Let the Circumferences EF, FG, GH, 


HE, be biſected in the Points K, L, M, N, and join 


EK, KF, FL, LG, GM, MH, HN, NE, Then 
each of the Triangles EK F, F LG, G MH, 
HNE, will be * greater than one half of the Segment 
of the Circle it ſtands in. Becauſe if Tangents at theCir- 
cle be drawn thro' the Points K, L, M, N, and the Pa- 
ral lelograms that are on the 5 — Lines EE, FG, GI, 
HE be . mens each of the 

GMH, H 

Parallelograms; but the Segment is leſs than the Pa- 
rallelogram. Wherefore each of the Triangles EKF, 
FLG, GMH, HNE is greater than one half of the 
Segment of the Circle in which it ſtands. Therefore 
if cheſs Circumferences be again biſeRed, and Right 
Lines be drawn joining the Points of Biſection, and 
you do thus continually, there will at laſt remain 
Segments of the Circle, that ſhall be leſs than the Ex- 
ceſs, by which the Circle EFGH exceeds the Space 
8. For it is demonſtrated in the foregoing Lenima, 
that if there be two unequal Magnitudes propoſed, 
and if from the greater a Part greater than half be taken 
from it, and 1 from the Part remaining a Part great- 

er than half be taken, and you do this continually ; 

there will at laſt remain a Magnitude that will be leſs 

than the leſſer propoſed Magnitude. Let the Seg- 

ments of the Circle EFGH on the Right Lines EK, 

KF, FL, LG, GM, MH, H N, N E, be thoſe 

which are leſs than the Exceſs, whereby the Circle 

EFGH exceeds the Space S, and then the re- 

maining Polygon EK F LGM HN ſhall be greater 


than the Space 8. Alſo deſcribe the Polygon A X 
BOCPDR. in the Circle A B CD, ſimilar to the Po- 


Iygon 


riangles EKF,FLG, 
E is half of each of the correſponding 
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) lygon EKFLGMHN, Wherefore as the Square 

. "BD is to the Square of FH ſo is the Polygon AX 

4  BOCPDR tothe Polygon EK FL GMHN. But * 1. of 

3 as the Square of BD is to the Square of FH, ſo is the this, 
Circle ABCD to the Space 8. Wherefore as the 

i Circle ABCD is to the 1 8, ſo is f the Polygon + 11. 5. 

> AXBOCPDR tothe olygon EK FDGMHN. 


But the Circle A BCD is greater than the Polygon 
in it. Wherefore the Space 8 ſhall be f alſo greater 
; than the Polygon EK FLGMUHN, but it is leſs + 1 From the 
likewiſe 3 which is abſurd. Therefore the Square of Hye. 
BD to the Square of F H, is not as the Circle ABC D 
to ſome Space leſs than the Circle EFG H. After 
the ſame Manner we likewiſe demonſtrate that the 
Square of EH to the Square of BD is not as the Cir- 
cle EF GH, to ſome Space leſs than the Circle A B- 
CD. Laſtly, I ſay, the Square of BD to the Square 
| of FH is not as the Circle A BCD, to ſome Space 
greater than the Circle EFG H; for if it be poſſible, 
Z let it be ſo, and let the Space 8 be pou than the 
. Circle EFG; then ſhall it be (by Inverſions) as the 
Square of F H is to the Square of BD, ſo is the Space 
Sto the Circle A B CD. But becauſe 8 is greater than 
the Circle EFGH, the Space ſhall be to the Circle 
A BCD, as the Circle E FGH is to ſome Space leſs 
than the Circle ABCD. Therefore, as the Square 
of FH is to the Square of BD, ſo is * the Circle * 11. 5, 
EF GH to ſome Space leſs than the Circle ABCD; 
which has been demonſtrated to be impoſſible. Where- 
fore the Square of B D to the Square of F H, is not 
as the Circle A B CD to ſome Space greater than the 
Circle EFG H. But this alſo has been proved, that 
the Square of BD tothe Square of F H, is not as the 
Circle AB CD to ſome Space leſs than the Circle 
EFGH. Wherefore as the Square of B is to the 
Square of F H, ſo ſhall the Circle ABCD be to the 
Circle EFG H. Wherefore Circles are to each o- 
ther 3s the Squares of their Diameters; which was 
to be demonſtrated. © o Fr 
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PROPOSITION Ul. 
THEOREM. l 


| Every Pyramid having a triangular Baſe may be 


divided into, two Pyramids, equal and fimilar 


To one another, having triangular Baſes, and 


ſimilar to the whole Pyramid, and into two 


equal Priſms, which two Priſms are greater 


than the half of the whole Pyramid. 


| T there be a Pyramid, whoſe Baſe is the 
Triangle A BC; and Vertex the Point D. I 
ſay the Pyramid AB CD may be divided into two 
Pyramids equal and ſimilar to one another, having 
triangular Baſes, and fimilar to the whole ; and into 
two equal Priſms; which two Priſms are greater 


than the half of the whole Pyramid. 


For biſet AB, BC, CA, AD, DB, D C, in the 
Points E, F, G, H, K, L. and join E H, EG, GH, 


HK, K L, LH, E K, K FE, FG. Then becauſe A E 


is equal to E B, and A H to HD, E H ſhall be * pa- 


rallel to DB. For the ſame Reaſon, HK alſo is pa- 


rallel to A B. Therefore HE BK is a Parallelogram ; 


and ſo H K is ſ equal to E B, but E B is equal to A E. 
Therefore A E ſhall be alſo equal to H K, but A His 
equal to HD. Wherefore the two Sides AE, AH 


are equal to the two Sides K H, H D, each to each, and 


the Angle EA H is t equal to the Angle K HD: 
- Wherefore the Baſe E H is equal to the Baſe K D: 
And ſo the Triangle A E H is equal and ſimilar to the 


Triangle HK D. For the ſame Reaſon, the Triangle 
AH 6 ſhall alſo be equal and ſimilar to the Triangle 
HL D. And becauſe the two Right Lines E H, H G, 
touching each other, are parallel to the two Right Lines 
K D, DL, . Gap other, and not in the ſame 


Plane with them, they ſhall contain | equal Angles. 


Therefore the Angle EH G is equal to the Angle 


K DL. Again, becauſe the two Sides E H, HG, are 


equal to the two Sides K D, D L, each to each, and 
the Angle E H G is equal to the Angle K D L, the 


Baſe EG ſhall be * equal to the Baſe K L: And 
therefore, the Triangle E HG is equal and ſimilar to 


the Triangle K DL. For the ſame Reaſon, the Tri- 


angle 


1 
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angle AEGis alſo equal and ſimilar to the Triangle 
HK L. Wherefore the Pyramid whoſe Baſe is the 

Triangle AE G, and Vertex the Point H, is equal and 
ſimilar to the Pyramid whoſe Baſe is the Triangle 
HK L, and Vertex the Point D. And becauſe HK 
is drawn parallel to the Side A B of the Triangle 
ADB, the Triangle ADB ſhall be equiangular to the 
Triangle DK H, and they have their Sides propor- 

| tional. Therefore the Triangle A DB is fimilar to 
the Triangle DHK. And for the ſame Reaſon, the 
Triangle DB C isfimilar to the Triangle DK L; and 
the Triangle A HG to the Triangle DHL. And 
ſince the two Right Lines B A, AC, touching each 
other, are parallel to the two Lines K H, HL, touch- 
ing each other, not being in the ſame Plane with them, 
theſe ſhall contain equal Angles. Therefore the An- 
ole BA C is equal to the Angle K HL. And BA is 
to AC, as K H is to HL. Wherefore the Triangle 
AB C is ſimilar to the Triangle HK L; and ſo the Py- 
ramid whoſe Baſe is the Triangle A B C, and Vertex 
the Point D, is ſimilar to the Pyramid, whoſe Baſe is 
the Triangle HK L, and Vertex the Point D. But 
the Pyramid whoſe Baſe is the Triangle HK L, and 

| Vertex the Point D, has been proved ſimilar to the 
Pyramid whoſe Baſe is the Triangle A EG, and Ver- 
tex the Point H. Therefore the Pyramid whoſe Baſe 
is the Triangle ABC, and Vertex the Point D, is ſi- 
milar to the Pyramid whoſe Baſe is the Triangle AEG, 
and Vertex the Point H. Wherefore both the Pyra- 
mids AE GH, HK LD, are ſimilar to the whole Py- 
ramid AB C D. And becauſe B F is equal to E ©, 
the Parallelogram E B F G will be double to the Tri- 
angle G FC. And fince there are two Priſms of 9 80 
Altitude, one of which has that Parallelogram for a 
Baſe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle; thoſe Priſms will be 
7 equal to one another. Therefore the Priſm con- 40. 11. 
tained under the two Triangles BKF, E HG, and 
the three ParallelogramsE B FG, EBKH,K HGF, 

is equal to the Priſm contained under the two Trian- 

87 G EC, HK L, and the three Parallelograms K F- 
L, LC GH, HK FG. And it is manifeſt that each 

of thoſe Priſms, the Baſe ofone of which is the Paralle- 

bgram EBG F, and oppoſite Baſe to . 
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K H, and the Baſe of the other the Triangle G FC 
and the oppoſite Baſe to this, the Triangle KL, are 
greater than either of the Pyramids, whoſe Baſes are 
the Triangles AE G, HK L, and Vertices the Points 


H and D. For fince, if the Right Lines E E, EH, 


be joined, the Priſm, whoſe Baſe is the Parallelogram 
EBFG, and oppoſite Baſe to that the Right Line 
K H, is greater than the Pyramid, whoſe Baſe is the 
Triangle E B F, and Vertex the Point K. But the 
Pyramid whoſe Baſe is the Triangle E B F, and Ver- 
tex the Point K, is equal to the Pyramid whoſe Baſe 
is the Triangle A E 0. and Vertex the Point H. For 
they are contained under equal and ſimilar Planes. 
Wherefore the Priſm whoſe Baſe is the Parallelogram 
E B FG, and oppoſite Baſe toit the Right Line H K, 
is greater than the Pyramid whofe Baſe is the Tri- 
angle A EG, and Vertex the Point H. But the Priſm 
whoſe Baſe is the Parallelogram E B F G, and oppo- 
ſite Baſe to it the Right Line H K, is equal to the 
Priſm whoſe Baſe is the Triangle G F C, and oppo- 
ſite Baſe to this the Triangle HK L: And the Pyra- 
mid whoſe Baſe is the Triangle A E G, and Vertex 
the Point H, is equal to the Pyramid whoſe Baſe is 
the Triangle HK L, and Vertex the Point D. There- 
fore the two Priſms aforeſaid, are greater than the 
ſaid two Pyramids, whoſe Baſes are the 'Triangles 


AE G, HK L, and Vertices the Points H, D. And 


ſo the whole Pyramid whoſe Baſe is the Triangle 
ABC, and Vertex the Point D, is divided into two 
7 Pyramids, ſimilar to each other and to the 

hole: And into two equal Priſms; which two 
Priſms together are greater than half of the whole 
Pyramid. Therefore, Every Pyramid having a tri- 
angular Baſe may be divided into two Pyramids, equal 
and ſimilar to one another, having triangular Baſes, 


and ſimilar to the whole Pyramid, and into two equal 
Priſms, which two Priſms are greater than the half 


of the whole Pyramid; which was to be demon- 
rated. a hs 


p. 


k Book XII. Euclid's ELEMENTS, 
PRO POSITION IV. 


THEOREM, 


If there are two Pyramids of the ſame Altitude, hav- 
ing triangular Baſes, and each of them be divided 
into two Pyramids, equal to one another, and fi- 
milar to the whole, as alſo into two equal Priſins; 
and if in like manner each of the two Pyramids, 
made by the former Diviſion, be divided, and this 
be done continually, then as the Baſe of one Pyra- 
mid is to the Baſe of the other Pyramid, ſo are all 
the Priſms that are in one Pyramid to all the 
Priſms that are in the other Pyramid being e- 
qual in Multitude. 


12 there be two Pyramids of the ſame Altitude, 
IL having the triangular Baſes ABC, DE E, whoſe 
Vertices are the Points G, H, and let each of them be 
divided into two Pyramids, equal to one another, and 
ſimilar to the whole, and into two equal Priſms; 
and if in like manner each of the Pyramids made by 
the former Diviſion be conceived to be divided, and 
this be done png meg. I ſay, as the Bale A BC 
0 


| is to the Baſe DEF, ſo are all the Priſms that are 

in the Pyramid ABCG to all the Priſms that are 

| in the — DEFH, being equal in Multitude. 

For ſince BX is equal to X C, and AL to L C, 

5 X L hall be * para lle to AB, and the Triangle ABC * 2.6, 


ſimilar to the Triangle LX C. For the fame Reaſon 

4 the Triangle DE F ſhall be alſo ſimilar to the Trian- 

le RQ F. And becauſe BC is double to CX, and 
E to FO, it ſhall be as BC is to CX ſo is EF to 
FQ. And fince there are deſcribed upon B C, CX, 
Right: linꝰd Figures ABC, LX E, ſimilar and alike ſi- 
tuate, and upon E F, F Q, Right-lin'd Figures DEF, 
ROF, ſimilar and alike ſituate. Therefore as the 
Triangle BAC is to the Triangle LX C, ſo is f the f 22-6, 
Triangle DE F to the Triangle RQF ; and (by Al- 
ternation) as the Triangle A BC is to the Triangle 
DEF, ſo is the Triangle LX Ctothe Triangle RE. 
But as the Triangle LX C is to the Triangle R QF, 
ſo is t the Priſm, whoſe Baſe is the Triangle LX C, t 28. & 
and oppoſite Baſe to that the Triangle OM N, to the 32. 11. 
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Priſm whoſe Baſe is the Triangle RQF ; and oppo- 
ſite Baſe to that the Triangle 8 T Y. Therefore as the 
Triangle ABC is to the Triangle DEF, fo is * the 
Priſm whoſe Baſe is the Triangle LX C, and oppoſite 
Baſe to that the Triangle OMN, to the Priſm whoſe 


Baſe is the Triangle R QF, and oppoſite Baſe to that 


the Triangle S'T'Y ; and becauſe the two Priſms that 
are in the Pyramid A BCG are equal to one another, 
as alſo thoſe two that are in the Pyramid DEF Hz; it 
ſhall be as the Priſm whoſe Baſe is the Parallelogram 
K L XB, and oppoſite Baſe to that the Right Line 
MO, is to the Priſm whoſe Baſe is the Triangle 
LXC ; and oppoſite Baſe to that the Triangle OMN, 
ſo is the Priſm whoſe Baſe is the Parallelogram E P- 


RQ,; and oppoſite Baſe to that the Right Line ST, 


to the Priſm whoſe Baſe is the Triangle RQF, and 
oppoſite Baſe to that the Triangle $'T'Y. Therefore 
(by compounding) as the Priſms K BX LM O, L X- 
CMNO, to the Priſm LX CMN O, fo the 


Priſms PEQRST, RQFSTY, tothe PriſmR Q- 


FSTY. And (by Alternation) as the Priſms K B- 
XLMO, LX CMNO, tothe Priſms PE QR 
ST, RQFSTY, ſo the Priſm LX CMN O, to 
the Priſm RQFSTY ; but as the Priſm LX CMNO 
is to the Priſm RQFSTY, ſo has the Baſe LXC 
been proved to be the Baſe R FQ ; and ſo the Baſe 
A B Cto the Baſe DEF. Therefore alſo as the Tri- 
angle ABC is to the Triangle DEF, fo are the two 
Priſms that are in the Pyramid ABCG, to the two 
Priſms that are in the Pyramid DE FH. If in the 
ſame Manner each of the Pyramids OM NG, ST- 
XH, made by the former Diviſion, be divided, it 
ſhall be as the Baſe OMN is to the Baſe 8 T V, ſo 
the two Priſms that are in the Pyramid OMNG, to 
the two Priſms that are in the Pyramid 8 T Y H. But 


as the Baſe OM N is to the Baſe 8 T V, ſo is the Baſe 


ABC to the Baſe DEF. 'Fherefore as the Baſe 


ABC is to the Baſe DEF, ſo the two Priſms that 


are in the Pyramid A BCG, to the two Priſms that 
are in the Pyramid DEFH ; and ſo the two Priſms 
that are in-the Pyramid O MNG, to the two Priſms 
that are in the Pyramid ST'Y H, and fo the four to 
the four. Wedemonſtratethe ſame of Priſms made 


by the Diviſion of the Pyramids AK LO, DPS 
| 15 0 . 3 ä and 
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and of | all other Priſms, being equal in Multitude; | 
which was to be demonſtrated. N 


RO POSITION v. 
THEOREM, 


Pyramids of the ſame Altitude, and having trian- 
gular Baſes, are to one another as their Baſes. 


11. there be two Pyramids of the ſame Altitude 
| having the triangular Baſes A BC,DE F, whoſe 
Vertices are the Points G, H. I ſay, as the Baſe 
ABC is to the Baſe DE E, ſo is the Pyramid A B- 
_ CG to the Pyramid DE FH. 
For if it be not ſo, then it ſhall be as the Baſe 
ABCis to the BaſeD EF, ſo is the Pyramid ABCG 
to ſome Solid, greater or leſs than the Pyramid DE- 
FH. Firſt, let it be to a Solid leſs, which let be Z, 
and divide the Pyramid DE F H into two Pyramids 
equal to each other, and ſimilar to the Whole, and 
into two equal Priſms; then theſe two Priſms are 
greater than the half of the whole Pyramid. And 
again, let the Pyramids made by the former Diviſion, 
be divided after the ſame Manner, and let this be done 
continually, until the Pyramids in the Pyramid D E- 
FH, are leſs than the Exceſs by which the Pyramid 
DEF H exceeds the Solid Z. Let theſe, for Exam- 
le, be the Pyramids DP RS, STYH ; then the 
Þrifms remaining in the Pyramid DE FH, are great- 
er than the Solid Z. Alſo, let the Pyramid A BCG, 
| be divided into the ſame Number of fimilar Parts as 
| the Pyramid DEFH is; and then as the Baſe ABC 
| is to the Baſe DEF, ſo * the Priſms that are in the * 4. of 
Pyramid A B CG, to the Priſms that are in the Pyra- this. 
mid DEFH. But as the Baſe ABC is to the Baſe 
DEF, ſo is the Pyramid A BCG to the Solid Z. 
And therefore as the Pyramid AB C is to the Solid 
Z, ſo are the Priſms that are in the Pyramid A BCG, *© 
to the Priſms that are in the Pyramid DE FH; but 
the Pyramid A BCG, is greater than the Priſms that 
are in it. Wherefore alſo the Solid Z, is gregter 
that the Priſms that are in oY Pyramid DE FH, but 
K 3 it 
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* From it is leſs * alſo, which is abſurd. Therefore the Baſe 
what has ABC to the Baſe DEF, is not as the Pyramid 
been alrea- A BCG to ſome Solid leſs than the Pyramid DE FH. 
dy demon- After the Fame Manner we demonſtrate that the Baſe 


ſtrated, 


DEF to the Baſe ABC, is not as the Pyramid D E- 
FH to ſome Solid leſs than the Pyramid A BCG, 
Therefore, I ſay, neither is the Baſe ABC to the 
Baſe DEF, as the Pyramid ABCG to ſome Solid 
greater than the Pyramid DEF H. For if this is poſs 
ſible, let it be to the Solid I greater than the Pyra- 
mid DEFH. Then (by Inverſion) the Baſe DEF 
ſhall be to the Baſe ABC, as the Solid I to the Pyra- 
mid AB CG: But ſince the Solid I is greater than 
the Pyramid ED EH, it ſhall be as the Solid I is to 
the Pyramid AB CG, ſo is the Pyramid D E FH, to 
ſome Solid leſs than the ee AB CG, as juſt 
now has been proved. And ſo as the Baſe DEF is 


to the Baſe ABC, ſo is the Pyramid DE FH, to 


ſome Solid leſs than the Pyramid A BCG, which is 
abſurd. 'Therefore the Bass. ABC to the Baſe DEF, 
is not as the Pyramid AB CG to ſome Solid greater 
than the Pyramid DE E H. But it has been alſo pro- 
ved, that the Baſe A B C to the Baſe DEF, is not as 
the Pyramid A BCG to ſome Solid leſs than the Py. 
ramid D EFH. Wherefore as the Baſe ABC is to 
the Baſe D E E, ſo is the Pyramid A BCG to the Py- 
ramid DEF H. Therefore, Pyramids of the ſame 
Attitude, and having triangular Baſes, are to one anc- 
ther as their Baſes; which was to be demonſtrated, 


PROPOSITION VI. 
THEORE N. 


Pyramids of the ſame Altitude, and having polygo- 
nous Baſes, are to one another as their Baſes. 


J ET chere be Pyramids of the ſame Altitude, 

which have the polygonous Baſes ABCD E, 
FGHK L, and let their Vertices be the Points M, 
N. I ſay, as the Baſe AB CD E is to the Baſe 
FGHKL, fo is the Pyramid AB CD M to the Py- 


For 
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For let the Baſe AB CD E be divided into the Tri- 
angles ABC, ACD, ADE; and the Baſe FGHK L. 
into the Triangles FG H, FH K, FK L; and let 
Pyramids be conceived upon every of thoſe Trian- 
glee of the ſame Altitude with the Pyramids ABC 
EM, FGHK LN. Then becauſe the Triangle 
ABC is to the Triangle A CD, as * the Pyramid * 5. of 
ABCM is to the Pyramid ACDM : And (by com- his. 
pounding) as the Trapezium ABCD is to the Tri- 
angle ACD, fo is the Pyramid ABCDM to the 
Pyramid ACDM ; but as the Triangle ACD is to 
the Triangle ADE, ſo is * the Pyramid A CDM to 
the Pyramid ADE M. Wherefore, (by Equality of 
Proportion) as the Baſe AB CD is to the Bale ADE, 
ſo is the Pyramid A BC DM tothe Pyramid ADE M. 
And again, (by Compoſition of Proportion) as the 
HBaſe ABCD E is to the Baſe AD E, ſo is the Pyra- 
mid ABCD EM to the Pyramid ADE M. For the 
ſame Reaſon, as the Baſe FGH KL is to the Baſe 
FK L, fo is the Pyramid FGHE LN to the Pyra- 
mid FK LN. And fince there are two Pyramids 
ADEM, FK LN, having triangular Baſes, and the 
ſame Altitude, the Baſe ADE ſhall be * to the Baſe 
FK L, as the Pyramid AD E M tothe Pyramid E K- 
LN. And fince the Baſe ABCD E is to the Baſe 
ADE, as the Pyramid AB CD EM is to the Pyra- 
mid AD EM; and as the Baſe ADE is to the Baſe 
FK L., fo is the Pyramid A D E Mü to the Pyra- 
mid FEKLN; it ſhall be (by Equality of N 
as the Baſe ABC DE to the Baſe FK L, ſo is the 
Pyramid AB CDE M tothe Pyramid FK LN; but 
as the Baſe EKL is to the Baſe FG HK L, ſo was 
the Pyramid FK LN to the Pyramid FG HK LN. 
Wherefore, again, (by Equality of Proportion) as the 
Baſe ABCD E is to the Baſe FG HK L, ſo is the 
Pyramid AB CDE M to the Pyramid FGHK LN. 
Therefore, Pyramids of the ſame Altitude, and having 
folygonous Baſes, are to one another as their Baſes z 
which was to be demonſtrated, a . 
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PROPOSITION VII. 
THEOREM. 5 
Every Priſm having a Triangular Baſe, may be di- 
 wided into three Pyramids equal to one another, 


and having triangular Baſes. S 


ET there be a Priſm whoſe Baſe is the Triangle 
ABC, and oppopee Baſe to that the 'Triangle 
DEF. Ifay, the Pri | 
to the three 13 Pyramids that have triangular Baſes. 
For join BD, EC, CD. Then beats ABED 


is a Parallelogram, whoſe Diameter is BD, the Tri- 


angle AB D ſhall be *equal to the Triangle EB D. 


Therefore the Pyramid whoſe Baſe is the Triangle 
ABD, and Vertex the Point C, is F equal to the p 


ramid whoſe Baſe is the Triangle EDB, and Vertex 


the Point C. But the Pyramid whoſe Baſe is the 
Triangle E D B, and Vertex the Point C, is the 
ſame as the Pyramid whoſe Baſe is the Triangle 


E BC, and Vertex the Point D, for they are con- 


tained under the ſame Planes. Therefore the Py- 
ramid, whoſe Baſe is the Triangle ABD, and Ver- 
tex the Point C, isequal to the Pyramid whoſe Baſe 


is the Triangle E BC, and Vertex the Point D. Again, 


becauſe FCB E is a Parallelogram, whoſe Diameter 
is CE, the W E CF ſhall be * equal to the Tri- 
angle CBE. And ſo the Pyramid whoſe Baſe is the 
Triangle BEC, and Vertex the Point D, is f equal to 
the Pyramid whoſe Baſe is the Triangle ECF, and 
Vertex the Point D: But the Pyramid whoſe Baſe is 
the Triangle BCE, and Vertex the Point D, has been 
proved equal to the Pyramid, whoſe Baſe js the Tri- 


angle ABD, and Vertex the Point C. Wherefore 


allo the Pyramid, whoſe Baſe is the Triangle CE E, 


and Vertex the Point D, is equal to the Pyramid, 


whoſe Baſe is the Triangle A BD, and Vertex the 


Point C. Therefore the Priſm AB CD EF is divi- 


ded into three Pyramids equal to one another, and 


having triangular Baſes. And becauſe the Pyramid, 
whoſe Baſe is the Triangle AB D, and Vertex the 
Point C, is the ſame with the Pyramid whoſe Baſe 
js the Triangle CAB, and Vertex the Point D; for 


fy 
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they are contained under the ſame Planes; and the 
Pyramid, whoſe Baſe is the Triangle ABD, and 
Vertex the Point C, has been proved to be a third Part 
of the Priſm, whoſe Baſe is the Triangle A BC, and 
oppoſite Baſe to that the Triangle DEE. Therefore 
alſo the Pyramid, whoſe Baſe is the Triangle A BC, 
and Vertex the Point D, is a third Part of the Priſm 
having the ſame Baſe, viz. the Triangle ABC, and 
the oppoſite Baſe the Triangle DEF; which was to 
be demonſtrates. _ 


Coroll. 1. It is manifeſt from hence, that every Pyra- 
mid is a third Part of a Priſm, having the ſame Baſe 
and an equal Altitude; becauſe it the Baſe of a 
Priſm, as alſo the oppofite Baſe, be of any other 
Figure, it may be divided into Priſms having tri- 
angular Baſes. 


2. Priſms of the ſame Altitude are to one another as 
their Baſes. | 


PROPOSITION VIII. 
THEOREM, 


Similar Pyramids, having triangular | Baſes, are 
in a triplicate Proportion of their homologous Sides. 


E T there be two Pyramids fimilar and alike fi- 

tuate, having the triangular Baſes AB C, DE E, 
and let their Vertices be the Points G, H. I ſay, the 
Pyramid AB CG to the Pyramid DE FH, hasa Pro- 
portion triplicate of that which BC has to E F. 

For compleat the ſolid Parallelepipedons B GM L, 

EHPO; then becauſe the Pyramid A BCG is ſimi- 
lar to the Pyramid DEFH, the Angle ABC ſhall 
be * equal to the Angle DEF, the Angle GBC * Def. g. 
equal to the Angle HEF, and the Angle A B G iI. 
equal to the Angle DEH. And ABistoDE as 
BC is to EF; and ſo is BG to EH. Therefore 
becauſe AB is to DE, as BC is to EF; and the 
Sides about the equal Angles are proportional, the 
Parallelogram BM ſhall be ſimilar to the Parallelo- f 6. . 
gram EP. For the ſame Reaſon, the Parallelogram 
BN is fimilar to the Parallelogram E R, and the Pa- 
or 5 rallelogram 
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rallelogram B K to the Parallelogram EX. There- 
fore three Parallelograms BM, K B, BN, are ſimi- 


lar to three Parallelograms E P, EX, ER; but the 
three MB, B K, BN, are equal and fimilar to the 
three oppoſite ones; as alſo the three EP, E X, ER. 
Therefore the Solids BGML, EH PO, are con- 
tained under equal Numbers of ſimilar and equal 
Planes; and conſequently, the Solid BG ML is ſi- 
milar to the Solid EH PO. But ſimilar ſolid Paral- 
lelepipedons are * to each other in a triplicate Pro- 

rtion of their homologous Sides. Therefore the 
Solid BG ML tothe Solid EHPO, has a Propor- 
tion triplicate of that which the homologous Side 
BC has to the homologous Side E F. But as the 
Solid BGML is to the Solid EH PO, ſo is f the 
Pyramid A BCG to the Pyramid DEFH ; for the 
Pyramid is the one fixth Part of that Solid, fince 
the Priſm, which is the half of the ſolid Parallelepi- 
pedon is 55 of the Pyramid. Wherefore the Pyra- 
mid ABCG to the Pyramid DEFH, ſhall have a 
triplicate Proportion to that which BC has to EF; 
which was to be aemonſtrated, 


Coroll. From hence it is manifeſt, that fimilar Pyra- 
mids having polygonous Baſes, are to one another 
in a triplicate Proportion of their homologous 
Sides. Forif they be divided into Pyramids having 


triangular Baſes ; becauſe their ſimilar polygonous 


Baſes are divided into fimilar Triangles equal in 
Number, and homologous to the Wholes, it ſhall 
be as one Pyramid having a triangular Baſe in one 
of the Pyramids, is to a Pyramid having a trian- 
gular Bale in the other Pyramid, ſo are all the Py- 


ramids having agar Baſes in one Pyramid, to 


all the Pyramids having triangular Baſes in the 
other Pyramid ; that is, ſo is one of the Pyramids 
having the polygonous Baſe, to the other; but a 
Pyramid having a triangular Baſe to a Pyramid 
due, a triangular Baſe, is in a triplicate Propor- 
tion of the homologous Sides. Therefore one Py- 

ramid having a polygonous Baſe to another Py- 

ramic having a fimilar Baſe, is in a triplicate Pro- 
portion of the homologous Sides, 
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PROPOSITION IX. 


THEOREM. 


The Baſes and Altitudes of equal Pyramids, haviug 
triangular Baſes, are reciprocally proportional, 
and thoſe Pyramids, having triangular Baſes, 

whoſe Baſes and Altitudes are reciprocally pro- 
portional, are equal. 


| fo T there be equal S very, having the trian- 
gular Baſes ABC, DE F, and Vertices the Points 
G, H. I ſay the Baſes and Aititudes of the Pyramids 


AB CG, DEF H, are reciprocally proportional, that 


is, as the Baſe ABC is to the Baſe DEF, ſo is the 
Altitude of the Pyramid DEFH to the Altitude of 
the Pyramid ABCG. | 
For compleat the ſolid Parallelepipedons BG ML, 
EHPO. Then becauſe the Pyramid A B CG is equal 
to the Pyramid DEFH, and the Svlid BGML is 
ſextuple, the Pyramid A BCG, and the Solid EHPO 
ſextuple of the Solid D E FH, the Solid BGM. 


ſhall S * equal to the Solid E H P O. But the Baſes * 15. "N 


and Altitudes of equal ſolid Parallelepipedons are re- 
ciprocally proportional. Therefore, as the Baſe BM 


is to the Baſe E P, ſo is 4 the Altitude of the Solid f 34. 115 


'EHP O to the Altitude of the Solid BG ML. But 
as the Baſe BM is to the Baſe EP, ſo is the Trian- 

le ABC to the Triangle DEF. Therefore, as the 
Triangle ABC is to the Triangle DEF, ſo is the 
Altitude of the Solid EHPO to the Altitude of the 
Solid BGM L. But the Altitude of the Solid EHPO 
is the ſame as the Altitude of the . DEF H; 
and the Altitude of the Solid BG ML the ſame as 
the Altitude of the Pyramid A BCG. Therefore, as 
the Baſe ABC is to the Baſe DEF, ſo is the Alti- 
tude of the Pyramid DEFH to the Altitude of the 
Pyramid ABCG. Wherefore the Baſes and Alti- 
tudes of the equal Pyramids A BCG, DEF, are 
reciprocally proportional; and if the Baſes and Alti- 
tudes of the Pyramids ABCG, DEH, are reci- 
procally proportional, that is, if the Baſe A BC to 
the Baſe D E, be as the Altitude of the 17 15 
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DEF H to the Altitude of the Pyramid A BCG, 
I fay the Pyramid A BCG is equal to the Pyramid 
DEFH: For, the ſame Conſtruction remaining, be- 


cauſe the Baſe A BC tothe Baſe DEF, is as the Al- 
titude of the Pyramid DE FH to the Altitude of the 


Pyramid A BCG, and as the Baſe ABC is to the 
Baſe DEF, ſo is the Parallelogram BM to the Paral- 
lelogram EP; the Parallelogram BM to the Paral- 
lelogram EP ſhall be alſo as the Altitude of the Py- 
ramid D E F H is to the Altitude of the Pyramid 
ABCG. But the Altitude of the Pyramid DEFH 
is the ſame as the Altitude of the ſolid Parallelepipe- 
don EHPO, and the Altitude of the Pyramid ABCG 
the ſame as the Altitude of the ſolid Parallelepipedon 
BGML. Therefore the Baſe BM to the Baſe EP 


will be as the Altitude of the ſolid Parallelepidon 


E HPO tothe Altitude of the ſolid Parallelepipedon 
BGML. But thoſe ſolid Parallelepipedons, whoſe 
Baſis and Altitudes are reciprocally proportional, 
are f equal to each other. Therefore the ſolid Paral- 
lelepipedon BG ML is 7 to the ſolid Parallele- 
N E HPO; and the Pyramid AB CG is a ſixth 


Part of the Solid BGM L. And in like manner the 


Pyramid DE FH is a fixth Part of the Solid EH PO. 


I herefore the Pyramid AB CG is equal to the Pyra- 


mid DEF H. Where fore he Baſes and Altitudes of 
equal Pyramids, having triangular Baſes, are reci pro- 
cally proportional; ana thoſe Pyramids, having trian- 
gular Baſes, whoſe Baſes and Attitudes are reciprocally 
33 are equal; which was to be demon- 
rated. | 


PROPOSITION X. 
THEOREM. 


Every Cone is a third Part of a Cylinder, having 
the ſame Baſe, and an equal Altitude. 


PEE a Cone have the' ſame Baſe as a Cylinder, 
v12. the Circle ABCD, and an Altitude equal 
to it. I ſay the Cone is a third Part of the Cylinder; 
that is, the Cylinder is tri ple to the Cone. 


For 
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For if the Cylinder be not triple to the Cone, it 
| ſhall be greater or leſs than triple thereof. Firſt, let it 
be greater than triple to the Cone, and let the Square 
AR CD be deſcrib'd in the Circle A BCD, then the 
Square ABCD is greater than one half of the Circle 
ABC D. Now let a Priſm be erected upon the Square 
ABCD, having the ſame Altitude as the Cylinder, 
and this Priſm will be greater than one half of the 
Cylinder; becauſe, if a Square be circumſcrib'd about 
the Circle A. BCD, the inſcrib'd Square will be one 
half of the circumſcrib'd Square ; and if a Priſm be 
erected upon the circumſcrib'd Square of the ſame 
Altitude as the Cylinder, ſince Priſms are * to one * , Cor. y. 
another as their Baſes, the Priſm erected upon the of this. 
Square ABCD is one half of the Priſm ere&ed upon 
the Square deſcrib'd about the Circle ABCD. But 
the Cylinder is leſſer than the Priſm erected on the 
Square deſcrib'd about the Circle AB CD. 'There- 
fore the Priſm erected on the Square A BCD, having 
the ſame Height as the Cylinder, is greater than one 
balf of the Cylinder. Let the Circumferences A B, 
BC, CD, DA, be biſected in the Points E, E, G, I, 
and join AE, E B, BF, FC, CG, GD, DH, HA. 
Then each of the Triangles AE B, BFC, CGD, 
DHA, is greater than the half of each of the Seg- + This fol- i 
ments in which they ſtand. Let Priſms be erected lows from WY 
from each of the Triangles A EB, BFC, CGD, 2. of this. 1 
DH A, of the ſame Altitude as the Cylinder, then 
every one of theſe Priſms erected is greater than its 
corre ſpondent Segment of the Cylinder. For be- 
cauſe, if Parallels be drawn thro' the Points E, E, G, H, 
to AB, BC, CD, DA, and Parallelograms be com- 
pleated on the {aid AB, BC, CD, DA, on which 
are erected ſolid Parallelepipedons of the ſame Alti- 
tude as the Cylinder ; then each of thoſe Priſms that 
are on the Triangles AEB, BF C, CGD, DH A, 
are Halves ſ of each of the ſolid Parallelepipedons 3 
and the Segments of the Cylinder are leſs than the 
erected ſolid Parallelepipedons; and conſequently the 
Priſmsthat are on the Triangles A EB, BFC, CGD, 
DHA, are greater than the Halves of the Segments 
of the Cylinder; and ſo biſecting the other Circum- 
erences, joining Right Lines, and on every of the 
Triangles erecting Priſms of the ſame Height as the 


10 Cylinder; 


4. 
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Cylinder; and doing this continually, we ſhall at laſt 
have certain Portions of the Cylinder left, that are 
leſs than the Exceſs by which the Cylinder exceeds 


triple the Cone. 


ow let theſe Portions remaining be AE, EB, 
BF, FC, CG, GD, DH, HA. Then the Priſm 
remaining, whoſe Baſe is the Polygon AEBFCG- 
DH, and Altitude equal of that of the Cylinders, is 
greater than the Triple of the Cone. But the Priſm 
whoſe Baſe is the Polygon AEBFCGDH, and 


Altitude the ſame ; as that of the by mn is * tri- 
o of the Pyramid whoſe Baſe is the 


olygon AE B- 

CG D, and Vertex the ſame as that of the Cone. 
And therefore the + pie whoſe Baſe is the Poly- 
gon AEBFCGDH, and Vertex the ſame as that 
of the Cone, is greater than the Cone whoſe Baſe is 
the Circle AB CD; but it is lefler alſo ; (for it is 
comprehended by it) which is abſurd. Therefore 
the Cylinder is not greater than triple the Cone. 1 
ſay it is neither lefler than triple the Cone: For if it 
be poſſible, let the Cylinder be leſs than triple the 
Cone ; Then (by Inverfion) the Cone ſhall be greater 
than a third Part of the Cylinder, Let the Square 
A BCD be deſcribed in the Circle ABCD; then the 


Square ABCD is greater than half of the Circle A B- 


CD. And let a Pyramid be erected on the Square 
A BCD having the ſame Vertex as the Cone, then 
the Pyramid erected is greater than one half of the 
Cone; becauſe, as has been already demonſtrated, if 
a Square be deſcribed about the Circle, the Square 
A BCD ſhall be half thereof, And if ſolid Parallele- 
pipedons be erected upon the Squares of the ſame 
Altitude as the Cone, which are alſo called Priſms; 


then the Priſm erected on the Square AB CD is one 


half of that erected on the Square deſcribed about the 
Circle, for they are to each other as their Baſes; and 


ſo likewiſe are their third Parts, Therefore the Py- 


ramid whoſe Baſe is the Square A B C D, is one half 
of that Pyramid erected upon the Square deſcribed 
about the Circle ; But the Pyramid erected upon the 
Square deſcribed about the Circle, is greater than tho 
Cone; for it comprehends it. Therefore the Pyra- 
mid whoſe Baſe is the N ABCD, and Vertex 
the ſame as that of the Cone, is greater than one half 


; 
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of the Cone. Biſect the Circumferences AB, BC, 
CD, D A, in the Points E, E, G, H, and join A E, 
'EB, BF, FC, CG, GD, DH, HA; and then each 
of the Triangles AEB, BFC, CGD, DHA, is greater 
than one half of each of the Segments they are in. 
Let Pyramids be erected upon each of the Triangles 

AEB, BFC, CGD, DHA, having the ſame Vertex as 
the Cone; then each of theſe Pyramids thus erected, 
is greater than one half of the Segment of the Cone 
in which it is: And ſo biſecting the remaining Cir- 
cumferences, joining the Right Lines, and erecting 
Pyramids upon every of the Triangles having the 

ſame Altitude as the Cone; and doing this continu- 
ally, we ſhall at laſt have Segments of the Cone leſt, 
that will be leſs than the Exceſs by which the Cone 
exceeds the one third Part of the Cylinder. Let 
theſe Segments be thoſe that are on AE, E B, BF, 
FC, CG, GD, DH, HA, and then the remaining 


Pyramid whoſe Baſe is the Polygon AEBFCGDH, 


and Vertex the ſame as that of the Cone, is greater 
than a third Part of the Cylinder; but the Pyramid 
whoſe Baſe is the Polygon AEBFCGDH, and Ver- 


tex the ſame as that of the Cone, is one third Part of 


the Priſm whoſe Baſe is the Polygon AEBFCGDH, 


and Altitude the ſame as that of the Cylinder. There- 


fore the Priſm, whoſe Baſe is the Polygon AE B F- 


CGDH, and Altitude the ſame as that of the Cylin- 


der, is greater than the Cylinder whoſe Baſe is the 
Circle ABCD; but it isleſs alſo (as being compre- 
hended _— which is abſurd ; therefore the Cy- 
linder is not leſs than triple of the Cone ; but it has 
been proved alſo not to * greater than triple of the 
Cone ; therefore the Cylinder is neceſſarily triple of 
the Cone. Wherefore, every Cone is a third Part of 
a linder, having the ſame Baſe, and an equal A.. 
zitude ; which was to be demonſtrated. | 


257 


258 


* 6, of 


this. 


Eurlid's ELEMENTS. Bbok XII. 


- PROPOSITION XI. 
| > OL ERE. O- K-32 


Cones and Cylinders of the ſame Altitude are to one 
another as their Baſes: 


| there be Conesand Cylinders of the ſame Al- 
titude, whoſe Baſes are the Circles ABCD,E P. 
GH, Axes K L, MN, and Diameters of the Baſes 
AC, EG. I ſay, as the Circle ABCD is to the 
Circle EFG H, ſo is the Cone A to the Cone EN. 
For if it be not fo, it ſhall be as the Circle ABCD 
is to the Circle EFG H, ſo is the Cone AL to ſome 
Solid either leſs or greater than the Cone E N. Firſt, 
let it be to the Solid X leſs than the Cone; and let 
the Solid I be equal to the Exceſs of the Cone EN 

above the Solid X. Then the Cone E N is equal to 

the Solids X, I ; let the Square E FGH be deſcribed 
in the Circle EF GH, which Square is greater than 
one half of the Circle, and ere& a Pyramid upon the 
Square EFGH of the ſame Altitude as the Cone. 
Therefore the Pyramid erected is greater than one half 
of the Cone: For if we deſcribe a Square about the 
Circle, and a Pyramid be erected thereon of the ſame 
Altitude as the Cone, the Pyramid inſcribed will be 


one half of the Pyramid circumſcribed, for they are 


* to one another as their Baſes; and the Cone is leſs 
than the circumſcribed Pyramid. Therefore the Py- 
ramid whoſe Baſe is the Square E FG H, and Vertex 
the ſame as that of the Cone, is greater than one half 


of the Cone. Biſect the Circumferences EF, F G, 


GH, HE, in the Points P, R, 8, O, and join HO, 
OE, E P, PF, FR, RG, GS, SH ; then each of 
the Triangles H OE, EPE, FRG, GHS, is great- 
er than one half of the Segment of the Circle where- 
in it is. Let a Pyramid be raiſed upon every one of 
the Triangles HO E, EPF, FRG, GHS, of the 
ſome Altitude as the Cone. Then each of thoſe erec- 
ted Pyramids is greater than the one half of its corre- 
ſpondent Segment of the Cone: And ſo biſecting the 
remaining Circumferences joining the Right Lines, 
and erecting Pyramids upon each of the Triangles 2 

the 
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the ſame Altitude as that of the Cone; and doing this 
continually, there will at laſt be left Segments ot the 
Cone tifat will together be leſs than the Solid I. Let 
thoſe be the Segments that ate on HO, OE, EP, 
PF, FR, RG, GS; SH! Therefore the Pyramid 
remaining, whoſe Baſe is the Polygon HOEPFR GS, 
and Altitude the ſame as that 5 the Cone, is greater 
than the Solid X. Let the Polygon DTAYBQCV be 
_ deſcribed in the Circle A B CD, ſimilar and alike ſitu- 
ate to the Polygon HOEPFRGS, and let a Pyra- 
mid be erected thereon of the ſame Altitude as the 
Cone AL: Then becauſe the Square of A O to the 
Square of EG, is“ as the Polygon DTA YBQCV = I. ef 
42 the Polygon HO E P FR GS; and the Square of his. 
AC is f to the Square of BG, as the Circle ABCD 
tothe Circle E FG Hz it ſhall be as the Circle ABCD 2. f 
to the Circle E F O , ſo is the Polygon D TA Y B- . 
QCV to the Polygon HO E PER GS: But as the 
Circle ABCD is to the Circle EFG H, fo is the 
Cone AL to the Solid X; and as the Polygon DT A- 
YBQCYV is to the Polygon HO E PER GS, fo is 
the Pyramid whoſe Baſe is the Polygon DT ALB Q. 
CV, and Vertex the Point L, to the Pyramid whole + 
Baſe is the Polygon HOEPFRGS, and Vertex the 
Point N. Therefore as the Cone AL to the Solid 
X, ſo the Pyramid whoſe Baſe is the Polygon DT A- 
| YBQQCY, and Vertex the Point L, to the Pyramid 
_ whoſe Baſe is the Polygon HOEPF RGS, and Ver- 
tex the Point N; but the Cone AL isgreater than the 
Pyramid that isin it. Therefore the Solid X is greater 
thanthe N that is in the Cone EN; but it was 
ut lefs, which is abſurd, Therefore the Circle A B- 
D to the Circle EFG H, is not as the Cone AL 
to ſome Solid leſs than the Cone E N. In like Man- 
ner, it is demonſtrated that the Circle EFG to the 
Circle ABCD, is not as the Cone E N to ſome So- 
tid leſs than the Cone AL. I u fay; moreover, that 
the Circle ABCD fo the Circle EFGH, is not as 
the Cone A L to ſome Solid greater than the Cone 
EN: For, if it be poſſible, let it be to the Solid ? 
eater than the Cone; then, (by Inverſion) as the 
Circle EFGH is to the Circle A BCD, ſo ſhall the 
Solid Z be to the Cone AL. But ſince the Solid Z 
is greater than the Cone x: N, it ſhallbe as the m 
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to the Circle EFG H, is not as the Cone AL to 


of each Cone; and therefore as the Circle A BCT: 


Cones or Cylinders K L, MN. I ſay, the Cone whoſe 


pe Proportion to the Solid X, leſs than the Cone 


half of the Circle EF GH ; and ere& a Pyramid on 


 Encli#s ELEMENTS. Book XII. 
77, is to the Cone AT, ſo is the Cone EN to ſome 
Solid leſs than the Cone AL. And therefare as the 
Circle EFG H is to the Circle ABC Do is the 
Cone EN to ſome Solid leſs than the Cone AL z 
which has been proved to be impoſſible. Therefore 
the Circle ABCD to the Circle EFG, is not as 
the Cone A L to ſome Solid greater than the Cone 
E N. It has alſo been proved that the Circle ABCD 


ſome Solid leſs than the Cone E N. Therefore as the 
Circle AB CDis to the Circle EFG H, ſois the Cone 
AL to the Cone EN : But as Cone is to Cone, ſo 
is * Cylinder to Cylinder, for each Cylinder is triple 


to the Circle EF GH, ſo are Cylinders and Con 
ſtanding on them, of the ſame Altitude. Where- 

fore, Cones and Cylinders of the ſame-Altitude, are 

to one not her as their Baſes ; which was to be de- 
monſtrated. © 

PROPOSITION XII. 
Similar Cones and Cylinders are to one another in 
4 triple Proportion of the Diameters of their 
BW: oe | 


E T there be fimilar Cones and Cylinders, whoſe 
Baſes are the Circles ABCD, EFGH, and 
Diameters of the Baſes BD, FH, and Axes of the 


Baſe is the Circle ABCD, and Vertex the Point L, 
to the Cone whoſe Baſe is the Circle EFG H, and 
Vertex the Point N, hath a triplicate Proportion of 
that which BD has to FI. | 
For if the Cone AB CD L to the Cone EFGHN, 
has not a triplicate Proportion of that which BD has 
to FH, the Cone ABC DL. ſhall have that tripli- 
cate Proportion to ſame Solid, either leſs or greater 
than the Cone EFGHN. Firft, let it have that tri- 


F GHN ; and let the Square E GH be deſcribed 
in the Circle E FG H, which will be greater than one 
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Book XII. Euclids EreMents, 
the Square EFGH of the ſame Altitude with the 
Cone, then that Pyramid is greater than one half of 
the Cone. And fo let the Circumferences EF, FG, 
GH, HE, be biſected in the Points O, P, R, &, and 
join EO, OF, FP, PG, GR, RH, Hs, 8E; then 
each of the Triangles EOF, FPG, GR H, HS E, 
is greater than one half of the Segment of the Circle 
EFGH, in which it is; and erect a Pyramid upon 
each of the Triangles EO E, FPG, GRH, HSE, 
having the ſame Altitude as the Cone : Then each of 
the Pyramids thus erected, is greater than half its cor- 
reſponding Segment of the Cone. Wherefore biſec- 
ting the remaining Circumferences joining Right 
Lines, and erecting Pyramids upon each of the Tri- 
angles, having the ſame Vertex as the Cone; and 
doing this continually, we ſhall leave at laſt certain 
Segments of the Cone that ſhall be leſs than the Ex- 
cefs by which the Cone E FGHNexceeds the Solid 
X. Let theſe be the Segments that ſtand on EO, OF, 
FP, PG, GR, RH, HS, SE ; then the remaining 
Pyramid whoſe Baſe is the Polygon EOFPGR HS, 
and Vertex the Point N, is greater than the Solid X. 
Alſo let the Polygon AT BI CVD Q be deſcribed 
in the Circle ABC D, fimilar and alike ſituate to the 
Polygon EOFHPGRH S; upon which ere& a Pyra- 
mid having the ſame Altitude as the Cone ; and let 
LB T be one of the Triangles containing the Pyra- 
mid, whoſe-Baſe is the Polygon AT'BYCVDOQ, 
and Vertex the Point L; as likewiſe NF O one of 
the Triangles containing the Pyramid EOFPGR HS, 

nd Vertex the Point N, and let KT, MO, be joined. 

hen becauſe the Cone ABCD is fimilar to the 
Cone EFGH N, it ſhall be as BD is to FH, ſo is 
the Axis K L to the Axis MN ; but as B D is to FH, 


ſo is * BK to FM; and as BK is to E M, conſe- 15. 54 


Juently ſo is K L to MN; and (by Alteration) as 
BK is to K L, ſo is FM to MN. And fince each 
is perpendicular, and the Sides about the equal Angles 
BKL, F MN, ate proportional, the Triangle BK L 


ſhall be f ſimilar to the Triangle FM N. Again, be- + 6. 6. 


cauſe B K is to K T, as FM is to M O, the Sides are 
proportional about oo Angles BK'T, FM O, for 
t 


the Angle BR is the ſame Part of the four Right 
Angles at the Center K, as the Angle FMO is of the 
” EN: our 


becauſe it has been proved that BK is to K L, as FM 


is to MN, and BK is equal to K I, and FM to MO, 


it ſhall be as IK is to K L, fois OM to MN; and 


8 Sides are about equal Angles TK L, 
O 


N, for they are Right Angles. Therefore the 


Triangle LK I ſhall be ſimilar to the Triangle MNO. 


12 of 


And fince, by the Similarityof the Triangles BK L, 
FMN, it isas LB is to BK, ſo is NF to FM; and, 
by the Similarity of the 'Triangles B K T, EMO, it 
is as K B is to BT, ſo is MF to FO; it ſhall be (by 
Equality of Proportion) as LB is to BT, ſo is NF 
to FO. Again, ſince by the Similarity of the Tri. 
angles LT K, NO M, it is as LT is to T K, ſo is 
NO to OM; and, by the Similarity of the Triangles 
K BT, OM F, it is as K J is to TB; ſo is MO to 
OF. It ſhall be (by 58 of Proportion) as LT 
is to T B, ſo is NO to OE: But it has been proved 
that T B is to BL, as OF is to FN. Wherefore, 
again (by Equality of Proportion) as T L is to L B, 
fois ON to NF; and therefore the Sides of the Tri- 
angles LT B, N OF, are proportional; and ſo tho 


Triangles LT B, NOE, are equiangular and ſimilar 


to each other. And conſequently the Pyramid, whoſe 
Baſe is the Triangle BKT and Vertex the Point L, 
is fimilar to the Pyramid whoſe Baſe is the Triangle 
FMO, and Vertex the Point N; for they are con- 
tained under ſimilar Planes equal in Multitude: But 
fimilar Pyramids that have triangular Baſes, are f to 
one another in the triplicate Proportion of their homo- 


logous Sides. Therefore the Pyramid BK TL to the 


Pyramid FM ON has a triplicate Proportion of that 

which BK has to FM. In like Manner, drawin 
Right Lines from the Points A, Q, D, V, C, I ak 

as alſo others, from the Points E, 8, H, R, G, P, to 
M, and erecting Pyramids on the Triangles having 
the ſame Vertices as the Cones, we demonſtrate that 
every Pyramid of one Cone, te every one of the other 
Cone, has a triplicate Proportion of that which the 
Side B K has to the homologous Side M, that is, 
which BD has to FH, But as one of the Antece- 
dents is to one of the Conſequents, ſo are t all the 


Antecedents to all the Conſequents, © Therefore Zo 


Enuclid's EILE MEN 15. Bock XII. 
four Right Angles at the Center M:) the Triangle 
BK T, ſhall be * fimilar to the Triangle FMO; and 


—— 4a ae/fioze=£c@©e2=nc;;omm os io ea, g . ‚— ao e ma oo. fe..c oa. i. iGo om . uy a _ co  _ = Ar A 


Book XII. Euclids ELEMENTS. 


the Pyramid BK I L is to the Pyramid FMO N, fo 


is the whole Pyramid whoſe Baſe is the Polygon A'T- 


BI CVD, and Vertex the Point L, to the whole 
Pyramid, whoſe Baſe is the Polygon EOFPGR US, 
and Vertex the Point N. Wherefore the Pyramid, 
whoſe Baſe is the Polygon ATBYCVDQ, and 
Vertex the Point L, to the Pyramid whoſe Baſe is the 
Polygon EOFPGRH &, and Vertex the Point N, 
has a triplicate Proportion of that which B D hath to 
F H. But the Cone whoſe Baſe is the Circle ABCD, 
and Vertex the Point L, is ſuppoſed to have to the 
Solid X a triplicate Proportion of that which BD 
has to FH. Therefore as the Cone, whoſe Baſe is 


the Circle ABCD, and Vertex the Point L, is to the 


Solid X, ſo is the Pyramid whoſe Baſe is the Polygon 


AT BT 1 and Vertex the Point L, to the 


Pytamid whoſe Baſe is the Polygon EQFPRHS, 
and Vertex the Point N. But the ſaid Cone is great- 
er than the Pyramid that is in it, for it comprehends 
it. Therefore the Solid X alſo is greater than the 
Pyramid, whoſe Baſe is the Polygon EO FPGRAUHS, 
and Vertex the Point N ; but it is alſo leſs, which is 
abſurd. Therefore the Cone, whoſe Baſe is the Circle 
ABCD, and Vertex the Point L, to ſome Solid leſs 


than the Cone, whoſe Baſe is the Circle EFG, 


and Vertex the Point N, has not a triplicate Propor- 
tion of that which BD has to FH. Inlike Manner, 
we demonſtrate that the Cone EFGHN, to ſome 
Solid leſs than the Cone A BC DL, has not a tripli- 


cate Proportion of that which FH has to BD. Laſt- 


I I fay the Cone ABCDL, to a Solid greater than 
e Cone EFG HN, has not a triplicate Proportion 
of that which BD has to FH: For, if this be poſſi- 
ble, let it be ſo to ſome Solid Z greater than the Cone 


EFG HN. Then (by Inverſion) the Solid Z, to 


the Cone ABCDL, has a triplicate Proportion of 
that which F H has to BD. But ſince the Solid Z is 
22 than the Cone EFG HN, the Solid Z ſhall 

to the Cone ABCD L, as the Cone EE GH N 
is to ſome Solid leſs than the Cone ABCD L; and 


therefore the Cone EFG H N, to ſome Solid leſs 
than the Cone A BCD L, hath a triplicate Proportion 


of that which F H has to B D, which has been 8 
to be impoſſible. Thos the Cone ABCI 70 £0 
u, ; 5 | "ome 


w 


— 
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ſome Solid greater than the Cone EFGHN, has not a ar 
triplicate Proportion of that which BD has to FH, R 
It 525 been alſo demonſtrated, that the Cone A B C- ec 
DL, to ſome Solid leſs than the Cone EFG HN, K 
hath not a triplicate Proportion of that which BD th 
has to F H. Wherefore the Cone AB CD L, to the ſa 
Cone EF G HN, has a triplicate Proportion of that th 
& which BD has to F H. But as Cone is to Cone, ſo is G 
15: 5+ * Cylinder to Cylinder. For a Cylinder having the K 
T 10. of ſame Baſe as a Cone, and the ſame Altitude is f tri- di 
this. ple of the Cone, fince it is demonſtrated, that eve K 
Dots is one third Part of a Cylinder, having the th 
ſame Baſe and equal Altitude. Wherefore' alſo a ca 
Cylinder to Cylinder has a triplicate Proportion of K 
that which BD has to FH. Therefore, ſimilar th 
Cones ani Cylinders are to one another in à triplicate C 
Proportion of the Diamaters of their Baſes ; which ar 
| was to be demonſtrated. ' GAY = C 
| : al 
PROPOSITION XII. if 
Fa Cylinder be divided by a Plane parallel to the 0 
oppoſite Planes, then as one Cylinder is to the b 
other Cylinder, ſo is the Axis to the Axis. 7 
ET the Cylinder A D be divided by the Plane A 
10 GH, parallel to the oppoſite Planes A B, CD, | 

and meeting the Axis E F in the Point K. I ſay, as 

the Cylinder B G is to the Cylinder GD, ſo is the 

Axis EK to the Axis K F. CEN ESA 

For let the Axis E F be both ways produced to L C 
and M, and put any Number of EN, N L, c, each 

equal to the Axis E K; and any Number of FX, 

XM, Sc. each equal to F K. And thro! the Points 

L. N, X, M, let Planes parallel to ABCD paſs. And 

in thoſe Planes from L., N, X, M, as Centers, de- 

ſcribe the Circles, OP, RS, TY, V Q, each equal 

to AB, CD, and conceive the Cylinders PR, K B, 

D T. T, to be compleated. Then becauſe the 
25 of Axis LN. N E, E K, are equal to each other, the 2 

ui,. CylindersPR, R B, BG will be * to one another as 
hk Bede And therefore the Cylinders PR, RB, 3 
B, are equal. And fince the Axis LN, N E, EK, 1 


are 


Book XII. Euclids EltMEnTS. 265 


are equal to each other, as alſo the Cylinders PR, 
RB, BG; and the Number of LN, N E, E K, is 
equal to the Number of PR, RB, BG: The Axis 
K L ſhall be the ſame Multiple of the Axis E K, as 
the Cylinder PG, is of the Cylinder GB. For the 
fame Reaſon, the Axis MK is the ſame Multiple of 
the Axis K E, as the Cylinder G Q is of the Cylinder 
GD. Now, if the Axis K L be equal to the Axis 
K M, the 82 PG ſhall be equal to the Cylin- 
der GQ; if the Axis L K be greater than the Axis 
KM, the Cylinder PG ſhall be likewiſe greater than 
the Cylinder GQ ; and if leſs, leſs. Therefore, be- 
cauſe there are four Magnitudes, vis, The Axis E K, 
K F, and the Cylinders BG, GD, and there are taken 
their Equimultiples, namely, the Axis K L and the 
Cylinder P G, the Equimultiples of the Axis E K, 
and the Cylinder BG; and the Axis K M, and the 
Cylinder G Q, the Equimultiples of the Axis K F, 
and the Cylinder GD : And it is demonſtrated, that 
if the Axis LK exceeds the Axis K M, the Cylinder 
PG will exceed the Cylinder G Q ; and if it be equal, 
equal, and leſs, leſs. Therefore, as the Axis E K : 
is to the Axis K E, ſo * is the Cylinder BG to the De,. 5. 5. 
Cylinder, GD. Wherefore, F a Cylinder be divided 
by a Plane parallel to the oppoſite Planes, then as one 
Cylinder is to the other Cylinder, ſo is the Axis to the 
Axis; which was to be demonſtrated. : 


"PROPOSITION XIV. 
| THEOREM, 


Cones and Cylinders being upon equal Baſes, are 
to one. another as their Altitudes. 


I ET the Cylinder EB, FD, ſtand upon equal 

JL Baſes A B, CD. I ſay, as the Cylinder E B is 

wp Cylinder FD, ſo is the Axis G H to the Axis 

For e the Axis K L to the Point N; and 

put L N, equal to the Axis GH ; and let a Cylinder 
CM be conceived about the Axis LN. Then be- 
cauſe the Cylinders EB, CM, have the ſame Alti- 
tude, they are * to one another as their Baſes. But 11. ,f 
21 | S 4 their this. 


L> 
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GH, ſo is the Altitude MN to the Altitude K L. 
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their Baſes are equal. Therefore the Cylinders EB, 
CM, will be alſo equal. And becauſe the Cylinder 
FM is cut by a Plane CD, parallel to the oppoſite 
Planes, it ſhall be as the Cylinder CM is to the Cy- 
linder FD, ſo is the Axis LN, to the Axis K L.. 
But the Cylinder CM is equal to the Cylinder EB; 
and the Axis LN to the Axis GH. Therefore the 
Cylinder EB is to the Cylinder FD, as the Axis GH 
is to the Axis KL. And as the Cylinder E B is to 
the Cylinder FD, ſo is t the Cone A BG to the Cone 
CDE; for the Cylinders are * triple of the Cones, 
Therefore, as the Axis GH is to the Axis K L, ſo 
is the Cone A B G to the Cone CD K, and fo the 
Cylinder E B to the Cylinder F D. Wherefore, 
Cones and Cylinders being upon equal Baſes, are to one 
another as their Altitudes; which was to be demon- 
TTT 


"PROPOSITION XY. 
THEOR E N. 


The Baſes and Altitudes of equal Cones and Cylin- 
' ders are reciprocally proportional; and Cones and 
Cylinders, whoſe Baſes and Altitudes are reci- 
Procally proportional, are equal to one another. 


| ot the Baſes of the equal Cones and Cylinders, 
be the Circles ABCD, EFGH, and their Diame- 
ters AC, EG; and Axis K L, MN; which are alſo 
the Altitudes of the Cones and Cylinders: And let 
the Cylinders AX, EO, be compleated. I ſay, the 
Baſes and Altitudes of the Cylinders A X, E O, are 
reciprocally proportional, that is, the Baſe ABC) is 
to the Baſe EF GH, as the Altitude MN is to the 
Altitude KL. _ . fn 54 

For, the Altitude KL is either equal to the Alti- 
tude MN, or not equal. Firſt, let 2 equal; and 
the Cylinder AX, is equal to the Cylinder EG. 
But Cylinders and Cones that have the ſame Altitude, 
are * to one another as their Baſes. Therefore the 
Baſe ABCD is equal to the Baſe EFG H. And 
conſequently, as the Baſe A BC is to the Baſe E F- 


But 
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2 But if the Altitude K L be not equal to the Altitude 
0 MN, let MN be the greater. And take PM equal 
y to LK from MN; and let the Cylinder EQ be cut 
thro P by the Plane T ILS, llel to the oppoſite 
Planes of the Circles EF GH, R O, and conceive 
ES to be a Cylinder, whoſe Baſe is the Circle E F- 
GH, and Altitude PM. Then, becauſe the 
Cylinder AX js equal to the Cylinder EO, and E S 
is ſome other Cylinder, the Cylinder A X to the Cy- 
linder E &, ſhall be as the Cylinder E O, is to the Cy- 
linder ES. Butas the Cylinder A X is to the Cylin- 
ler ES, ſo is & the Baſe A BC tothe Baſe E E- ,,, ef 
GH; for the Cylinders A X, ES have the ſame Al- ;5js. 
titude. And as the Cylinder E O is to the Cylinder 
ES, ſo is f the Altitude MN to the Altitude MP ; 13. of 
for the Cylinder E O, is cut by the Plane T I 8 pa- this. 
rallel to the oppoſite Planes. Therefore, as the Baſe 
AB Cb is to the Baſe EFG N, ſo is the Altitude 
MN to the Altitude MP. But the Altitude MP is 
equal to the Altitude K L. Wherefore as the Baſe 
ABC is to the Baſe E F G H, ſo is the Altitude 
MN to the Altitude K L. And therefore, the Baſes 
- and Altitudes of the ogyal Cylinders A X, EO, are 
4 xreciprocally proportion | | 
T7 And if the Baſes and Altitudes of the Cylinders 
| AX, EO, are reciprocally proportional, that is, if 
the Baſe A BCD be to the Baſe EEG H, as the Al- 
, titudes MN is to the Altitude K L. I fay, the Cy- 
- inder A X is equal to the Cylinder EO. For the 


AF ww FPY vs ,A50 © 


5 BD W, AD. ww -S- 


0 ſame Conſtruction remaining; becauſe the Baſe A B- 
t GD is to the Baſe EFGH, as the Altitude MN is 
e to the Altitude K L; and the Altitude K L is equal 
© tothe Altitude MP. It ſhall be as the Baſe A BCD 
$ is to the Baſe EFGH, ſo is the Altitude MN to the 
0 Altitude MP. But as the Bafe ABCD is to the 
Baſe EFG H, ſo is the Cylinder A X to the Cy- 
Under ES; for they have the ſame Altitude. And as i 
mie Altitude M N is to the Altitude MP, ſo is + thet11.of | 
. Cylinder EO to the Cylinder ES. Therefore, as the 51. 
b, Cylinder AX is to the Cylinder E &, ſo is the Cylin- 
e der EO to the Cylinder Es. Wherefore the Cylin- 
d der A X is equal to the Cylinder EO. In like Man- 
ig ner 45 prove this in Cones ; Hi wu to be demon- 
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PROPOSITION XVI 
PROBLEM. NY 


wo Circles being about the ſame Center, 70 inſcribe 
in the greater a Polygon of equal Sides even in 
Number, that ſhall not touch the leſſer Circle. 


1 ABCD, EE GH, be two given Circles a- 
L bout the Center K. It is required to inſcribe a 
Polygon of equal Sides even in Number in the Cir- 
- — BCD, not touching the leſſer Circle E F. 
Draw the Right Line BD through the Center K, 
as alſo A G, from the Point G at Right Angles to 
* 16,3, BD, which produce to C; this Line will * touch 
the Circle EFG H. Then biſecting the Circumfe- 
rence BAD, and again biſecting the half thereof, and 
doing this continually, we ſhall have a Circumference 
left at laſt leſs than AD. Let this Circumference 
be LD, and draw LM from the Point L perpendi- 
cular to BD, which produce to N; and join LD, 
f29.3, DN. And then LD is f equal to DN. And fince 
L N is parallel to A C, and AC touches the Circle 
EFGH, LN will not touch the Circle EF G H. 
And much leſs do the Right Lines LD, DN, 
touch the Circle. And if Right Lines, each equal to 
IL, be applied round the Circle ABCD, weſhall 
have a Polygon inſcribed therein of equal Sides, even 
in Number, that does not touch the leſſer Circle EFG. 
which was to beaemonſtrated. 


PROPOSITION XVII. 
PROBLEM. 


To deſcribe a ſolid  Polybedran, in the greater of 
tuo Spheres, having the ſame Center, which ſhall 
not rouch the Super ſicies of the leſſer Sphere. 


T ET. two Spheres be Luppoſed about the ſame 
Center A. It is required to deſcribe a ſolid Po- 
"269 lyhedron 
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lyhedron in the greater Sphere, not touching the Su- 


perficies of the lefler Sphere. | 
Let the Spheres be cut by ſome Plane paſling thro? 
the Center. Then the Sections will be Circles; for 


becauſe a Sphere is made by the turning of a Semi- * Def. 14, 
circle about the Diameter which is at reſt : In what- 11. 


ſoever Poſition the Semicircle is conceived to be, the 
Plane in which it is ſhall make a Circle in the Super- 
ficies of the Sphere. It is alſo manifeſt that this Cir- 
cle is a great Circle, ſince the Diameter of the Sphere, 
which is likewiſe the Diameter of the Semicirele, is 


269 


} greater than all Right Lines that are drawn in the 4 15. 3. 


Circle, or Sphere. Now, let BCD E be that Circle 
of the greater Sphere, and FG H of the lefler Sphere; 
and let BD, CE be two of their Diameters drawn at 
Right Angles to one another. Let BD meet the leſ- 
ſer Circle in the Point G, from which to A G let GL 
be drawn at Right Angles, and A L joined, Then 
biſecting the Circumference EB, as alſo the half 
thereof, and doing thus continually, we ſhall have 
left at laſt a certain Circumference leſs than that Part 
of the Circumference of the Circle BCD, which is 
ſubtended by a Right Line equal to GIL. Let this 
be the Circumference BK. Then the Right Line 


BK is leſs than G L; and BK ſhall be the Side of a 


e of equal Sides, even in Number, not touch- 
ing the leſſer Circle. Now, let the Sides of the Po- 
lygon in the Quadrant of the Circle BE, be the Right 
Lines BK, K L, LM, ME; and produce the Line 


joining the Points K, A, to N: And raiſe + A X # 12. ir. 


from the Point A perpendicular to the Plane of the 


Circle B CDE, meeting the Superficies of the Sphere 


in the Point X, and let Planes be drawn thro' AX, 
and BD, and thro' AX, and KN, which from what has 
been ſaid will make great Circles in the Superficies of 
the Sphere. And let BXD, K XN, beSemicircles on 
the Diameters BD, KN. 'Then becauſe XA is perpen- 
dicular to the Plane of the Circle BCDE, all Planes 


that paſs thro X A ſhall alſo * be perpendicular to 18. 11. 


that ſame Plane. Therefore the Semicircles BX D, 


K XN are perpendicular to that ſame Plane. And 
| becauſe the Semicircles BE D, BX D, KN N, are 
equal ; for they ſtand upon equal Diameters B D, 
KN; their Quadrants BE, BX, K X, ſhall a 


. 


—— EY 
/ 2 
ry X25 V; -- 3 


\ 
br 
"4 1 
0 
7 
\ 
0 * 1 
4&2 
e S: 
. 4 
7 4, Ml 
o 
O 
5 
35 
{ Ar 
* 
l 
- Y - 
1 1 
* * 
2 
5 4 
01 
A * 
* 4 
- 
19% 
; '# 
4 nn 
e 
oats 
wt 
"of 
r $.5 
J 1 
0 AY 
44 
1 
9 
7. 
\% 
* 
BY 
8. 
1 
» 
ow 
X® 4 
* 
N 
» 
* el 
* H 
q of 
T4 
. 
0 * 
* 
s 
7 p ! 
118 
74 
5 7 
4 N 
N 
Ka" 
: i 
i i 
. 
308 
1 
Iz 
19 * 
1 
2 
1 
I N 
ou 
. 
Py 
.* 
®] 
1888 
1 * 
* 5 
1 
1 
: 4 
, * 
NI. 
. 
1 
* 
: * 
wt 
; 9 
0 5 
15 
: 7 
1 7 
= © L 
N 
C 
12 
$a 
1 


270 


138. 11. 


+ 2. 6 
1 6. 11 
I 33-T. 


4 9. 11. 


N 


|: E 2. 115 


Zuclids ELEMENTS. Book XII. 


in the 


Theſe will fall on BD, K N, the common Sections 
of the Planes; becauſe the Planes of the Semicircles 


BX D, K XN, are perpendicular to the Plane of the 


fore, if — 2 Lines be Fi . to be drawn from 
the Points O, 8, P, T, R, I, to the Point A, there 
will be conſtituted a certain. ſolid polyhedrous Fi- 
gure within the Circumferences BX, K X, compoſed 
of Pyramids, whoſe Baſes are the quadrilateral Fi- 
gures K BOS, SOPT, TPR T, and the Triangle 
YRX; and Vertices the Point A. And if there be 


made the ſame Conſtruction on each of the Sides 


KL, LM, ME, like as we have done on the Side 


K B, and alſo in the other three Quadrants, and 


the other Hemiſphere, there will be conſtituted a po- 


lyhedrous Figure deſcribed in the Sphere, e 
I 0 


—— . q q r wh. 020d 


yok XII, Ductid's Exe 571 
of Pyramids whoſe Baſes are the aforeſaid quadrila- nes 
teral Figures, and the Triangle L RX, being of the 
ſame Order, and Vertices the Point A. I Toy the 
ſaid Polyhedron does not touch the Superficies of the 
Sphere, wherein the Circle F GH is. Let A Z be 
drawn + from the Point A, el to the Plane & 11. 11. 
of the quadrilateral Figure K BS O, meeting it in the 
Point and join B Z, AK. Then ſince AZ is 
| ndicular to the Plane of the quadrilateral Figure 
BSO, it ſhall alſo be * e to all Right * Def. 3. 
Lines that touch it, and are in the ſame Plane. Where- 11. 
fore AZ is perpendicular to BZ and ZK. And becauſe 
AB is equal to A K, the Square of A B ſhall be alſo 
equal to the Square of AK: And the Squares of 6 
AZ, Z B are ſ equal to the Square of AB. For the f 47. f. 
Angle at Z is a Right Angle. And the Squares of | 
AZ, ZK, are equal to the Square of AK. There- | 
fore the Squares of A Z, Z B, are equal to the Squares 
„ of A Z, Z K. Let the common Square of A Z be 
taken away. And then the Fas ot BZ remaining, 
is equal to the Square of Z K remaining: And ſo 
the Right Line BZ is equal to the Right Line Z K. 
After the ſame Manner we demonſtrate that Right 
Lines drawn from the Point Z to the Points O, 8, 
are each equal to B Z, Z K. Therefore a Circle de- 
ſcribed about the Center Z, with either of the Di- 
ſtances Z B, Z K, will alſo paſs thro the Points O, 
8. And becauſe BK SO is a quadrilateral Figure in a 
Circle, and OB, BK, K'S, are equal, and OS is leſs 
than BK; the Angle BZ. K ſhall be obtuſe ; and fo 
BK. greater than BZ. But G L. alſo is much great- 
er then BK. Therefore G L is greater than BZ. 
And the Square of GL is greater than the Square of 
BZ. And fince AL is equal to AB, the Square of 
AL ſhall be equal to the Square of A B. But the 
Squares of A G, GTL, together, are equal to the Square 
of AL, and the 9 of BZ, Z. A, together, equal 
to the Square of AB: Therefore the Squares of AG, 
GL, together, are equal to the Squares of BZ, Z A, 
together: But the Square of B Z is leſs thanthe * 
of GL: Therefore the Square of Z A is 
one than the Square of AG; and ſothe Right Line 
ZA will be greater than the Right Line AG. But 
AZ is perpendicular to one Baſe of the Polyhedron, 
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and A G to the Superficies. | Wherefore the 3-4 


hedron does not touch the Superficies of the leſſer 
Sphere. Therefore, here is aeſcribea a Solid Poly- 
hearon in the greater, of tavo Spheres having the ſame 
Center, which aorh not touch the Superſicies of the leſſer 
Sphere; which was to bedemonſtrated. 


Coroll. Alſo if a ſolid Polyhedron be deſcribed in 
ſome other Sphere, ſimilar to that which is deſcri- 
bed in the Sphere BC DE; the ſolid Polyhedron 
deſcribed in the Sphere BCDE, to the ſolid Po- 
lybedron deſcribed in that other Sphere, ſhall have 

a triplicate Proportion of that which the Diame- 
ter of the Sphere BCD E hath to the Diameter of 
that other Sphere. For the Solids being divided 
into Pyramids, equal in Number and of the ſame 
Order, the ſaid Pyramids ſhall be ſimilar. But 
fimilar Pyramids are to each other in a triplicate 
Proportion of their homologous Sides. 'There- 
fore the Pyramid whoſe Bale is the quadrilateral 
Figure K BOS, and Vertex the Point A, to the 
Pyramid of the ſame Order into the other Sphere; 
has a triplicate Proportion of that which the homo- 


logous Side of one, has to the homologous Side of 
the other; that is, which A B,drawn from the Cen- 


ter A of the Sphere, to that Line which is drawn 
from the Center of the other Sphere. In like Man- 
ner, every one of the Pyramids, that are in the 
Sphere whoſe Center is A, to every one of the Py- 
ramids of the ſame Order in the other Sphere, 

| hath a triplicate Proportion of that which A B has 
to that Line drawn from the Center of the other 
Sphere. And as one of the Antecedents is to one 
of the Conſequents, ſo ate all the Antecedents to 
all the Conſequents. Wherefore the whole ſolid 
Polyhedron, which is in the Sphere deſtribed' a- 
bout the Center A, to the whole ſolid Polyhedron 
that is in the other Sphere, hath a triplicate Pro- 
ortion of that which A Bhath tothe Line drawn 
om the Center of the other Sphere; that is which 
the Diameter BD has to the Diameter of the o- 
ther Sphere, | OO ION 
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PROPOSITION XYII. 
A „ 


Spheres are to one another in a triplicate Propor- 
z n GG >" c 
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F Uppoſe ABC DE F, are two Spheres, whoſe 
CJ Diameters are BC, EF. I ſay, the Sphere ABC 
to the Sphere DE F has a triplicate Proportion of that 
which BC has to EF. . 
For if it be not fo, the Sphere A BC to a Sphere 
f either leſſer or greater than DEF, will have a tripli- 
| cate Proportion of that which BC has to EF. Firſt, 
| let it be to alefler as HK. And ſuppoſe the Sphere 
DE to bedeſcribed about the Sphere G HK; and 
let there be deſcribed * a ſolid Polyhedron in the great- * 17. of 
er Sphere DEF, not touching the Superficies of the chic, 
lefler Sphere G HK; alſo let a ſolid Polyhedron be 
| deſcribed in the Sphere AB C, fimilar to that which is 
| deſcribed in the Sphere DE FE. Then the ſolid Poly- 
| hedron in the Sphere ABC, to the ſolid Polyhedron 
in the Sphere DE E, will have f a triplicate Propor- + Cor. to 
tion of that which BC has to EF: But the Sphere the laſt 
ABC to the Sphere G HK, hath a triplicate Propor- Prop. 
tion of that which BC hath to E F. Therefore as the 
SphereABC is to the Sphere G H K, fo is the ſolid 
Polyhedron in the Sphere ABC to the ſolid Polyhe- 
dron in the Sphere DE E; and (by Inverſion) as the 
Sphere ABC iis to the ſolid Polyhedron that is in it, 
ſo is the Sphere G H K to the ſolid Polyhedron that is 
in the Sphere DEF; but the Sphere A B C is greater 
than the ſolid Polyhedron that is in it. Therefore the 
Sphere GH K is alſo greater than the ſolid Polyhedron 
that is in the Sphere DEF, and alſo leſs than it, as 
being comprehended thereby, which is abſurd. There- 
fore the Sphere ABC toa Sphereleſs than the Sphere 
DEF, hath not a triplicate Proportibn of that which 
BC has to EF. After the ſame Manner it is demon- 
firated that the Sphere DE F to a Sphere leſs than 
| $86 has not a triplicate Proportion of that which 
E P has to BC. I ſay, moreover, that the Sphers 
ABC to a Sphere greater than DE F, hath not a tri- 


plicate 
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plicate Proportion of that which BC has to EE; for 
it it be ble, let it have to the Sphere L MN great- 
er than DEF. Then (by inverſion) the Sphere LMN 
tothe Sphere A BC, ſhall have a triplicate Proportion 
of that which the Diameter E has to the Diameter 
BC; but as the Sphere LM N is to the „ rh ABC, 
ſo is the 8phere DE E to ſome Sphere leſs than A BC, 
becauſe the Sphere LM N is greater than D E P. 
"Therefore the Sphere DE F to a Sphere leſs than 
ABC, hath a triplicate Proportion to that Which E F 
bas to BC, which is abſurd, and has been beforeproved, 
Therefore the Sphere ABC to a Sphere greater than 

DEF, has not a triplicate Proportion of that which 
BC has to EF. But it has alſo been demonſtrated, 
that the Sphere A BC to a Sphere leſs than D E P, has 
not a triplicate Proportion of that which B C has to 
E F. Therefore the Sphere A B Ctothe Sphere DEF, 

has a triplicate Proportion of that which B C has to 
EF; which was to be demonſtrated, 
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of Plain and Spherical 


TRIGONOMETRY. 


m_ 4 ah —_—_—_ — — — 


DEFINITIONS. 
HE Buſineſs of Trigonometry is to find 
2 RAYNE the ks, Then oe Sides ard * 

aaa the Sides, or the Ratio sf the Sides, 
ow when the Angles are given, and to find 
Sides and Angles, when Sides and An- 

Wm ges are given: In order to which, it is 
neceſſary that not only the Peripheries of Circles, but 
alſo certain Right Lines in and about Circles be ſup- 
poſed divided into ſome determined Number of Parts. 

And ſo the Antient Mathematicians thought fit to di- 
vide the Periphery of a Circle into 360 Parts (which 
they cal Degrees; ) and ay" into 60 Minutes, 
and every Minute into 60 Seconds: And again, every 


Second into o Thirds, and ſo on. Ani every Angle is 
ſaid to be of ſuch a Number of Degrees and Minutes, 


as there are in the Arc meaſuring that Angle, 
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The EixMents CG 
There are ſome that would have a Degree divided 
into centeſimal Parts, rather than ſexageſimal ones 
And it would perhaps be more nſeful to divide, not on- 
ly a Degree, but even the whole Circle in a decuple 


Ratio; which Dwoifion may ſome time or other gain 


Place. Now, if 4 Circle contains 360: Degrees, a 

; „ thereof, which is the es of a Right 

Angle, will be 90 of thoſe Parts: And if is contains 
100 Parts, a Quadrant will be 25 of theſe Parts. 

T he Complement of an Arc is the Difference there- 

of from a Quadrant. | 


Chord or Subtenſe, is a Right Line drawn fron 


one End of the Arc to the other. 


The Right Sine of any Arc, which alſo is commonly 
called only a Sine, 1s a Perpendicular falling from one 
End Y an Arc, to the Radius drawn thro the other 
End of the ſaid Arc. And is therefore the Semiſubrenſe 


double the Arc, via. DE=ZDO, and the Arc DO 
7s double of the Arc DB. Hence, the Sine of an Art 


of 30 Degrees, is equal to the one haf of the Radius. 
For (by 15. El. 4.) the Side of an Hexagon inſcrib'd in 
a Circle, that is, the Subtenſe of 60 Degrees is equal 


0 the Radius, A Sine divides the Radius into two 


Segments CE, ES; one of which, C E, which is in. 
tercepted between the Never and the Right Sine, is the 
Sine Complement of the Arc D to a be (for 
CE—FD which is the Sine of the Are DH) and is 
called the Coſine. Ihe other Segment N E, which is 
interceptea berween the Right Sine and the Periphem, 
is called a verſed Sine, and ſometimes a Sagitta. 

Andif the Right Line CG be produced from the Cen- 
ter C, thro' one End D of the Arc, until it meets the 
Right Line BG, which is perpendicular to the Dia- 
meter araxwn thro' the other Fnd & of the Arc, then 
CG is called the Secant, and BG the Tangent of tht 
Arc DS. N nn | 

T he Coſecant and Cotagent of an Arc is the Secant 
or Tangent of that Arc, which is the Complement of 
zhe former Arc to a Quadrant. Note, As the Chord 
of an Arc, and of its Complement to a Circle, is the 
ſame ; ſo likewiſe is the Sine, Tangent, and Secant of 
an Arc the ſame as the Sine, Tangent, and Secant of 
3ts Complement to a Semicirch, | | 


Fe 
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| T he Sinus Totus 7s the greateſt Sine, or the Sine 


of 9 1 Degrees, which is equal to the Radius of the 
RT... 5 

A Trigonometrical Canon 7s a Table, which, be- 
ginning 535 one Minute, orderly expreſſes the Lengths 


that every Sine, Tangent, and Secant, have in reſpect 


of the Radius, which is ſuppoſed Unity; and is conceived 


to be diuvidea ro, ooo, ooo, or more decimal Parts. And 


ſo the Sine, Tangent, or Secant of any Arc, may be 
had by Help of this Table ; and contrarywiſe, a Sine, 
Tangent, or Secant, being given, we may find the Arc 
it expreſſes. Take Notice, T hat in the following 


Fact, R fienifies the Radius, S a Sine, Col. a Coſine, 


T a Tangent, and Cot. @ Cotangent. 


— 
— . 


The Coxs rRucrroNof the Trigonome- 
trical Canon. 


PROPOSITION I. 
uro M. I 
The tzvo Sides of any Right-angled Triangle being 

given, the other Side is alſo given. 


Fox (by 47 of the firſt Element) ACq=ABq 
+BCq 


g 


terchangeably A. Cq — <BGa. Wince,th 
the Extradtion of the ſquare Root, there is given 


AC="y/ ABq+BCqand ABN ACq—BCcq. 
Ad BC VAC AB. 
PROPOSITION 1. 
PROBLEM. 


The Sine DE of the Arc D B, and the Radius CD, 


being given, to find the Coſine D F. 


HE Radius CD and the Sine D "3 being given 


1 in the Right - angled Triangle C DE, there will 
be given (by the laſt Prop.) Y TDg—DEq=z=DF. 
1 7 = &% PR O- 
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PROPOSITION II 
PROBLEM. 


The Sine DE of any Arc DB being given, to find 
D MorBM the Sine of half the Arc. 


DE being given, CE (by the laſt Prop.) will be 


given, and accordingly E B which is the Difference 


between the Cofine and Radius. Therefore D E, 
E B, being 8 in the Right - angled Triangle DBE, 
there will be given DB, whoſe half DM is'the 


Sine of the Arc DL; the Arc BD. 


PROPOSITION IV. 
PROBLEM. 


The Sine BM of the Arc BL being given, 10 find 
the Sine of double that Arc. 


I Sine B M being given, there will be given 


(by Prop. 2.) the Coſine CM. But the Trian- 


gles CBM, D BE, are equiangular, becauſe the An- 


8 at E and M are Right Angles, and the Angle at 
common. Wherefore (by 4. 6.) we have CB: CM 
: BD, or 2 BM: DE. Whence, ſince the three 
firſt Terms of this Analogy are given, the fourth al. 
ſo, which is the Sine of the Arc DB, will be known, 


Coroll. Hence, CB: 2 CM:: BD: 2 DE, chat is, 
the Radius is to double the Coſine of one half of 
the Arc DB, as the Subtenſe of the Arc DB, is 

to the Subtenſe of double that Arc. Alſo CB: 
2 CM :: (2 BM: 2 DE:: ) BM: DE:: 
CB: CM. Wherefore the Sine of any Arc, and 


the Sine of its Double being given, the Coſine of 


che Arc it ſelf is given. 


1 


PRO- 
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PROPOSITION V. 


The Sines of two Arcs BD, FD, being given, to 
| Find FI the Sine of the Sum, as likewiſe EL, 
the Sine of their Difference. 


E the Radius CD be drawn, and then CO is 
the Coſine of the Arc FD, which 5 

is given, and draw OP thro' O parallel to D K. Alſo 
let OM, GE, be drawn parallel to CB. Then be- 
cauſe the Triangles CDK, COP, CHI, FOH, 
FOM, are equiangular. In the firſt Place, CD : 
DK :: CO :. OP, which conſequently is known. 
Alſo we have CD: C K:: FO: FM, and ſo like- 
wiſe this ſhall be known. But becauſe FO — 
EO, then will FM = MGS ON. And fo 
OP + FM = PI = Sine of the Sum of the 
Arcs: And OP — FM, that is, OP = ON 
4 55 = Sine of the Difference of the Arcs. W. W. 


Coroll. Becauſe the Differences of the Arcs BE, BD, 


2 
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n BF, are equal, the Arc BD ſhall be an Arithme- 
„ tical Mean between the Arcs BE, BF. 

3 | ö 

y PROPOSITION VL 
De ſame Things being ſuppoſed, Radius is to dou- 
.de tbe Coſine of the mean Arc as the Sine of 
n. the Difference, to the Difference of the Sines of 
1 the Extreams. <4 | 

of TLo ve have CD:CK :: FO: FM, whence 
is by doubling the Conſequents CD : 2 CK :: 


8: FO: z FM, or to FG; which is the Difference of 
the Sines E L, FI. W. W. D. | 


of WM Coroll. If the Arc BD be 60 Degrees, the Difference 
of the Sines FI, EL, ſhall be equal to the Sine, 
FO; of the Diſtance. / For in this Caſe, CK isthe _... 
Sine of zo Degrees. Double thereof being equal _ 
0 to Radius; and ſo fince CD = 2 CK we fhall 
k have FO = FG. And conſequently, if the two, » 
Arcs BE, BF, are Equidiſtant from the Arc of 65 _ ** 
T3 NIA. oe: 


* 
* 
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Degrees, the Difference of the Sines ſhall be equal 
to the Sine of the Diſtance F D. | 333 


Coroll. 2. Hence, if the Sines of all Arcs be given 
diſtant from one another by a given Interval, from 


the Beginning of a Quadrant to 60 Degrees, the 
other Sines may be found by one Addition only, 
For the Sine of 61 Degrees = Sine of 59 Degrees 
—+ Sine of x Degree. And the Sine of 62 Degrees 
Sine of 58 Degrees Sine of 2 Degrees. Alſo 
the Sine of 63 Degrees = Sine of 57 Degrees 4- 
Sine of 3 Degrees, and ſo on. | 


Coroll. z. If the Sines of all Arcs, from the Begin- 


ning of a Quadrant to any Part of the Quadrant, 


diſtant from each other, by a given Interval be 


given, thence we may find the Sines of all Arcs 
to the Double of that Part. For Example, Let 
all the Sines to 15 Degrees be given ; then, by the 
precedent Analogy, all the Sines to 3o Degrees, 
may be found. For Radius is to double the Co- 
ſine of 15 Degrees, as the Sine of x Degree, is to 
the Difference of the Sines of 14 Degrees, and 16 
Degrees; ſo alſo is the Sine of 3 Degrees, to the 
Difference between the Sines of 12 and 18 De- 


grees; and ſo on continually until you come to 


the Sine of 30 Degrees. 


After the ſame Manner, as Radius is to double the 


Coſine of 30 Degrees, or to double the Sine of 60 
Degrees, ſo is the Sine of 1 Degree to the Differ- 
ence of the Sines of 29 and 31 Degrees: : Sine 
2 Degrees, to the Difference of the Sines of 28 
and 32 Degrees :: Sine 3 Degrees, to the Dif- 
ference of the Sines of 27 and 33 Degrees. But in 


this Caſe, Radius is to double the Cofine of zo 


Degrees, as x toy 3. * And accordingly, if the 


8 n — 0 


Then as 
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FIG. for the DEFINITIONS. 


* Let BD be an Arch of 30® | 
Rad. Tan. Co- ſine Sine | | 2 
CB : BG: : FD: D E. DO=ZCB ego DE =5, 


cp! Dd E =CE=VT—j=y/F.CB:CE:1:9/ 5 


CD:2CE::{: ** Tha, 
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Sines of the Diſtances from the Arc of zo Degrees, 
be 1 by / 3, the Differences of the Sines 
will be had. 1 

So likewiſe may the Sines of the Minutes in the Be- 
ginning of the Quadrant be found, by having the 
Sines and Coſines of one and two Minutes given. 

For as the Radius is to double the Coſine 8 212: 


Sine 1“: Difference of the Sines of 1/ and 2' : : Sine 


2“: Difference of the Sines of o/ and 4', that is, 
to the Sine of 4. And fo the Sines of the four 
firſt Minutes being given, we may thereby find 
the Sines of the others to 8, and from thence to 16! , 


PROPOSITION VII. 
TRNEORRE M. 
In ſmall Arcs, the Sines and Tangents of the ſame 


Arcs are nearly to one another, in a Ratio of E- 
quality. „ 25 


Fos becauſe the Triangles CE D, CBG, are 
,equiangular, CE: CB :: ED :: BG. But 
as the Point E approaches B, EB will vaniſh in 


Reſpect of the Arc BD: Whence CE will become 


nearly equal to CB. And ſo ED will be alſo near- 
; : 

ly equal to BG. If EB be leſs than 8 

Part of the Radius, then the Difference between theSine 

and the Tangent will be alſo leſs than the : 


Part of the Tangent. 


Coroll. Since any Arc is leſs than the Tangent, and 

greater than its Sine, and the Sine and Tangent 
of a very {mall Arc, are nearly equal; it follows 
that the Arc ſhall be nearly equal to its Sine; and 

o in very ſmall Arcs it ſhall be, as Arc is to Arc, 
ſo is Sine to Sine. | | 3 
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PROPOSITION VIII.. 
To find the Sine of the Arc of one Minute. 
1 Side of a Hexagon inſcrib d in a Circle, that 
is, the Subtenſe of 60 Degrees, is equal tothe 


Radius, (Cy 1 5h of the 4 %,) and ſo the half of the Ra- 
dius ſhall be the Sine of the Arc 30 Degrees. Where 


fore the Sine of the Arc of zo Degrees being given, 
the Sine of the Arc of 15 Degrees may be found, (by 


Prop. 3.) Alſo the Sine of the Arc of 15 Degrees be- 
ing given, (by the ſame Prop.) we may have the Sine 
of ) Degrees 30 Minutes: So likewiſe can we find 
the Sine of the half of this, vis. 3 Degrees 45; and ſo 
on, until twelve Biſections being made, we come to 
an Arc of 52*, 44*, 034, 455, whoſe Coſine is 
nearly equal tothe Radius, in which Caſe (as is na- 
nifeſt from Prop.7.) Arcs are proportional to their 
Sines : And ſo as the Arc of 52*, 44*, 3*, 45*, 
is to an Arc of one Minute, ſo ſhall the Sine before 
found, be to the Sine of an Arc of one Minute, 
which therefore will be given. And when the Sine 
of one Minute is found, then (by Prop. 2. and 4.) 
the Sine and Cofine of two Minutes will be had. 


PROPOSITION IX. 
| PHB ORKRICSt 0 
If the Angle BAC, being in the Periphery of a 
Circle, he biſefted by the Right Line AD, and 
F AC be produced until DE=AD meets it in 


E: then ſhall C E= AB. 


N the quadrilateral Figure ABD C (by 22. 3.) 
the Angles B and A CD are equal to two Right 
 Anglee=DCE +DCA (by 13. x.) . Whence the 
Angle B =D CE. But likewiſe the Angle E 
DAC (by 5. 1.) =DAB and DCS DB. Where- 
fore the Triangles BAD and CED are congruous, 
and CE is equal to AB, W. W. D. 


PR O- 


* oma, © „e 


Minutes will 
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PROPOSITION X. 
THEOREM. 
2 TO AB, BC, CD, DE, EF, 2 be 
f 4 3 and bet the Subtenſes of the Arcs AB, 
AC, AD, AE, &c. be drawn; then will AB 


AC: AC: ABA D:: AD: ACH+AE 
AE: AD+AF: AF: AETAG.. 


F-=T AD be produced to H, AE to I, AF toK, 
and AG to L, that the Triangles ACH, ADI, 


AEK, AFL, be Iſoſceles ones; z then becauſe the 


Angle BAD is biſected, we ſhall have DH=AB, 
(by the laſt Prop.) ſo likewiſe ſhall EI=AC, FR 


AD, alſo GL=AE. 


But the Iſoſceles Triangles ABC, CHA, DAI, 
PAR, FAL, becauſe of the equal | Angles at the Ba- 
ſes, are equiangular. Wherefore it ſhall be as AB: 
AC:: AC: AH=AB+AD:: AD: AI=SACH 
AE::AE: AR=AD+AF:: AF: AL=AE 


+AG. W.W.D. 


 Coroll, I. Becauſe A B is to A C, as Radius i is to 
double the Coſine of = the Arc A B. it ſhall alſo be 


(by Corol. Prop. .) as Radius 3 is to double the Coſine 
the Arc AB, fo is 2 AB: 2 AC:: 2A C:: 


ABT ZA PD: : 2A D: LACHSAE:: 2 A E 
＋Z2AD 2 AF, Sc. Now let each of the Arcs 
AB, BC, CD, &c. be 2/; then will * A B be the 
Sine of one Minute, 2 A E the Sine of 2/ Minutes, 
Z AD the Sine of 3 Minutes; A E the Sine of 47, 
Sc. Whence if the Sines of one and two Minutes be 


given, we may eaſily find all the other Sines 1 in he 


following Manner. 


Let the Coſine of the Arc ot one Minute, that 
is, the Sine of the Arc of 89 Deg. 59%, be called 2 
and make the a Analogies; R: 2 
Sin. 20: 8. 1 N Wherefore the Sine o 3 

given. Alſo R: 2 Q 8. 3: 
82 ＋8. 4. Wherefore the, 8. 4 is given; and 
R. 2 2 Q. 8. 4 8. 3 Tk S's and ſo the Sine of 
1 will be had, 


Like- 
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Likewiſe R: 2 Q:: S. 5“: S. 4 ＋ 8. 67; and 
ſo we ſhall have the Sine of 6. And in like Man- 
ner, the Sines of every Minute of the Quadrant 
will be given. And becauſe the Radius, or the 
firſt Term of the Analogy is Unity, the Operations 

will be with great Eaſe and Expedition calculated 
by Multiplication, and e by Addition. 
When the Sines are found to 60 Degrees, all the 
other Sines may be had by Addition only, (by 
Cor. 1. Prop. 6.) 8. | 4 
I he Sines bein given, the Tangents and Se- 
cants may be — rom the following Analogies, 
(in the Figure for the Definitions ;) becauſe the Tri- 
angles CE D, CBG, CHI, are equiangular, we 


256 


— 
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- 


have 


CE: E D:: CB: BG; that is, Coſ.: 8: : R: T. 
GB: BC:: CH: HI; that is, T: R:: R: Cot. 
CE: CD:: CB: CG; that is, Coſ.: R:: R: Secant. 
DE: CD:; CH: CI; that is, S: R:: R: Coſec. 


SCHOLIUM. 


That great Geometrician and incomparable Phile- 
ſoßher, Sir Iſaac Newton, was the firſt that laid 
gown a Series converging, in infinitum; from which, 
having the Arcs given, their Sines may be founi, 
Thus if an Arc be called A, and the Radius be an 
Unit, the Sine thereof will be found ro ble 


os Hb As 3 3 
* rat, — — WIA FE | 6. 
A 1.2.3 1. 2.3.4 * L+2.3:4+5+0o7 5 12.34. 6 A * 
3 rr BS i+ hon vineh Sip 
— — — Gs en, a e X 
5 1. 2. 3 3 1. 2. 3. 4. 5. C TN Oc. 


T heſe Series in the Beginning of the Quadrant when 

_ the Arc A is but ſmall, ſoom converge. © For in the Se- 
ries for the Sine, if A does not exceed 10 Minutes, the 
#0 firſt Terms theredf, viz. A — A, gives the Sine 
20 15 Places of Figures. Tf the Arc A be not greater 
than one Degree, the three firſt Terms will exhibit the 
Sine to 15 Places of Figures; and ſo the ſaid Series are 

75 | very 
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\wery uſeful for finding the firſt and Iaft Sines of the 
Quadrant. But the greater the Arc A is, the more 
are the Terms of the Series required.to have the Sine 
in Numbers true to @ given Place of Figures. And 
then when the Arc is nearly equal to the Radius, the 
Series convergeres very /low. And therefore, to reme- 
Ay this I have deviſes other Series, ſimilar tothe New. 
tonian one, wherein, I ſuppoſe, the Arc, whoſe Sine is 
ſought, 1s the Sum and Difference of two Arcs, viz. 
Az, or A—z: And let the Sine of the Arc A, 
be called a, ana the Coſine b. Then the Sine of the 
Arc Az will be expreſſed thus: OD 

bz az bz az* bz 


; | W Sc. 
. L 3 1.2 HEE 1.2.3 1. 2. 3. 4 W 1. 2. 3.4.5 8 
And the Coſine is, 
42 52 azi 52“ af bs 


1.2.3 1.2.3.4 1.2.3.4. 1.2.3... & 
In like Manner the Sine of the Arc A — 2 is 


by i 48? ani aa 


To oO — — a 


1 1.2 1. 2.3 1.2.3.4 1.2.3.4. 8 1.2.3.4.5.6 
£90. e | 
And the Cofine is, 


az bi a»? b 2* a 25 
FIT * EI 32 1. 2. 3.4 5 Tos. 
The Arc Ais an Arithmetical Mean between the Arc 
Az and Az. And the Difference of the Sines are, 
bs az* bz? a 20 b 25 2434 Ge 


1 1.2 1.2.3 1.2.3.4 1.2.3.6 1. 3.3.4.5. 
FVV 3 a 25 


12 1.2 1.2.3 1. 2.3.4 ＋ 12340 . 1.2.3.4. 155 
hence the Difference of the Differences or ſecond 
Difference. bf : | e 
nr 42 43S FVV 
43 ek . — r Je : 
7 | P70, th | 1.2 1.2.3. 4 * 1. 2. 3.4.5.6 — 5 
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Ti hich Series is equal to double the Sine of the Mean 


Arc, 4rawn into the verſed Sine of the Arc 2, and con- 
verges very ſoon. So that if z be the firſt Minute of 
the Quadrant, the firſt Term of the Series gives the ſe- 
cond Difference to 15 Places of Figures, and the ſecond 
Term to 25 Places. | 

From hence, if the Sines of the Arcs diſtant one Mi. 
nute from each other be given, the Sines of all the 
Arcs that are in the ſame Progreſſion may be found by 
an exceeding eaſy Operation. 

In the firſt and ſecond Series, if A So; then ſhall 
a =o, and b its Coſine, will become Radius, or 1. 
And heuce, if the Terms wherein a is, are taken a- 
way, and 1 to be put inſtead of b, the Series will 
become the Newtonian. In the third and fourth Series, 
of A be go Degrees, we ſhall have b So, and a=r. 


IV hence again, taking away all the Terms wherein b 


4 


is, and putting 1 inſtead of a, we ſhall have the New. 
tonian Series ariſe. 


Note, All the ſaid Series eaſily flow from the New- 


.tonian 0zes. By the fifth Propoſition. 


PROPOSITION XL 


In a Right-angled Triangle, if the Hypothenuſe be 
made the Radius, then are the Sides the Sines 
of their oppoſite Angles ; and if either of the 
Legs be made the Radius, then the other Leg is 
the Tangent of its oppoſite Angle, and the Hy- 
Poothenuſe is the Secant of that Angle. 


II is manifeſt that C B is the Sine of the Arc CD), 


Meaſure of the Angle A, and the Complement of the 
Meaſure of the Angle C. Moreover, if A B, in the Fi- 
gure to this Propoſition, be ſuppoſed Radius, then BC 
is the Tangent, and A C the Secant of the Arc BD, 
which is the Meaſure of the Angle A. So alſo if BC 
be made the Radius, then is B A the Tangent, and AC 
the Secant of the Arc B E, or Angle C. NW D. 

ere · 


and AB the Coſine thereof; but the Arc CD is the 


* 
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Therefore as A C being taken as ſome given Meaſure, 
is to BC taken in the ſame Meaſure; ſo ſhall the 
Number 1c000000 Parts in which the Radius is ſup- 
poſed to be divided, be to a Number expreſling in 


the ſame Parts the Length of the Sine of the Angle 
A ; that is, it will be 
| as AC: BC: R: 8, A. 
by the fame Reaſon, as AC: BA: R: 8, C. 
| | alſo as AB: BC: R: T, A. 

and BC: BA: R: T., C. 


And ſo if any three of theſe Proportionals be given, 
the fourth may be found by the Rue Three. 


PROPOSITION XI. 


The Sides of Plain Triangles are as the Sines of 


their oppoſite Angles. 


F the Sides of a Triangle, inſcribed in a Circle, be 

biſected by perpendicular Radii, then ſhall the 
half Sides be the Sines of the Angles at the Periphe- 
ry ; for the Angle BDC at the Center, is double of 
the Angle BAC at the Peri phery; (by 20 El. lib. z.) 
and ſo the half of every of them, viz. BD EBA C, 
and B E is the Sine thereof. For the ſame Reaſon, 


BF ſhall be the Sine of the Angle BCA, and AG 


the Sine of the Angle ABC. 
In a Right-angled Triangle we have BDS ABC 
= Radius (by 31 Eucl. 3.) but Radius is the Sine 
of a Right Angle: Whence ; BC is the Sine of the 
Angle A. | a : 
In an Obtuſe-angled Triangle, let BL, CL, be 
drawn, and then the Angle L ſhall be the Comple- 
ment of the Angle A to two Right Angles, (by 22 
El. z.) and ſo they ſhall both have the ſame Sine. 
But the Angle BD E, (whofe Sine is BE) = An- 
gle L. Therefore BE ſhall be the Sine of the An- 
le BAC. And fo in every Triangle, the Halves of 
the Sides are the Sines of the oppoſite Angles z but 
it is manifeſt that the Sides are to one another as 
their Halves. W. W. D. 
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PROPOSITION XIII. 


In a plain Triangle; the Sum of the Legs, the Dif- 
ference of the Legs, the Tangent of the half Sum 
of the Angles at the Baſe, and the Tangent of 
one half their Differente, are proportional. 

& T there be a Triangle A B C, whoſe Legs are 

AB, BC, and Baſe AC. Produce AB to H, 
ſo that BH = BC, then ſhall A H be the Sum of the 

Legs; and if you make BI=B A, then IH will be 

the Difference of the Legs. Alſo the Angle HBC 

S Angles A+ A CB, (by 32. El. 1.) and fo E B Cthe 

half thereof = half the Sum of the Angles A and 

A CB, and its Tangent (putting the Radius E B) is 

EC. Again, jet BD be drawn parallel to A C, and 

make HF = CD. Then ſince HB=CB, we ſhall 

have (Y J. EI. 1.) the Angle HBF = CBD = BCA. 

(by 29. El. 1.) Alſo the Angle HB D Angle A; 

whence F BD ſhall be the Difference of the Angles 

A and ACB; and EBD, whoſe Tangent is ED, 

half their Difference. Let IG be drawn thro' I "of 

rallel to AC or BD, and then (by 2. El. 6.) AB: 

BI :: CD : DG, but AB=BI; whence we ſhall 

have CD=D G, but CD H F, and ſo HF G, 

and conſequently, HG=DF, and E HGS ZDF 

=DE ; and becauſe the Triangles A H C, IH E, are 
equiangular, it ſhall be as AH: IH :: HC: HG:: 

HC: 2H G:: EC: ED. That is, AH the Sum 

of the Legs, to IH the Difference of the Legs, ſhall 

be as E Cthe Tangent of one half the Sum of the An- 
gles at the Baſe, to ED the Tangent of one half their 
ifference. W. W. D. 


PROPOSITION NIV. 


In a plain Triangle, the Baſe, the Sum of the Sides} 
the Difference of the Sides, and the Difference of 


Ihe Segments of the Baſe, are proportional. 
ET DC be the Baſe of the Triangle BCD» 
about the Center B, with the Radius BC, let a 
Circle be deſcribed, Produce D B to G, and from B 


, os 


? 


lat 


PLAIN DTRIGONOMETRY. 


jet fall BE perpendicular to the Baſe; then ſhall 
DG==D B+BC= Sum of the Sides, and DH 
Difference of the Sides ; and DE, CE, are the Seg- 
ments of the Baſe whoſe Difference is DF; becauſe 
(by Cor. Prop. 38. El. 3.) the dra under DC 
and DF, is equal to the Rectangle under DG, DH; 
it ſhall be (H/ 16. El. 6.) as DC: DG:: DH: DF. 


P ROB L E M. 


The Sum and Difference of any two Quantities be- 
ing given, 10 find the Quantities themſelves. 


F one half of the Sum be added to one half of the 
Difference, the Aggregate ſhall be equal to the 
greater of the Quantities ; and if from one half of 
the Sumbe taken one half of the Difference, the Re- 
ſidue ſhall be equal to the lefler of the Quantities. 
For let there be two Quantities A B, BC, and let 
there be taken AD —BC, then DB will be their Dif- 
ference, and AC their Sum; which, biſected in E, 


gives AE or E C the half Sum, and DE or EB the 


half Difference. Hence AB = AE+EB=the 
half Sum ＋ the half Difference, and BC CE 
E BS the half Sum — the half Difference. 

In any plain Triangle if two Angles be given, the 
third Angle is alſo given, becauſe it is their Comple- 
ment to two Right Angles. 

If one of the acute Angles of a Right- angled Tri- 
angle be given, the other acute Angle will - given, 
becauſe it is the Complement of the given Angle to 
a Right Angle. 

And if two Sides of a Right-angled Triangle be 
given, the other Side may be tound by the fill Pro- 
poftion without a Canon. 

A 2 
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Tube Trigonometrical Solutions 0 Fa Right- 


angled Triangle, may be as follow. Vid. 


5557 


n | 
T Given Sought Make as TG em 
The | The AB: BC::R:T of the 
[x [Legs A B[Angles. Angle A, whoſe Complement is 
and BC [the Angle C. 
12 The | The | AC: AB:: R: S, C whoſe 
Leg A EHAngles. [Complement is the Angle A. 
4 — the | 
;* 
| opus 
| Ac OY, 
| |" The | The N. T. Ar AB: BY my 
Leg A Blother 8, C: R:: AB: AC 
and the Side BC, 
3 Angle A. and the 
Hypo. 
| thenuſe | 
| | Ot , 
| The | The R 328, 
Hypo- Leg AB. ” 
| thenuſe 
* AC, and 
the An- 
ole C. : 
The Trigonometrical Solutions of Oblique 
angled Triangles, Vid. Fig. to Prop. 12. 
7 Given "Sought Make as 15 oy 
"| The | The 5, C: S8 A:: KB: BC. Alfos, 
Angles Sides C:8, B:: AB: AC: But when 
A, B, C, B C andtwo Angles are given, the third 
1 ſand the A C. js alſo given; whence the Caſe 
ide AB. wherein two Angles and a Side 
1 re given, to find the reſt, falls 


linto this Caſe. . _ 


— 


— 


Given 
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{ 


AC. 


Angles 
4, B. C. 


The two 
Sides 
AB, BC, 
and 

C the 
Angle 
oppoſite 
ro one of 
them. 


The two 
Sides 
AB, BC, 
ind the 


zle B. 


Sides 


AB, BC, 


interja- | 
cent An- 


All the 


ides 
AB, AC, 
B C. 


The 


Angles 


A and B. 


The 
[Angles 


Aand C. 


'The 
Angles. 


| | Given | Sought | Make as 5 
fall the All the 


S,C:S,A::AB:BC. And 
the Angles are given, the Propor- 


tions of the Sides may be found, 


but not the Sides themſel ves, un- 
leſs one of them be firſt known. 


here may be on which 


therefore may be found. When 

B the Side oppoſite to C, the 
given Angle is longer than B C 
the Side oppoſite to the ſought 


Angle, the tought Angle is leſs 


than a right one. But when it is 
ſhorter, becauſe the Sine of an 
Angle, and that of its Comple- 


A muſt be firſt known, or the So- 
lution will be ambiguous. 


. Fig. to Prop. 13. BC+AB: 
BG -A B:: TOES, 83 
Whence is known the Difference 
of the Angles A and C, whole 
Sum is given; and ſo (by the 
Prob. following Prop. 14.) the 
[Angles themſelves will be given. 


| | = 
id. Fig. B. Let the Perpendicu- 


lar be drawn from the Vertex 
to the Baſe, and find the Seg- 
ments of the Baſe by Prop. 14. 
vis. Make as BC: ACA B;: 


JAC—AB:DC—DB. And fo 


BD, DC, are given from this 
Analogy; and thence theAngles 


the Reſolution of Right-angled 


| I riangles. 


1 MOT 


U T HJE 


S,C:S,B:: AB: BC: Whenee it 


ment to two Right Angles, is the 
ſſame, the Species of the Angle 


2. 93 9 4 + 


ABD, ADC, will be given by 
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DEFINITIONS. 


I. EE Poles of a Sphere are ti 
5 A Ss Nx . . . 
Points in the Superficies of the 
CL=C Re Sphere that are the Extremes 
of the Axis. 
II. T he Pole of a Circle in a 


MN Zer/icies of the Sphere, from 
5 which all Right Lines that are 
| arawn to the Circumference of 
the Circle, are equal to one another. Sf, 
III. A great Circle in à Sphere, is that whoſe Plane 
paſſes thro* the Center of the Sphere, and whoſe Center 
7s the ſame of that of the Sphere. 
IV. A ſpherical Triangle is a Figure comprehended 
umder the Arcs of three great Circles in a Sphere. 


V. A ſpherical Angle is that which, in the Super- 
ficies of the Sphere, is contained under two Arcs of 


great Circles; and this Angle is equal to the Inclina- 
tion of the Planes of the ſaid Circles. —_ 


Sphere, is a Point in the Su- 


I» 
* 


tgonometry, 


:, 'S* * 


* 
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PROPOSITION L 


Great Circles ACB, A F B, mutually biſect 
| each other. | 


OR fince the Circles have the ſame 

Center, their common Section ſhall 
be a Diameter of each Circle, and 
ſo will cut them into two equal 
Parts. 


Coroll. Hence the Arcs of two great Circles in the 
Superficies of the Sphere, being leſs than Semi- 
circles, do not comprehend a Space; for they can- 
not, unleſs they meet each other in two oppoſite 
Points in a Semicircle. 

PROPOSITION II. 

If from the Pole C of any Circle AFB, be drawn 
4 Right Line CD to the Center thereof, the ſaid 
Line will: be perpendicular to the Plane of that 

Circle. Vid. Fig. to Prop. 1. | 

2, T there be drawn any Diameters E F, G H, in 

the Circle AFB; then becauſe in the Triangles 

CDF, CDE, the Sides CD, DF, are equal to the 

Sides CD, DE, and the Baſe C F equal to the Baſe 

CE; (by Def. 2.) then (Cy 4 El. 1.) ſhall the Angle 

CDF=AngleCDE ; and ſo each of them will be 

aRight Angle. After the ſame Manner we demon- 

ſtrate that the Angles CDG, CDH, are Right An- 
gles; and ſo (by 4. El. rr.) CD ſhall be perpendicu- 

lar to the Plane of the Circle AFE. W. W. D. 


Coroll. x. A great Circle is diſtant from its Pole by 
the Interval of a Quadrant; for ſince the Angles 
CDG, CDF, are Right Angles, the Meaſures of 
them; vi. the Arcs CG, CF, will be Quadrants. 
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2. Great Circles that paſs thro' the Pole of ſome 
other Circle, make Right Angles with it ; and con- 
trariwiſe, if great Circles make Right Angles with 
ſome other Circle, they ſhall paſs thro? the Poles of 
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the Right Line DC. 


PROPOSITION III. 


If a great Circle ECF be deſcribed about the Pole 
A ; then the Arc CF intercepted between AC, 
AF, is the Meaſure of the Angle C A F, or 
CDF. Vid. Fig. to Prop. 1. 


HE Arcs A C, AF, (by Cor. 1. Prop. 2.) are 


Quadrants, and conſequently the Angles ADC, 

ADF, are Right Angles. Wherefore (by Def. 6. 

El. 11.) the Angle CDF, (whoſe Meaſure is the Arc 

: CF) is equal to the Inclination of the Planes A CB, 

| AFB, and alſo equal to the ſpherical Angle CA F, 
| or CBF. W. W. D. | 


Coroll. 1. If the Arcs AC, AF, are Quadrants, then 
ſhall A be the Pole of the Circle paſſing thro! the 
PointsC and F; for AD is at Right Angles to the 
Plane FDC (by 14 E. 11.) 


_ to the Inclination of the Circles; alſo the 
adjoining Angles are equal to two Right Angles, 


| PROPOSITION IV. 
Triangles ſhall be equal and congruons, if they have 


comprehending by the two Sides alſo equal. 


PROPOSITION v. 


Alſo Triangles ſhall be equal and congruous, if one 

Side, together with the adjacent Angles in one 
Triangle, be equal to one Side, and the adjacent 
Angles of the other Triangle. 510 


that other Circle, for they muſt neceſſarily paſs thro! | 


1 2. The vertical Angles are equal, for each of them is 


two Sides equal to two Sides, and the Angles 


7 


peſ, 141 


¹ 


). 


SPHERICAL 'TRIGONOMETRY. 


PROPOSITION Vl. 
Triangles mutually Equilateral, are alſo mutually 
| Equiangular. 


PROPOSITION VII. 
In Iſoſceles Triangles, the Angles at the Baſe are equal. 


PROPOSITION VIII. 


And if the Angles at the Baſe be equal, then the 
Triangle ſhall be Hoſceles. 


Theſe four laſt Propoſitions are demonſtrated in 
the ſame Manner, as in plain Triangles. 


PROPOSITION IX. 


Any two Sides of a Triangle are greater than 
the third. 


O R the Arc of a great Circle, is the ſhorteſt 


Way, between any two Points in the Superficies 


of the Sphere. 


PROPOSITION X. 
A Side of a ſpherical Triangle is leſs than a 
| Semicircle. 
ET AC, AB, the Sides of the Triangles A BC 
be produced till they meet in D; then ſhall the 


Arc ACD, which is greater than the Arc A C, be a 
vemicircle. _ 


PROPOSITION XL. 


The three Sides of a ſpherical Triangle are leſs 
than a whole Circle. 


F OR DB+DC is greater than BC, (by Prop. 9.) 


and adding on each Side B Af AC, DBA 
DCA; chat is, a whole Circle will be greater than 


U 3 AB 
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'AB+BC+AC, which are the three Sides of the 


ſpherical Triangle ABC. 


PROPOSITION XI. 


In any ſpherical Triangle AB C, the greater Angle 
A is ſubtended by the greater Side. | 


AK E the Angle BAD=Angle B; then 
ſhall AD=BD, (by 8 of this;) and ſo 


BD CS DAAD C, and theſe Arcs are greater than 


AC. Wherefore the Side B C, that ſubtends the 
Angle B A C, is greater than the Side A C, that 
ſubtends the Angle B. e : 


PROPOSITION XII. 


In any ſpherical Triangle ABC, if the Sum of the 
Legs ABand BC be greater, equal, or leſs, than 
a Semicircle, then the internal Angle at the Baſe 
AC ſhall be greater, equal, or leſs, than the ex- 
ternal and oppoſite Angle BCD, and ſo the Sum 
of the Angles A and ACB ſhall alſo be greater, 
equal, or leſs, than two Right Angles. 


IRST, let A BE-BC=Semicircle = A D, 
then ſhall BC=BD, and the Angles BCD 


and D equal, (by 8 of this;) and therefore the An- 


gle BCD ſhall be = Angle A. | 

| Secondly, Let A B+ BC be greater than A BD; 
then ſhall BC be greater than BD; and ſo the Angle 
D (that is, the Angle A, by 12 of this) ſhall be greater 
than the Angle BCD. In like Manner we demon- 
ſtrate, if AB BC be together leſs than a Semicir- 
cle, that the Angle A will be leſs than the Angle 
BCD. And becauſe the Angles BCD and BCA, are 
two Right Angles; if the Angle A be greater than 
the Angle BCD, then ſhall A and BCA, be greater 
than two Right Angles; if the Angle A=BCD, 
then ſhall A and BCA be equal to two Right An- 
95 And if A be |-ſs than BCD, then will A and 

CA be leſs than two Right Angles. W. W. D. 
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SPHERICAL 'TRIGONOMETRY. 


PROPOSITION XIV. 


In any ſpherical Triangle GHD, the Poles of the 
Sides being joined by great Circles, do conſtitute 
another Triangle X MN, which is the Supple- 
ment of the Triangle GHD, viz. the Sides 
NX, NM, and NM, ſhall be Supplements of 
the Arcs that are the Meaſures of the Angles 


D, G, H, 7o the Semicircles ; and the Arcs that 


are the Meaſures of the Angles M, X, N, will 
be the Supplements of the Sides GH, GD, and 
HD, 70 Semicircles. 


2 R OM the Poles G, H, D, let the great Circles 
5 XCAM, TMNO, XK BN, be deſcribed; then 
becauſe G is the Pole of the Circle X C A M, we ſhall 
have GM= . prog (by Cor. 1 Prop. 2.) and ſince 
H is the Pole of the Circle T MO, then will HM be 
alſo a Quadrant; and ſo (by Cor. 1. Prop. 3.) Mſhall 
be the Pole of the Circle G H. In like Manner, be- 
cauſe D is the Pole of the Circle X BN, and H the 
Pole of the Circle TMN, the Arcs DN, HN, will 
be Quadirants; and fo (by Cor. i. Prop. 3.) N ſhall 
be the Pole of the Circle HD. And becauſe GX, 
DX, are Quadrants, X will be the Pole of the Circle 
GD. Theſe things premiſed. 
| Becauſe NK Quadrant (by Cor. 1. Prop. 2.) then 
will NK +XB, that is, NX EK B two 84 
drants, or a Semicircle ; and ſo N X is the Supple- 
ment of the Arc KB, or of the Meaſure of the An- 
le HDG to a Semicircle. In like Manner, becauſe 
 MC= Quadrant, and X A =Quadrant, then will 
MC+XA ; that is, X M + A C= two Quadrants, 
or Semicircle ; and conſequently XM is the Supple- 
ment of the Arc A C, which is the Meaſure ot the 
Angle HGD. Likewiſe, ſince MO, NT, are Qua- 
drants, we ſhall have MO+NT=OT+NM= 
Semicircle. And therefore N M is the Supplement 
of the Arc OT, or of the Meaſure of 2 Angle 
GH D, to a Semicircle. W. W. D. 
Moreover, becauſe DK, H T, are Quadrants, 
DK TH T, or KT H D, are equal to two Qua- 
1 


4 drants, 
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drants, or a Semicircle. Therefore K T, or the Mea- 

ſure of the Angle X NM, is the Supplement of the 

Side H D to a Semicircle. After the ſame Manner it 
is demonſtrated, that O C, the Meaſure of the Angle 
X MN, is the Supplement of the Side GH, and BA 
the Meaſure of the Angle X, is the Supplement of 
the Side G D, W. W. D. 


PROPOSITION XV. 


E quiangular ſpherical Triangles are alſo equilateral, 


F OR their . on (by 14 of this) are e- 
quilateral ; and therefore equiangular alſo ; and 
ſo themſelves are likewiſe equilateral, (by Part 2. 


Prop. 14.) 


PROPOSITION XVI. 


The three Angles of a ſpherical Triangle, are greater 
than two Right Angles, and leſs than ſix. 


OR the three Meaſures of the Angles G, H, D, 
together with the three Sides of the Triangle 
X.N M, make three Semicircles, (by 14 of this ;) but 
the three Sides of the Triangle X NM, are leſs than 
two Semicircles, (Ly 11 of this.) Wherefore the three 
Meaſures of the Angles G, H, D, are greater than a 
Semicircle ; and ſo the Angles G, H, D, are greater 
than two Right Angles. 74 
The ſecond Part of the Propofition is manifeſt ; 


for in every ſpherical Triangle, the external and in- 


ternal Angles together, only make fix Right Angles; 
wherefore the internal Angles are leſs than fix Right 
Angles, + 


PR O- 


las ot Mey eps 
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PROPOSITION XVII. 


If from the Point R, not being the Pole of the Cir- 
cle AFBE, there fall the Arcs RA, RB, RG, 
RV, of great Circles to the Circumference of 
that Circle; then the greateſt of thoſe Arcs is 

RA, whichpaſes thro' the Pole C thereof; and 
the Remainder of it is the leaſt; and thoſe that 
are more diſtant from the greateſt are leſs than thoſe 

_which are nearer to it, and they make an obtuſe An- 

gle with the former Circle AFB, on the Side next 
to the greateſt Arc. Vid. Fig. to Prop. 1. 


Ecauſe C is the Pole of the Circle AFB, then 
{2 ſhall CD and R S, which is parallel thereto, be 

perpendicular to the Plane AFB. Andif SA, SG, 
8 V, be drawn, then ſhall S A (by 7. El. 3.) be greater 
than SG, and SG greater than 8 V. Whence in the 
Right-angled plain Triangles RSA, RSG, RSV, 
we ſhall have RSq+8SAq, or RA q, greater than 
RS ＋ESGq, or RS q; and ſo RA will be greater 

than RG, and the Arc R A greater than the Arc RG. 
In like Manner, RS q ＋ S Gq, or RGqꝗ ſhall be greater 
than RSq ＋ SV, or RVq zand ſo RG ſhall be greater 
than RV, and the Arc R G greater than the Arc RV. 


244%, The Angle R GA is greater than the Angle 


CG A, which is a Right Angle, (by Cor. Prop. 3.) 
and the Angle R V Aisgreater than the Angle CV A, 
which alſo is a Right Angle. Therefore the An- 
gles RGA, R VA, are obtuſe Angles. 


PROPOSITION XVIL 
In a ſpherical Triangle right-angled at A, the Legs 
containing the Right Angle, are of the ſame Af- 
Ffection with the oppoſite Angles; that is, if the 
Legs be greater or leſs than Quadrants, then ac- 
_ cordingly will the Angles oppoſite to them be greater 
or leſs than Right Angles. Vid. Fig. 10. Prop. I. 
OR if A C be a Quadrant, then will C be the Pole 


of the Circle AFB, and the Angles A GC, or 


AVC, will be Right Angles. If the Leg AR be 
greater than a Quadrant, thenſhallthe Angle AG * 
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be greater than a Right Angle, (by 17. of this;) and 
if the Leg A X be leſs than a Quadrant, the Angle 
AG ſhall be leſs than a Right Angle. | 


"PROPOSITION XIX. 


If two Legs of a right-angled ſpherical Triangle be 
of the ſame Affection; (and conſequently the An- 
gles,) that is, if they are both leſs, or both greater 

than a Quadrant, then will the Hypothenuſe be 
leſs than a Quadrant. Vid. Fig. to Prop. 1. 


N the Triangle A RV, or B RV, let F be the Pole 


of the Leg AR, then will RF be a Quadrant, 


which is greater than RV, (by 17. of this. 
PROPOSITION XX. 


IF they be of a different Affection, then ſhall the 


Hypothenuſe be greater than a Quadrant. Vid. 
Fig. to Prop. 1. 


TOR in the Triangle A R G, the Hypothenuſe 


R G is greater than R F, which is a Quadrant. 
PROPOSITION XXL 


If the Hypothenuſe be greater than a Quadrant, 


then the Legs of the Right Angle, and ſo the Angles 
- oppoſite to them, are of a different Affection; but if 
leſſer, of the ſame Affection. Vid. Fig. to Prop. 1. 
'* I'S Propofition being the Converſe of the for- 


mer ones, eaſily follow from them. 


PROPOSITION XXII 


In any ſpherical Ti riangle ABC, if the Angles at 


the Baſe B and C, be of the ſame Affection, then 
the Perpendicular falls within the Triangle ; and 
if they be of a different Affection, the Perpendi- 
cular falls without the Triangle. 


| * the firſt Caſe, if the Perpendicular does not fall 


within, let it fall without the Triangle, (as in Fig.2.) 


then inthe Triangle A BP, the Side A is of the ſame 


Affection 


I. 


CTG , 


SPHERICAL TRIGONOMETRY. 


Affection with the Angle B. And in like Manner, 
in the Triangle ACP, AP, is of the ſame Affection 
with the Angle ACP: Therefore ſince ABC, and 
ACP, are of the ſame Affection, the Angles ABC, 
ACB, ſhall be of a different Affection; which is 
_ contrary to the Hypotheſis. 

In the ſecond Caſe, if the Perpendicular does not 
fall without, let it fall within, (as in Fig. r.) Then in 
the Triangle A BP, the Angle B isof the ſame Aﬀec- 
tion with the Leg AP. So likewiſe, in the Triangle 
ACP, the Angle C is of the ſame Affection with 


AP; and therefore the Angles B and C are of the 


ſame Affection; which is contrary to the Hypotheſis. 


PROPOSITION XXIII. 


In ſpherical Triangles B A C, BH E, right-angled at 
A and H, if the ſame acute Angle B be at the Baſe 
BA, or BH, ihen the Sines of the Hypotheauſes ſhall 

be proportional to the Sines of the perpendicular Arcs. 
TOR the Right Lines CD, EF, being perpen- 
I“ dicular to the ſame Plane, are parallel. Iſo 
FR, DP, perpendicular tothe Radius OB, are like- 
wiſe parallel ; wherefore the Planes of the Triangles 
E F R, CDP, are al ſo parallel, (by 15. El. 11.) Where- 


fore CP, ER, the common Sections of thoſe Planes, 


with the Plane png BE, CO, will be paral- 
lel, (by 16. El. 11.) Therefore the Triangles CD P, 


E F R, ſhall be equiangular. Wherefore CP the 
Sine of the Hypothenuſe BC, is to CD the Sine of 
the perpendicular Arc CA, as E R the Sine of the 
Hypothenuſe BE to E F, the Sine of the perpendi- 
| A c 


'£ 
9 4 7 


PROPOSITION XXIV. 


The ſame Things being ſuppoſed, AQ, HK, be 


Hines of the Baſes, are proportional to L A, GH, 
the Tangents of the perpendicular Arcs. 


OR after the ſame Manner, as in the laſt Pro- 
fition, we demonſtrate 75 wok * 

AI, K HG, are equiangular; whence AI:; 
KH, So. - calls PR O- 


303 


—_—  — 
kt. at 


8 * bs ts of AP 4 — ” — 
"x : = — — . 
——— ůà . SED. OSS. __ 
« ** — — - —_ 

XY lin” — 


— A 
r — + <a 
— - n 


13 
[4 
WF 
by. 
. 
Ka) t 
*Y 
1 
1 
* 
f 
14 
84 
nb 
1 
* 
N 
1 1 
FY 
5 
N 
bs 
Ry”. 
12 
* 
40 
1x2 
” 1 
* i 
. 
"> 
N ' 
+a 
160 
4 10 . 
7 75 ? 
TY 
TOY 
„ 
* 
«FP 
"NY 
4 
0 
I 
8. 
AY 
f * 
Wy j 
4 
1 
. 
T,%8 
1 n 
$M 
1 
OY: 
' ©: 
1 
* 
* 
1 * 4 
__ 
„ 
1 
5 4 
3%; 
1 
i WT 
i 1 i 
1 
1 
b 1 
. I 
iP +4 
Rt 
14 
[7 ; 
Fi ” oh 
2 TH 
Kuo 
$4: Þ 
2 
72 ) 
wo. 
$35.8 
5 * 
= 
a 
far. 
$27Y 
© +4 
1 
oh 
hi ö 
* * 
A 4 
1 
7 {| 
x 4 
1 ! 
. 1 
1 
LEN: 
AY 
47M 
” 
LOT: 
\ 5 
44 
411 
9 
1 
1 
Cay 
i 
a 
1 
1 
„ 
LY 
119 
18 ; 
8: bg 
1 
T3th 
© 
©" 
» 
+ " 
y & 
* 

WY + 
1 " 
1 
14 
9 1 bd 
Mi 
th 
by 
"IH 
# 
"Fo 
| 40 
£4 wu 
1 


8 


3 


The ELEMEN TS of 


PROPOSITION XXV. 


Ina ſpherical Triangle ABC, right-angled at A, ag 
the Coſine of the Angle B, at the Baſe B A, is to 
the Sine of the vertical Angle A CB, jo is the Co- 
fine of the Perpendicular to the Radius. 


| PREPARATION. 


ET the Sides AB, BC, C A, be produced, ſo 
L that BE, BF, CI, CH, be Quadrants ; and from 
t 


e Poles B and C, draw the great Circles EFD G, 
1H G, then will the Angles at E, F, I, E, be Right 


Angles. And ſo D is the Pole of BAE, (by Cor. 2. 
Prop. 2. of this,) and G the Pole of IFCB; alſo AE 
will be = Complement of the Arc BA, and FE the 
Meaſure of the Angle B GD, and DF their Com- 
plement : Alſo BC ſhall be =FI= Meaſure of the 
Angle G, and CF their Complement. Likewife 
CAS HD, and DC their Complement. Theſe 
Things premiſed in the Triangles HIC, D CF, right- 
angled at I and F, and having the ſame acute Angle 
C, fince BA is leſs than a Quadrant, it will be as 8, 
DF: 8, HI::S, DC: 8, HC; that is, the Coſine 
of the Angle B, is to the Sine of the vertical Angle 
BCA, as the Coſine of CA is to Radius. W. W. D. 


PROPOSITION XXVI. 


The Coſine of the Baſe : Cofine of the Hypothenuſe:: 
R: Co. of the Perpendicular. 


F in the Triangles A E D, 0 FD, right - angled 


at E, E, having the ſame acute Angle D; be- 
cauſe A E is leſs than a Quadrant, we have 8, EA: 


S,CF::S,DA 8, DC. W. W. D. 


PR O- 
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PROPOSITION XXVII. 
8, of the Baſe :R :: T, of the Perpendicular : T 
* 4 of the Angle at the Baſe. ; 


OR in the Triangles BAC, BE E, right-angled 
at A and E, and having the ſame acute Angle 
B; becauſe A C is leſs than a Quadrant, we have 8, 


BA: 8, BE:: T, AC: T, EF. W. W. D. 


PROPOSITION XXVII. 
Cof. of the vertical Angle: R:: T, of the Per- 
pendicular : T, of the Hypothenuſe. 
E the Triangles GIF, GHD, right-angled at 1 
and H, and having the ſame acute Angle G, be- 


cauſe HD is leſs than HC, or a Quadrant, it is as 
8, GH: 8, GI:: T, HD: T, IF. 


PROPOSITION XXIX. 
8, of the Hypothenuſe: R:: 8, of the Perpendicu- 
lar : §, of the Angle at the Baſe. 


| fa the aforeſaid Triangles, we have 8, IF: 8, GF 


8, HD: 8, GD. 


PROPOSITION XXX. 


R: Cof. of the Hypothenuſe:: T, of the vertical 
Angle: Cot. of the Angle at the Baſe. 


be the Triangles HIC, DFC, right-angled at 
I and F, and having the ſame acute Angle C, be- 
cauſe DF is leſs than a Quadrant, we have 8, CI: 
S,CF:: T, HI: T, DF, that is, R: Cof. BC :: 
T,C: 0g. - | 


The laſt fix Propoſitions are ſufficient for ſolving 
all the fixteen Caſesof Right-angled ſpherical Trian- 
gles. Theſe fixteen Caſes, with their Analogies de- 
duc'd from the ſaid Propoſitions, are as — : 

iven 
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AC. 


BC. 


"AC 
[drant, then ſhall B A and CA belz:. 


Sought 


Vid. Fig. to Prop. 25,26, 27,29, 
29, 30. | | | 


N Co. CTS. C 


: Coſ. B of By the 
the fame Kind with CA. Inverſe 
| ; os of Prop 

25. 


Col. CA:R: Col. B: 8, by Prop. 


this is ambiguous. 25. 


1 


iS alſo given. 


8, C Col. E: R: Col, CA offby Prop. 


an ſame Kind with the Angle B. z 5. and 


18. 
R : Col. BA :: Cof. AC: Coſby Prop. 
BC. If BA, AC, be of the ſameſz6. 19, 
Affection, and not Quadrants, thenjand 20. 
BC will be leſs than a Quadrant. 
If they be of a different Affection, 
BC ſhall be greater than a Qua- 
Grant 155 b . 
Coſ. BA: R:: Coſ. BC : Coſ.ſby Prop. 
CA. If BC be leſs than a Qua-z6, and 


of the ſame Affection, if greater, 
of a different; but BA is given, 
and therefore the Species thereof. 
Wherefore the Species of A C 


| 


S, BA: R: T. CI T. B of by Prop. 


the ſame Affection with the op-j2 7, and 
polite Side C A. | 8. 

R: 8, BA :: T,B: TAC of by Prop, 
che ſame kind with B. $7, * 
I. B:; N:: T. CA: 8, BA am- by Prop. 
888 ed: - hes 
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— 
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| Given Sought| Rs LS 
befides 
the 
Right 
Angle. ® 77777 
TAC. R: Col. C:: T, BC: T, CA. By Prop. 
__ If BC be leſs than a Quadrant, 28, an 
| the Angles CandB are of the ſameſz 1. 
9 | Affection, if greater, of a different. 
Therefore if the Species of the 
Angle B be given, then will A C 
be given. 5 
AGG BC Ret CikK4::0 CA: T, BC. by Prop, 
And ſo if the Angle C, and CA, z8, 20, 
10 | be of the ſame Affection, then B C|. 1. 
= ſhall be lefler than a Quadrant, 
| if of a different, greater. 
'BC. C. IT, BC: KR ir T, TAs ToL C.|by Prop. 
AC. If B C be leſs than a . eee 28, and 
then C A and BA, and conſequent- Hz 1. 
ly the Angles, ſhall be of the ſame 
BEE --- Affection, if greater, of a different, 
4-4 but the Species of CA is given. 
Therefore the Species of the An- 
gle C will be allo given. ; 


: 1 — 3 2 2 * T 
F — 


CCC ͤ uée)) T 
= ze” ERS Lan TTC 


— 2 

— 1 2 — 

— Aran, 
— — CIS” 


N 
1 
"NY 
[ a 
v4 
.- 
#5 | 


BC, B. AC. [R:5S, BC:: 5, B: &, AC of by Prop. 
12 the ſame Species with B. 298, and 

ä 18. 
A B. BC. 8, B: 8, AC::R :S, BC ambi- by Prop. 
© | guous. 29. 


BC. | B. 5, BC: R:: 8, Ac: 5, Bot by Prop. 
the ſame Species with CA. 29. 


ID | 


RB. CT BC-j1, © :& ::CorB: Cob BC 

| And ſo if the Angles Band Care 

15 of the ſame Affection, then ſhall 

1 BC be leſs than a Quadrant, if 
: ſof a different, greater, 


by Prop. 
30, 49, 
and 20. 
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16 


Sought]. 


* 


R : Col. BG::'I, C: Cot. B. By Prop, 
And ſo if BC be leſſer than a zo, an 
Quadrant, the Angles C and B31. 

ſhall be of the ſame Affection; 

if greater, of a different. But 

Ithe Species of the Angle C is 

given ; therefore the Species of 


the Angle B will be given alſo. 
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Of the Solution of Right-angled ſpheri- 
cal Triangles, by the five circular 
Fares: | Sz ig 
HE Lord Napier, (the noble Inventor of Loga- 
1 .Aithms,)by a due Conſideration of the Analogies, 
by which right-angled ſpherical Triangles are 
ſolv'd, found out two Rules, eaſy to be remembered, 
by means of which, all the fixteen Caſes may be 
ſolved; for fince in theſe Triangles, beſides the 
right Angle, there are three Sides and two An- 
gles ; the two Sides comprehending the right An- 
gle, and the Complements of the Hypothenuſe, and 
the two other Angles, were called by Napzer, Circular 
Parts. And then there are given any two of the ſaid 
Parts, and a third is ſought ; one of theſe three which 
is called the Midale Part, either lies between the o- 
ther two Parts, which are called Adjacent Extremes, 
or is ſeparated from them, and then are called Oppo- 
ſite Extremes; ſo if the Complement of the Angle 
B (Hg. to Prop. 2.5.) be ſuppoſed the middle Part, then 
the Leg A B, and the Complement of the Hypothenuſe 
BC, are adjacent extreme Parts; but the Complement 
ofthe Angle C, and the Side AC, are oppoſite Extremes. 
Alſo if the Complement of the e ee BC, be 
ſuppoſed the middle Part, then the Complements of 
the Angles B and C are adjacent Extremes, and the 
Legs AB, AC, are oppoſite Extremes. In like Man; 
ner, ſuppoſing the Leg AB the middle Part, the 
Complement of the Angle B and A C, are adjacent 
Extremes; for the right Angle A does not interrupt 
the Adjacence, becauſe it is not a circular Part. But 
the Complement of the Angle C, and the Comple- 
ment of the Hypothenuſe BC, are oppoſite Extremes 
to the ſaid middle Part, Theſe Things premiſed. 


© RU LB Br 5 
Ir any right-angled ſpherical Trian A the Rectangle 
under the Radius, and the Sine of the miaake Part, 
is equal to the Reftangle under the Tangents of the 


| RULE 
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RULE II. 


The Rectangle under the Radius, and the Sine of the 
middle Part, is equal to the Rectangle under the 
Coſines of the oppoſite Parts. 


Fach of the Rules have three Caſes, For the mid- 


dle Part may be the Complement of the Angle B, or 
C, or the Complement of the Hypothenuſe BC; or 
one of the Legs, AB, AC. L | | 


| Caſe 1. Let the Complement of the Angle C be 


the middle Part. Then ſhall A C, and the Comple- 
ment of the Hypothenuſe BC, be adjacent Extremes, 
By Prop. 28. he Cofine of the Vertical Angle 8 isto 
Radius, as the Tangent of CA, is to the Tangent of 


the Hypothenufe BC. Then (by Alternation) we 


ſhall have Coſ. C: T, CA:: R: T, BC, But R: 
T,BC:: Cot. BC : R. (as has been before ſhewn.) 
Wherefore Coſ. C: T, AC:: Cot. BC: R; whence 
N ˖ A EACS CEBC.” 

And the Complement of the Angle B, and A B, are 
oppoſite Extremes, to the ſame middle Part, the Com- 
plement of the Angle C, (and by Prop. 25.) as the 
Cofine of the Angle C, to the Sine of the Angle 
CDF, fo is the Cofine of DF to Radius. But the 
Sine of CDF=, AE=Cof. B A, and Cof. DF 


 S, EF==S, Angle B. Whence it will be as Coſ. C: 


Coſ. BA:: 8, B: R. And R x Coſ. C= Coſ. BA 
XS, B; that is, Radius drawn into the Sine of the 
middle Part, is equal to the Rectangle under the Co- 
ſines of the oppoſite Extremes. 


Caſe 2. Let the Complement of the Hypothenuſe 
B C, be the middle Part; then the en of 
the Angles B and C, will be adjacent Extremes. In the 
Triangle DCF (by Prop. 27.) it is as8, CF: R:: T, DF. 


T, C. Whence (by Alternation) 8, CF: T, DF :: (R: 


T, C::) Cot. C: K. But 8, CF = Coſ. BC and I, 
D F=Cot. B. Wherefore R x Coſ. BC Cot. Cx 
Cot B; that is, Radius drawn into. the Sine of the 
middle Part, is equal to the Product of the Tangents 
of the adjacent extreme Parts. | 2 
a | _ 'AN 


SPHERICAL 'TAIGONOMETRY, 311 


And AB, AC, are the oppoſite Extremes to the 
ſaid middle Part, viz. the Complement of BC; and 
(by Prop. 26.) Col. BA: Coſ. BC :: R: Col AC. 
e we ſhall have R x Col, BC= Coſ. BA x 


Caſe 3. Laſtly, let A B be the middle Part; and 
| then the Complement of the Angle B, and AC will 
. be adjacent Extremes, and (by Prop. 27.) 8, AB: 
. R:: T, CA:: TB, Whence, 8, AB: T, CA: 

(R: T, B: :) Cot. B: R. And ſo R XS; AB 
n. 5 
) Moreover, the Complements of BC, and the An- 
8 gle C, are oppoſite Extremes to the ſame middle Part 
; AB; and in the Triangle GHD (by Prop. 25.) we 
) have Cot. D: 8, DG H:: Coſ. GH: R. But Coſ. 
TN D= Cof. AE=S, A B, and 8, G8, IF= 8, BC. 
5 Alſo Coſ. G H 8, HI=S, C. Wherefore it will 
a be as 8, AB: 8, BC: : 8, C: R. And hence RX &, 
) AB=S, BCXS, C. 5 
: And ſo inevery Caſe the Rectangle under the Ra- 
dius, and the Sine of the middle Part, ſhall be equal 
e to the Rectangle under the Coſines of the oppoſite Ex- 
tremes, and to the Rectangle under the Tangents 
- of the adjacent Extremes. And conſequently it the 
0 aforefaid Equations be reſolved into Analogies, (by 
e 16. El. 6.) the unknown Parts may be found by the 
8 Rule of Proportion. And if the Par ſought be the 
middle one; then ſhall the firſt Term of the Analogy 
\ be Radius, and the ſecond and third, the Tangents or 
e Cofines of the extreme Parts. If one of the Extremes 
. be ſought, the Analogy muſt begin with the other; 
and the Radius, and the Sine of the middle Part, muſt 
be put in the middle Places, that ſo the Part ſought 
ſe may be in the fourth Place. * Ns a 
l N oblique-angled ſpherical Triangles (Fg. to Prop. 
F. 31.) BC D, if a perpendicular Are AC be let fall 
3 from the Angle C to the Baſe, continued, if need be, 
„ O as to make two Right-angled ſpherical Triangles 
* BA C, DAC; then byrhoſe Right-angled Friangles 
i may moſt of the Caſes of oblique angled ones be 


ts folved; ©. ; _ Bo En et 
X 2 PR O- 
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PROPOSITION XXXI. 


The Coſines of the Angles B and D, at the Baſe B D, 


are proportional to the Sines of the Vertical Angles 
BCA, DCA. 


F Coſ. Angle B: 8, BCA: (Col CA: R: :) 
Coſ. D: S, DCA. (by 25, of this.) 


PROPOSITION XXXII. 


T he Cofines of the Sides BC, DC, are proportional 
to the Cofines of the Baſe BA, DA. 


"OR Coſ. BC: Coſ. BA :: (Coſ. CA: 'R: ) 
Coſ. DC: Coſ. DA. (by 26. o his) 


PROPOSITION XXX 


The Sines of the Baſes B A,D A, are ih a reciprocal 


Proportion of the Tangents of the Angles Band! 
at the Baſe BD. 


BZA 27. of this.) 8, BA: R.: T, AC: T. 


of the Angle B. And by the Fo 18 R: 
8, BA:; T, of the Angle D: T, AC. Then will? 


(by the Equality of perturbate Ratio,according to Prop. 
23. EL. 5.) 8, BA: S,DA:: T, Angle D: T. Angle B. 


PROPOSITION XXXIV. 


7 he Tangents of the Sides B C, D C, are in a recipro- 


cal Proportion of the Cofines of the Vertical Au- 
gles BCA, DC A. 


Pcs by alternating the 28th Propoſe tion, we 
ve 

I, BC. R. : T, CA: Coſ. BCA, 

and by the ſame R: Coſ. DCA: J, DC: T, CA. 

Wherefore by 7; 36:0 of N Proportion, | 

Col. DCA: : T, DC: Coſ. BCA. 


PRO- 


it be 
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PROPOSITION XXXV. 
The Sines of the Sides BC, DC, are proportional 
| the Sines of the oppoſite Angles Dand B. 

D Ecauſe by the 29th Tris, 8, BC: R:: 8, CA: 
LJ S, of the Angle B. And by the ſame, inverting 

R: 8, DO:: 8, Angle D: 8, of CA, whence by 

Equality of perturbate Ratio, 8, BC: 8, DC: 8, D: 

8, B. 5 


PROPOSITION XXXVI. 
In any ſpherical Triangle ABC, the Rectangle CF 


Xx AE, or FM x AE, contained under the Sines 


of the Legs, B C, B A, is to the Square of the Ra- 


dius, as IL or I A — LA the Difference of the ver- 


| ſed Sines of the Baſe CA, andthe Difference of the 
Less AM, to GN, the verſed Sins of the Angle B. 


TFT ET a great Circle PN be deſcribed from the 
Pole B; and let BP, BN be N and 
then PN is the Meaſure of the Angle B; alſodeſcribe 
from the ſame Pole B a leſſer Circle C FM thro C; 
the Planes of theſe Circles ſhall be perpendicular to 
the Plane BON, (by the 24 of this.) And PG, CH 
being perpendicular in the ſame Plane, fall on the 
common Sections ON, FM; ſuppoſe in G, H. 
Again draw H I, perpendicular to A O, and then the 
Plane drawn thro' CH, HI, ſhall be perpendicular 
to the Plane A OB. Whence AI which is perpendicu- 
lar to HI will be perpendicular to the right Line CI 
(by Def. 4. El. II.) and ſo Al is the verſed Sine of 
the Arc AC, and AL the verſed Sine of the Arc 
\M=BM —BA=BC—BA. The Iſoſceles 
Triangles CF M, PON, are equiangular, ſince MP, 
NO, as alſo CF, PO (by 16. El. II.) are parallel. 


Wherefore, if Perpendiculars CH, PG be drawn to 


the Sides FM, ON, the Triangles will be divided 


ſimilarly, and we ſhall have FM:ON::MH:GN. 


Alſo, becauſe the Triangles A OE, DIH, DLM, 
are equiangular, we ſhall have AE: AO: IL: MH. 


X 3 | But 
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314 De ELEMENTS „ 
g But it has been proved that FM: :O N:: MH: :GN. 


Were fore it ſhall be as AEX FM: AOXxON :: e 
IL x MH x MH x GN, or as IL to GN, that! is 
the Rectangle, under the Sines of the Legs, is to the In 


Square of Radius, as the Difference of the verſed Sines 
9 the Baſe, and the Difference of the Legs B C, BA, 
is to the verſed Sine 1 the * B. W. W. P. 5 


' PROPOSITION XXXVI 


The Difference of the verſed Sines of two Arcs | 
drawn into Radius, is equal to the Rectangle un- F 
der the Sine of half the Sum and the Sine of half | 
the Difference of thaſe Ares. > 


ET there be two Arcs, BE, BF, whoſe Differ- 

4 ence E F, let be biſeCted in D: z then ſhall BD be 

the half Sum, and ED the half Difference of thoſe 

Arcs. GE = 1x; is the Difference of the verſed Sines 

of the Arcs B E, BF; alſo FOis the Sine of the half 

Differences of the Arcs, And becauſe the Triangles 
CDK, FEG, aree niangular, we have DK: G E:; 

(CD: FE:: 35 OD: FE. Whence DK x; FE, 

or DK x F O= = GEp * CD=1IL * CD. W. W. D. 


PROPOSITION XXXVIII. 


7 he verſed Sine of auy Arc, drawn into half the 
Radius, is equal to 0 8 quare 12 the Ane ef one 


half of the Jad Arc. Od = 
HE Triang gles OB 'D EBB are e quiangulr | 
fince the 1 at M and E are Ri ight Angles, 2M 


and the Angle at Biscommon. Wherefore E B: BT 
BM: BC. And then will E BXxBC=BM x BD; 
and EBx!BC=BMx! BD=BMq. WI. P. 


„ PR O- 


SPHERICAL TAIGONOMETRY, 


PROPOSITION XXXIX. 


In any ſpherical Triangle A B C, whoſe Legs contain- 
ing the Angle BareBC, A B, and Baſe-ſubteng- 
ing that Angle AC: if the Arc A M be taken = 
Difference of the Legs=BG—AB. Then ſhall 
the Rettangle under the Sines of the Legs BC, 


BA, be tq the Square of the Radius, as the Ref | 


angle under the Sine of the Arc AC 5 AM . 


and the Sine of the Arc A — a, 7s to the 


Square of the Sine of one half of the hag B. 
Vid. Fig. to Prop. 36. 


Ecauſe the Rectangle under XY Sines of the 
Legs AB, BC, is to the Square of Radius, as 

IT is to the verſed Sine of the le B, or as Nx 
IL to R drawn into the verſed Sine of the Ang leB 
(by Prop. 36. of this.) And ſince Rx I = 


AC AM 


(by Prop. 31.0f Saas cy 


2 che verſed Sine of the Angle B is equal to the 


Square of the Sine one half of the Angle B. Therefore 
the Rectangle under the Sines of the Sides to the 


Square of Radius, ſhall be as the Rectangle under the 


. AS ; 


Sines of the Arcs 


the W. B. of the Sine of one half the Angle B. 
W. W : NW 


Ke i 


gle under the Sines of the Arcs — . — 10 | 


and is to 
z J 


1 
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The Tuelve Cafesof oblique-angled ſphori. 
cal Triangles are as follow. | 
1 ary 4 15 Eiven Sought Make as 2 Ec - 
Rene Angles Angle „ Coſ. B C:: TP, B: Cot. BCA, 
was thus, B, D, C. ( Prop. 30. of this.) Alſo Coſ. B 
Coſ. BC: |, jand 8, BCA :: Col D:S, DCA 
R:: TB: BC. (by 31. of this.) Wherefore the 
Cot. BCA. | dum of the Angles BCA, DCA, 
jf the Perpendicular falls within the 
1 | Triangle, or the Difference, if it falls " I 
| without, will be = B CD. Whe. | 
1 ther the Perpendicular falls within, f 
or without the Triangle, may be | 
known from the Affection of | 
|. |: {he Angles BandD (h 22. of this.) 
TOE © which Admonition ought to be ob- 
NE. ſſerved in the following Solutions. 
This Pro- 1 R: Col. BC :: T, B: Cot. BCA 
portion n B. D. (Prop. 30. M this.) And 8, BCA: 
the Orgi. BCD 8, DCA :: Coſ. B: Coſ. D (by 
nal was 0. land | | Prop. 31.) If BCA be leſd'than 
"y ws 915 4% 2 ſtbe BCD, the Angle D ſhall be of the 
A F Side ſſame Affection with the Angle B. 
the Angle. BC. lt BCA be greater than the Angle 
SEA 1h. me IBC D, then the Angles B and D, 
may be 1.4 _. q EE E ſhall be of a different Affection, by 
known by | fo, | e of Prop. 22. 
$4" The (The NK: Col. B:: T, BC: F BA 
. Sides Side |( by 28. of this.) and Coſ. B C:: 
IBC, BD. Coſ. BA:: Coſ. DC: Col. DA. 
| [CD | I 32. of this.) the Sum qr Differ- 
and ence of BA and DA, according 
z the as the Perpendicular falls within, 
Angle or without the Triangle, is equal 
| to BD, which cannot be known, 
nleſs the Species of the Angle D 


be firſt known. 


— — ͥꝗͤꝓ —̃ü — u 
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3 and the. 


The 
[Sides 
BC, DB, 


Cot. BC:: 


| _ Given | Sought | Make as 


he 
2 


RN: Col. B:: T, BC: 

y 28. of this.) and Col. BA! 
Col. DA: Coſ. D C. 
by Prop. 32. of this.) According | 


ol, 3s DA is fimilar or diſſimilar t to 


CA, or to the Augle BDC, fo 


5 ſhall DCbelefler or greater than 
9 r (by 19. and 20, of 


B::S, BA:S, DA 0 T 
this.) The Sum or Difference of 
which BA and D A is=BD. 


{hall be ſimilar or diſſimilar to 
the Angle B, (by 22. of this.) 
[Co BC: R:; 

y 30. of this.) and T. DC: T: | 


by 24 of this.) The dum er Bif. 
erence of the Angles BC * 


3 DCA, according as the Pe 


;onlar falls within or wit nk 


"> {the Triangle, is equal 1 che ah 
Anale B CD. 


2; ot. B: T,BCA 
by 30. of this. ) Alſo Col: 
GA: Coſ. B CA:: T, BC, 


Fr, DC, (by 34. of this.) If 


the Angle D fo A be ſimilar to 
the Angle B (that is, if AD 
e fimilar to C A,) then 
DC ſhall be leſs than a Qua- 
drant. If the Angles DCA and 
B be diſſimilar, then D C ſhall 
be greater than a Quadrant, 
hich follows (from Prop. 18, . 


1x9, and 20. of this. 


Given. OE 
B+ 


— ELE ME NY's 7 


| "T Given 


S 


Make as 7 2 

"The 8, CD: S.B :8, BC:S,T 8, D. 

which i is 8585 vous. The Ana! 

jt follows om 1 5 35. of 
ts 


of the Vids GD to a 
jcle. Wherefore if the Angles be 


1s, D:S, FT | NR SD 


[which Side! is s ambiguous 


| p N 


As na, le under FT 


of the Legs A B, B C: the Square 
jof Radius: the Rectan bf under 


: the - Squat of 


che WT f Sehe Angle B, (by 
Prop. 29.7 | 
n the Triangle X NM, che Arc 
MN is the Complement of the 
Angle GHD to a Semicircle. 
NM is the Complement of the 
Angle G, and X N the Com- 
0 a of the 3 D. And 
lement 
micir- 


changed into Sides, and theSides 
ſinto Angles, the Operation will 


de the ſame, as in Caſs 11. of 


this, ſince Arcs and their Com- 
lements to Semicircles have 


he ſame ines. 


* 1 * 
= 


755 
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The following R E M ARK ty 


1 HAT this is true but in a particular Caſe, viz. 
when two of the Angles of the Triangle are 
Right ones, and two of the Sides Quadrants, may be 
thus demonſtrated. For if poſſible, let ſome Trian- 
gle RS T, Fig. to Prop. 14th be ſuch, that its Sides 
RS,ST, TR, be equal to the Meaſures of GH D, 
HGD, GDH, the Angles of a Triangle GHD; 
and alſo, that the Meaſures of RS T, STR, TRS, 
the Angles of the Triangle R ST be equal to GH, 
GD, HD, the Sides of the Triangle GHD. And 
produce MX. MN, two Sides of the ſupplemental 
Freiangle to Semicircles, and they will meet ſome- 
where, ſuppoſe at E; and there will be conſtructed 
thereby the —_— NEX, of which X E (the 
Supplement of X M, which, by the 14 Prop. was 
the Supplement of the Meaſure of the Angle HGD) 
is equal to the Meaſure it ſelf of the ſame Angle 
HGD: And in like Manner, N E (the Supplement 
of NM, which, by the 14% Prop. was the Supple- 
ment of the Meaſure the Angle G H D) is equal to 
the Meaſure it ſelf of the ſame Angle GHD. But 
the third Side X N, is not the Meaſure of the third 
Angle GD H, but its Supplement, by the 14 Prop, 
Moreover, of the Angle E XN (whoſe Supplement 
is N.X M) the Meaſure, by the 14% Prop. is equal 
to GD; and of the Angle XN E, (whoſe Supple- 
ment is MN X) the Meaſure, by the 14% Prop. is 
equal to HD. But of the third NEX, (which is 
equal to N MX) the Meaſure is not equal to G H, 
but its Supplement. eee 
Now make NV=R T=BK, the Meaſure of 
the Angle GD H, and draw the great Circle E V. 
And fince R 8, r e to the Mea- 
ſure of the Angle GH D, which is equal to EN; 
and fince the Meaſure of the Angle 8 R T, is by Sup- 


fition, equal to DH, which is alſo equal to the 
Meaſure of 2 XNE ; the Angle XN E is 
equal to the Angle R. Then conſequently, by 1 

15 Fo 4 
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4th Prop. the Triangles 8 RT, ENV, will have the 
Baſe 8 T, equal to the Baſe EV; the Angle T, to 
the Angle NVE, and the Angle 8, to the Angle 
NE V. But 8 T, (which is equal to E V,) by Sap- 
poſition, is equal to the Meaſure of the Angle HGD; 
to which Meaſure X E is alſo equal. Therefore, E V 
is equal to X E; and conſequently, by the 77 Prop. 
the Angle E VX is equal to the Angle EX V; and 
the Angle EX V (whoſe Meaſure, as hath been ſhewn 
above, is equal to GD) is equal to the Angle T, (or 
NVE, ) fince by Suppoſition, the Meaſure of this is 
alſo equal to & D. Therefore the Angle E V X is equal 
to the Angle EVN, and ſo both right ones; and con- 
ſequently EX Va right one alſo. Therefore, by the 24 
Cor. tothe 24 Prop. EV and E X are hoth N e 
But if EV be a Quadrant, and at right Angles to 
NX, then E, by 2 
of NX; and ſo EN a Quadrant alſo, and the Angle 
ENV a right one. Therefore, if the Sides of a Tri- 
angle (N E V, or its Equal) RST, are equal to the 
Meaſuresof the Angles af ſome other Triangle G HD, 
and the Meaſures of the Angles of the former, equal 
to the Sides of the latter; twoSides of ſuch a Triangle 
RST, or GH P, muſt be Quadrants, and two An- 
gles of each right ones. . 
Therefore, if a Triangle RS T be conſtructed 
whoſe Sides are equal to the Meaſures of the Angles 


of another Triangle GH D: the Meaſures of the An- 


gles of the Triangle RS T, ſhall not be equal to the 
Sides of the Triangle GH D, unleſs in the one Caſe be- 
forementioned. Therefore the Meaſures of the Angles 
of the Triangle G H D, uſed as the Sides of a Triangle 
in the 11th Caſe, will not give us a Side of G HD, but 
the Meaſure of an Angle of the Triangle RST, un- 


3 in the one afore- mentioned Caſe ; which was to 


be demonſtrated. 


But to find a Side GD of ſpherical Triangle G HD. 


whoſe Angles are all given, produce M N, that 
Side of the ſupplemental Triangle, which is equal to 
the Supplement of the Meaſure of GHD, the Angle 


| oppoſite to the Side ſought, and MX, either of the 


other Sides till they meet as in E. And there, as hath 
been before ſhewn, the Sides EX, EN, of the Tri- 
"fs ps; angle 


Prop. and its Coroll. is the Pole 


an Sd PA 


Fe . RR 
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angle EX N, are exactly equal to the Meaſures of the 
Angles HGD, G HD, of the Triangle GHD; and 
of the Angles EXN, EN X, of the Triangle EXN, 
the Meafures are equal to GD, HD, But the Side 
XN is equal to the Supplement of the Meaſure of 
the Angle GD H. And of the Angle XEN, the 

Meaſure is equal to the Supplement of GH. 


Therefore the SoL u is thus: 4 

| Change one of the Angles GDH, adjacent to the 

Side ſought into its Supplement; and then work with 

the Meafuree of the Angles as tho? they were Sides, 
and the Reſult will be GD, the Side ſought. 


The preceeding Fault, as well as the Omiſſions 


hereafter mention'd, are not peculiar to our Author 


but may be found in Dr. Harris, Mr. Caſwell, 


Mr. Heynes, and many other Trigonometrical Writers. 


In the Solution of our 8th and gth Caſes; they have 
told us, that the Quæſita are ambiguous ; which 
ſometimes, indeed, is true, but ſometimes alſo falſe : 
Therefore, as I conceive it, they ought to have laid 
down Rules, by Help of which we might diſcover 
when the Quæſita are ambiguous, and when not. 
This Overſight may be corrected by the following 
Directions: Wherein, becauſe every Sine correſponds 


to two Arches, to one leſs than a Quadrant, and to 


another, which is the Supplement of the former to a 
Semicircle, (a true Diſtinktion of which of theſe are 
to be uſed, being neceſſary to be known, before a 
proper Solution can be given to ſuch Problems as 
theſe are,) I ſhall beg Leave, for Brevity ſake, to call 
the lefler Arch the acute Value, and the greater the 
ebtuſe £ whether the Sine be of an Angle or a Side. 


In the tenth Caſe, there are given two Angles B, D, 
and B Ca Side oppoſite to one of thoſe Angles D, 
to find D C the Side oppoſite to the other, 


FT O the acute Value of D C, and alſo to its ob- 


tuſe one, add BC;andif each of theſe Sums are 


3 greater 


322. 


d 5 than a Semicircle, when the Sum of the 


| Angles B, D, is Zo „ S than two Right Angles; 


both the Values of DC may be admitted, and then is 
ambiguous ; But when only one of thoſe Sums is 


| R F than a Semicircle, only one Value of 


DC can be true, viz. the ; os: 8 one; and then 
is not ambiguous. | 


Is the nini h Caſe, there are given two Sides BC, ; 


DC, and one Angle B, oppofite to DC one of 
thoſe Sides, to find D the Augle oppoſite to the 
A F 


O the acute Value of D, and alſo to its obtuſe 
Value, add B; and if each of theſe Sums is 


Lets 55 0 than two Right Angles, when the Sum 


of the Sides is 9756 * F chan aSemicircle, both | the 
Values of D may be admitted, and conſequently, D is 
ambiguous : But when only one of thoſe Sums is 
Jr er © than two Right Angles, only one Value 
of D is true, vis. the ] FOO £ one ; and then not 
ambiguous, _ | 
Nor are we better uſed in the firſt Propoſition ; 


for tho” it. is determined by the given Angles, whe- 
ther the Perpendicular falls within or without the 


Triangles, yet in each of thoſe Varieties, the Quæ- 
ſita will be ſometimes ambiguous, and ſometimes 


not. | - | wo 


In 


— 
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Wi firft Bae there are given ro Angles 
B, and BC, a Side oppoſite to D, one of them, 
to find C the third Angle. | 


1. Let the Perpendicular fall within; that is, let 
the given Angles be of the ſame Species. 

4 o the acute Value of DCA, and alſo to its ob- 
tuſe one, add the Angle BCA; and if each of 
theſe Sums is leſs than two Right Angles, then either 
the acute Value of DCA, or its obtuſe one added 
to BCA, gives a Value of BCD; which, therefore, 
is ambiguous. And when only one of theſe Sums 
is leſs than two Right Angles, the acute Value of 
DCA, added to BCA, gives the only Value of 
BCD; which then is not ambiguous ; tho? in both 
Varieties the Perpendicular fell within. 


2. Let the A ip fall without; that is, let 
_ "the given Angles be of different Species. 


WHEN the obtuſe Value of the Angle DCA 
is leſs than the Angle BCA, the Angle BCD 
may be had by ſubtracting either Value of DCA 
from BCA; and then BCD is ambiguous. But 
when the obtuſe Value of D.C A is not leſs than 
BCA, the acute Value of DCA, taken from BCA, 
gives the ſingle Value of BCD; which therefore is 
not ambiguous ; tho? in both Varieties the Perpen- 
cular fell without. A. 


In the fifth Caſe wwe lie under the [ame Misfortune, 
where there are given, as in the firſt, the Angles 
BD, and the Side B C, to find B D the Side 

Hing between thoſe given Angles. 


* When the Perpendicular falls within; that is, 
when the given Angles are of the ſame Species. 


| TY the acute Value of D A, and ſo alſo to its 
obtuſe one, add BA; and if each of theſe Sums 

is leſs than a Semicircle, then either the acute Value 
of DA, or its obtuſe one, added to BA, gives the 


Value 


- Tho EtxMints of 


: 
* 


Value of BD; which thence is ambiguous. An 
when only one of theſe Sums is leſs than a Semicir- 
cle, the acute Value of D A, added to BA, gives the 
only Value of BD; which then is not ambiguous z 
tho? in both Varieties the Perpendicular fell within. 


2. When the perpendicular falls without; that is, 
when the given Angles are of different Species 


WHEN the obtuſe Value of DA is leſs than 
B A, BD will be had by ſubtracting either Va- 
ue of DA from BA; and then BD is ambigu- 
bus. But when the obtuſe Value of D A is not leſs 
than B A, the acute Value of DA, taken from B A 
leaves the only Value of BD ; which therefore is not 
ambiguous ; tho in both Varieties the Perpendicu- 
lar fell without. ant gh 


In the third, we have the ſame Omiſſion; where 


there are given two Sides BC, CD, and B an 
Angle oppoſite to CD ons of them, to find the 
third Side BD. 11955 


LIRS T, we may obſerve, that the Species of DA 


is always known for it is of 4p 22s: £ Af 


OL Dales 3 „ W 
fection with the Angle B, when DCis — . 
than a Quadrant. And, 


1 
If AD be leſs than AB, and alſo the Sum of AD 
and A B leſs than a Semicircle ; then AD, either ad: 


ded to, or ſubtracted from A B, will give the Value 


of BD, which, therefore, is ambiguous. 


But if AD be not leſs than AB, or if their Sum 


be not leſs than a Semicircle ; then their 8um in 


the former, and their Difference in the latter Va-, 
riey, ſhall give one ſingle Value of BD, and then is 


not ambiguous. 


The 


The 


/ 


SPHERICAL 'T'RIGONOMETRY, 


/ 


The ſeventh Caſe much reſembles the third; for 
there are given two Sides BC, CD, and B an 
Angle, oppoſite to CD one of them; to find the 
Angle BCD, Hing between thoſe two Sides. 


FE D here we may obſerve, that the Speciesof the 


Angle DCA is known; for it is of ; the Tame £ | 


a different 
Kind with the Angle B, when D C is Fleſs 2 
e greater 5, 
than a Quadrant. And, 


If DCA beleſsthanBCA, and the Sum of DC A 


and BCA leſs than 2 right Angles ; then, DC A either 
added to, or ſubtracted from BCA will give the An- 
gle BUD; which therefore is ambiguous. = 


If DCA be not leſs than BCA, or the Sum of 


DCAand B CA not leſs than two right Angles; then 


their Sum in the former, and their Difference in the 
latter Variety ſhall give the ſingle Value of BCD; 
which then is not ambiguous, 


N. B. If any one will be at the Trouble to make a 


double Calculation for the Side D C, or the Angle 


D, as taught in the Remarks on the 9th and 10th 
Caſes, they will find the ſeveral Varieties in the 


I 15 34, 5th, and 7th, to be as here laid down in 


theſe eaſy Rules. 


The Truth of theſe Rules may be eaſily deduced from 
the 10th, 13th, 18th, and 224 Prop. of this, and 
the 24, 87h, and 13th Examples, following Prop. 
30. of this. | | 


In our third Caſe of oblique-plain Triangles, our 
Author ſhould have added this. 


otherwiſe not. 


If AB be leſs than BC, the angle A ig ambiguous," 
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Sao ble Advantages; firſt, by 
Mm thelntroduttion of the In- 
dian Characters, und af 
terwards by the Inventi- 

N on of Decimal Frattions ; 
yet has it fince reaped at leaſt as much 
from the Invention of Logarithms, as 
from both the other two. The Uſe of 

_ theſe, every one knows, is of the great- 
. eſt-Extent, and runs through all Parts 
of Mathematicks. By their Means it 
19 that Numbers almoſt infinite, and ſuch 
as are otherwiſe impratticable, are ma- 
naged with Eaſe and Expedition. By 
their Aſſiſtance the Mariner ſieers'his 
Veſſel, the Geometrician inveſtigates the 
Nature of the higher Curves, the Aſtrono- 
95-1 API NIS.- 3660145 


PREFACE. 
mer determines the Places of the Stars, 
the Philoſopher accounts for other Pheno- 


mend of Nature; and laftly, the Uſurer 


got beyond the Elements of Algebra and 


e er the Intereſt of his Money. 
The Subjett of the following Treatiſe 
has been cultivated by Mathematicians of 
the firſt Rank; ſome of whom taking in 
the whole Doctrine, have indeed wrote 
tearnealy, but ſcarcely iutelligible to any 
but Maſters. Others, again, accommo- 
dating themſelues to the Apprehenſion of 
Nowzices, have ſelected out ſome of the 
moſt eaſy and obvious Properties of Loga- 
rithms, but have left their Nature and 
more intimate Properties untouch d. My 
Deſign therefore in the following Traci, 
zs to ſupply what ſeemed ſtill wanting, 


viz. to diſcover and explain the Doctrine 


of Logarithms, to thoſe who are not yet 


Geometry. 

The wonderful Inventionof Lo garithms 
we owe to the Lord Neper, who was the 
firſt that conſirutted and publiſhed a Ca- 
nou thereaf,, at Pdinkeinghy in the Tear 


1614. This was very graciouſly received 
by all Mathematicians, who were imme 


diately ſenfible of the extreme U ſefulne [5 


thereof. And tho it is uſual to haveva- 
rious Nations contending for the Glory of 


any notable Invention, yet Neper is uni- 


ver ſally albw'd the Inventor of Loga- 


rithms, and enjoys the whole Honour 
thereof without « any Rival. 00 


LO AE Go oo ae ener a aff rr fr LS 


_ FmFBEBAGE 
die ſame Lord Neper afterwards in- 
vented another and more commodious 
Form of Logarithms, which he-communi- 


cated to Mr. Henry Briggs, Profeſſor. of 


Geometry at Oxford, who was hereby in- 
troduced as 4 Sharer in the compleating 
thereof But the Lord Neper dying, the 
whote Buſineſs remaining, was devolved 
upon Mr. Briggs, who, with prodigious 
Application; and an uncommon Dexteri- 
ty, compo d a Logarithmick Canon, agree- 
able to that new Form for the firſt twen- 
ty Chiliads of Numbers, (or from 1 to 


20000) and for eleven other Chiliads, viz. 


from goo0oo to 101000. For all which 
Numbers he calculated the Logarithms to 
fourteen Places of Figures. This Canon 
was publiſh'd at London. in the Tear 
Adrian Vlacq publiſhed again this Ca- 
non at Gouda in Holland, in the Tear 
1628, with the intermediate Chiliads be- 
fore omitted, filled up according to Briggs s 
Preſcriptions; but theſe Tables are not ſo 
4ſeful as Briggs s, becauſe the Logarithms 
are continued but to 10 Places of Figures. 
- Mr. Briggs alſo has calculated the Lo- 
garithms of the Sines and Tangents of 
every Degree, and the hundredth Parts. 


" 


of Degrees ta 15 Places of Figures, and 


has fubjained to them the natural Smes, 
Tangents, and Secants, to 15 Places of 
Figures. The Logarithmus of the Sines 
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und Tangente ase called: Artificial Hines 


and Tangente. Theſe Tables, Yogether with 
their Conſiruc tion and , Was publiſh 4 
after Briggs s Death, at London, in the 
Tear 1633, by Henry Gelibrahd, an by 
Ke called Trigonometfia Britannica. 
Since then there haue beew \ publiſhed, 
in ſeveral Places, compendious Tables, 
wherein the Smes and Ti, angente, and 


their Logarithms, con ſiſt of but ſeven 


Places of Figures, and wherein are only 


the Logavithms-of the Numbers from 1 


to t00000, | which may. be 4 ee * 
mo ſi U/es. SVEN IL BIR, VB. 4.0 


The beſt Diſpoſition of theſs Tables, in 


my Opinion, is that frfl thought of by 


Nathaniel Roe, of Suffolk; aud Dich ſome 
Alterations for the better; followed by 
Sherwin zn hzs Mathematical Tables, 
publiſhed at London in 1705; wherein 
are the Logarithms from I to 101000, 
conſiſting of Places of Figures. T6 which 
are ſuboined the Differences and propor- 


Tional Parts, by Means of which may be 


found eaſily the Logarithms of Numbers 
#0 10000000, 06/ervimg at the ſame Time 
that theſe Logarithms conſiſt only of- 7 
Places of Figures. Here are alſo the 
Simes, Tangente, and Secants, with the 
Logarithms 'and Differences for every 
Degree and Minute of the Quadrant, 
with ſome other Tables of Of in 18 6 
e Mathematict. 5 
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Of the ORION and NATURE of 
Reb ras Logarithms. _ 


s in Geometry, the Magnitudes of Lines 
N are often defined by Numbers; ſo likewiſe : 
Wes on the other Hand, it is ſometimes expe- 

dient to expound Numbers by Lines, vis. 
by e ſome Line which may re- 
preſent Unity, and the Double thereof; the Number 
2, the Triple 3, the one half, the Fraction z, and ſo 
on. And thus the Geneſis and Properties of ſome 
certain Numbers are better conceived, and more clear- 


ly conſidered, than can be done by abſtract Numbers. 


Y ” 


— 


Hence, if any Line a be drawn into itſelf, the Quan- Fig. 1. 
tity 4? produced thereby, is not to be taken as one of 
two Dimenſions, or as a geometrical Square, whole 
Side is the Line a, but as a Line that is a third Pro- 
47 75 Fes portional 
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portional to ſome Line taken for Unity and the Line 
a. So likewiſe, if a“ be multiplied by a, the Product 
a', will not be a Quantity of three Dimenſions, or a 
Geometriral Cube, but a Line that is the fourth Term 
in a Geometrical Progreſſion, whoſe firſt Term is x, 


and ſecond 4; for the Terms x, 4, 4*, as, al, a“, a, 


a7, Oc. are in the continual Ratio of x to 2. And 
the Indices affixed to the Terms, ſhew the Place or 
Diſtance that every 'Term is from Unity. For Ex- 
ample, 4* is in the fifth Place from Unity, 4“ is the 
ſixth, or fix times more diſtant from Unity than 4; 
or 4*, which immediately follows Unity. 

If between the Terms 1 and a, there be put a mean 
Proportional which is / a, the Index of this will bez, 
for its Diſtance from Unity will be one half of the 


Diſtance of 2 from Unity; and ſo 4 may be writ- 


ten / 4. And if a mean Proportional be put between 


a and 4*, the Index thereof will be 1 2 or 2, for its 
Diſtance will be ſeſquialteral of the Diſtance of a from 


Unity. 5 
If there be two mean Proportionals put between 1 


and 4; the firſt of them is the Cube Root of a, whoſe 


Index muſt be 3, for that Term is diſtant from Unity 
der by a third Part of the Diſtance of a from Unity; 
and ſo the Cube Root muſt be expreſſed by 4; . 
Hence, the Index of Unity is o, for Unity is not dil- 


tant from itſelf. 


The {ame Series of Quantities, geometrically propor- 
tional, may be both Ways continued, as well deſcend- 
ing towards the Left Hand, as aſcending towards the 

F 


Right; for the Terms — | L, a, * 


a', as, a*, a*, a, 


as, 44, a5, gc. are all in the ſamo ee Pro- 


greſſion. And fince the Diſtance of 4 from Unity is 
towards the Right Hand, and poſitive or- x, the 
Diſtance equal to that on the contrary Side, viz. the 


Diſtance of the Term 7 will be Negative or — 1, 


which ſhall be the Index of the Term 5 for which 
may be written 2 So likewiſe in the Term a=", 
The Index —2 ſhews that that Term ſtands in the 
ſecond Place from Unity towardsthe Left Hand, _ 


Lay 
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Of LOGARITHMS; 
the Terms 4 and — are of the ſame Value. Alſo 
4 is the ſame as > . For theſe negative Indices 


ſhew that the Terms belonging to them, go from 
Unity the contrary Way to that by which the Terms 
oo Indices are poſitive, do. Theſe Things pre- 
miſed. 


If on the Line AN, both Ways indefinitely ex- 


_ tended, be taken, AC, CE, EG, GI, IL, on the 
right Hand. And alſo AT, Tn, Cc. on the left, 
all equal to one another. And if at the Points, II, T, 
A, C, E, G, I, L, be erected to the right Line AN, 
the Perpendiculars II 5, TA, AB, CD, EF, 
GH, IK, LM, which let be continually proporti- 
onal, and repreſent. Numbers, whereof A B is Unity. 
The Lines AC, AE, AG, AI, AL—AT, — An, 
reſpectively expreſs the Diſtancesof the Numbers from 
Unity, or the Place and Order that every Number 
obtains in the Series of Geometrical Proportionals, 
according as it is diſtant from OOH So fince AG 
is triple of the right Line AC, the 

ſhall be in the third Place from Unity, if CD bein 
the firſt : So likewiſe ſhall L M be in the fifth Place, 
fince AL=5 AC. If the Extremities of the Propor- 
tionals, 2, A, B, D, E, H, K, M, be joined by right 
Lines, the Figure 2 11 L. M will become a Polygon 


conſiſting of more or leſs Sides, according as there 


are more or leſs Terms in the Progreſſion. 

If the Parts AC, CE, E G, GI, IL, be biſected 
in the Points c, e, g, i, I, and there be again raiſed the 
Perpendiculars c4, ef, g b, ik, Im, which are mean 
Proportionals between A B, CD; CD, EF; EE, GH; 
GH, IK; IK, LM; then there will ariſe a new Series 


of Proportionals, whoſe Terms beginning from that 


which immediately follows Unity, are double of 


' thoſe in the firſt Series, and the Difference of the 
Terms are become leſs, and den nearer to a Ra- 
ikewiſe in this new. 


tio of Equality than before. | 
Series, the Right Lines AL, AC, expreſs the Diſ- 
tances of the Terms LM, CD, from Unity, vig, Since 
AL is ten times greater than Ac, LM ſhall be the 
tenth Term of the Series from Unity: And ay 

| e 


Number GH 
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Of LOGARITHMS. 
A e is three times greater than Ac, ef will be the third 
Term of the Series, if c4 be the firſt ; and there ſhall 


be two mean Proportionals between A B and ef, and 
between A B, and LM, there will be nine mean Pro- 


| portionals. | 


And if the Extremities of the Lines BA Df FE Y 
H, £5c. be joined by right Lines, there will be a new 
Polygon made, conſiſting of more, but ſhorter Sides 
than the laſt. 05 3 

If, again, the Diſtances Ac, c C, Ce, e E, &c. be 
ſuppoſed to be biſected, and mean Proportionals be- 
tween every two of the Terms, be conceived to be 
put at thoſe middle Diſtances; then there will ariſe 
another Series of Proportionals, containing double 
the Number of Terms from Unity than the former 


does; but the Differences of the 'Terms will be leſs; 


and if the Extremities of the Terms be joined, the 
Number of the Sides of the Polygon will be augment- 
ed according to the Number of Terms; and the Sides 


thereof will be leſſer, becauſe of the Diminution of 


the Diſtances of the Terms from each other. 

Now in this new Series, the Diſtances AL, AC, 
Sc. will determine the Orders or Places of the 
Terms; v2. if AL be five times greater than AC, 
and CD be the fourth Term of the Series from Unity, 
then LM will be the twentieth Term from Unity. 


If in this Manner mean Proportionals be continu- 


ally placed between every two Terms, the Number 
of Terms at laſt will be made ſo great, as alſo the 
Number of the Sides of the Polygon, as to be greater 
than any given Number, or to be infinite; gl. my 
Side of the Polygon ſo leflened, as to become leſs 
than any given right Line; and conſequently the Po- 
lygon will be changed into a curve-lin'd Figure ; for 
any curve-lin'd Figure may be conceived as a Poly- 
gon, whoſe Sides are infinitely ſmall and. infinite in 
Number. | 5 

A Curve deſcribed after this Manner, is called Lo- 
garithmical; in which, if Numbers be repreſented by 


right Lines ſtanding at right Angles to the Axis A N, 


the Portion of the Axis intercepted between any Num- 
ber and Unity, ſhews the Place or Order that that 


Number obtains in the Series of geometrical Propor- 


tienals, diſtant from each other by equal Intervals. 
| „ 20s 
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Of LOGARITHMS. 
For Example, if AL be five times greater than AC, 
and there are a thouſand 'T'erms in continual Propor- 
tion from Unity to LM; then will there be two 
Hundred Terms of the ſame Series from Unity to 
CD, or CD ſhall be the two hundredth Term of the 


Series from 715 4 and let the Number of Terms 
from AB to LM be ſuppoſed what it will ; then the 


Number of Terms from AB to CD, will be one 


fifth Part of that Number. DAR 

The Fa, rang Curve may alſo be conceived 
to be deſcribed by two Motions, one of which is 
equable, and the other accelerated, or retarded, ac- 
cording to a given Ratio. For Example, if the right 
Line A B, moves uniformly along the Line A N, ſo 
that the End thereof deſcribes equal Spaces in equal 
Times; and, in the mean Time, the {aid Line AB 


ſo encreaſes, that the Increments thereof, generated 


in 2 Times, be proportional to the whole en- 


creaſing Line; that is, if A B, in going forward to 4, 


be encreaſed by the Increment o 4, and in an equal 
Time when it is come to CD, the Increment there- 
of is DF, and D p to de is as 4 o is to A B, that is, if 
the Increments generated in equal Times are always 


proportional to the Wholes; or, if the Line AB 
moving the contrary Way, diminiſhes in a conſtant 


Ratio, ſo that while it goes thro' the equal Spaces, 


the Decrements AB - Ta, Ta- IE, are Pro- 
portionals to A B, LG. Then the End of the Line 
encreaſing or decreaſing in the ſaid Manner, deſcribes 
the Logarithmical Curve: For ſince AB: 4 o:: 


Ac: DP: : DC: F 4 it ſhall be (by Compoſition 
1 as AB: 4c: : 4e: DC D 8 
o on. | | 40 

By theſe two Motions, viz. the one equable, and 
the other proportionally accelerated, or retarded, the 
Lord Neper laid down the Origin of Logarithms, 
and call'd the Logarithm of the Sine of any Arc, I hat 
Number which neareſt defines a Line that equally en- 
creaſes, while, in the mean time, the Line expreſſing 
the whole Sine proportionally decreaſes to that Sine. 

It is manifeſt from this Deſcription of the Logarith- 
mick Curve, that all Numbers at equal Diſtances are 
continually proportional. It is alſo plain, that if there be 
four Numbers A: B, CD, IK, LM, ſuch, that the Diſ- 
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Of LOGARITHMS. 
tance between the firſt and ſecond, be equal to the 
Diſtance between the third and the Eur : Let the 
Diſtance from the ſecond to the third be what it will, 
theſe Numbers will be proportional. For becauſe 
the Diſtances A C, IL, are equal, A B ſhall be to the 


Increment Ds, as I K is to the Increment M T. 


Wherefore (by Compoſition) AB: DC:: IK: ML. 
And contrariwiſe, if four Numbers be proportion 


the Diſtance between the firſt and the ſecond, ſhal | 
be equal to the Diſtance between the third and the 


fourth. 

'The Diſtance between any two Numbers, is called 
the Logarithm of the Ratio of thoſe Numbers, and 
indeed doth not meaſure the Ratio itſelf, but the Num- 
ber of Terms in a given Series of Geometrical Pro- 
portionals proceeding from one Number to another, 
and defines the Number of equal Ratio's by the Com- 
poſition whereof the Ratio of Numbers are known. 

If the Diſtance between any two Numbers be dou- 
ble to the Diſtance between two other Numbers, then 
the Ratio of the two former Numbers ſhall be the 


Duplicate of the Ratio of the two latter. For let tho 
Diſtance I L between the Numbers IK, LM, be 


double to the Diſtance A c, between the Numbers 
AB, cd; and fince I L is biſected in 7, we have Ac 
=TI/=/L; and the Ratio of IK to Im, is equal to 
the Ratio of AB to c4; and ſo the Ratio of IK to 
LM, the Duplicate of the Ratio of I K to Im, (by 
Def. 10. E1.5.) ſhall be the Duplicate of the Ratio 
of AB toca. 

In like Manner, if the Diſtance E L be triple of the 
Diſtance A C, then will the Ratio of EF to LM, be 
triplicate of the Ratio of A B to C D: For becauſe 
the Diſtance is triple, there ſhall be three times more 
Proportionals from E F to LM, than there are Terms 
of the ſame Ratio from A B to CD; and the Ratio 
of EF to LM, as alſo of AB to CD, is compounded 
of the equal intermediate Ratio's, (by Def. 5. E. 6.) 
And ſo the Ratio of EF to LM, compounded 0 
three times a greater Number of Ratio's, ſhall be 


| triplicate of the Ratio of AB to CD. $0 likewiſt if 


the Diſtance G L be quadruple of the Diſtance A c, 


then ſhall the Ratio of G to L M, be quadrupli- 


cate of the Ratio of AB to cd. 
The 


affected with the 


Of LOGARITH MS. 


The Logarithm of any Number is the Logarithm 
of the Ratio of Unity to that Number, or it is the 
Diſtance between Unity and that Number. And ſo 
Logarithms expreſs the Power, Place, or Order which 
every Number, in a Series of Geometrical Progreſſi- 
onals, obtains from Unity. For Example, if there be 
10000000 proportional Numbers from Unity to the 
Number 10, that is, if the Number 10 be in the 
1oOOOOO0th Place from Unity; then it will be found, 


by Computation, that in the ſame Series from Unity, 


to 2 there are 3010300 proportional Terms, that is, 
the Number 2 will ſtand in the 3016300th Place. In 
like Manner, from Unity to 3, there will be found 
4751213 ee Terms, which Number de- 
ſines the Place of the Number 3z. The Numbers 
10009900, 3010300, 41213, ſhall be the Logarithms 
of the Numbers 10, 2, and 3. © 
If the firſt Term of the Series from Unity be called 
y, the ſecond Term will be 5, the third y*, c. 
And ſince the Number 10 is the 10,000,000th Term of 
the Series, then will yz0000099=3x0, Alſo y3010300—g, 
Alſo y4771213=3; and ſo on. px <g 
Wherefore all Numbers ſhall be ſome Powers of 
that Number which is the firſt from Unity ; and the 
Indices of the Powers are the Logarithms of the 
Numbers. „„ Fez] 
Since Logarithms are the Diſtances of Numbers 
from Unity, as has been ſhewn, the Logarithm of 


Unity ſhall be o; for Unity is not diſtant from itſelf, 


but the Logarithms of Fractions are negative, or de- 
ſcending below nothing, tor they go on the contrary 
Way. And ſo if Numbers increafing proportionally 
from Unity, have |<" Logarithms, or ſuch as are 
ign +; then Fractions or Num- 
bers in like Manner decreaſing, will have negative 
Logarithms, or ſuch as are affected with the 8ign—; 
which is true when Logarithms are conſidered as the 
Diſtances of Numbers from Unity. 
But if Logarithms take their Beginning not from an 
integral Unit, but from a Unit that is in ſome Place 
of Decimal Fractions. For Example, from the Fraction 
755555755057 ; then all Fractions greater than this, 
will have poſitive Logarithms, and thoſe that are leſs 
3 | ; wi 
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will have negative Logarithms. But more ſhall be 
ſaid of this hereafter.'; 1} 4 1 54 
Since in the Numbers continually proportional, 
DC, E E, GH, I K, c. the Diſtances CE, EG 


Gl, Oc. are equal, the Logarithms AC, AE, AG, 


Al, Oc. of thoſe Numbers ſhall be equidifferent, or 
the Differences of them ſhall be equal: And ſo the 


Logarithms of proportional Numbers are all in an 


arithmetical Progreſſion; and from hence proceeds 
that common Definition of Logarithms, that Loga- 


rithms are Numbers which, being adjoined to Pro- 


rtions, have equal Differences. 1 
In the firſt Kind of Logarithms that Neher pub- 
liſhed, the firſt Term of the continual Proporticnals 


was placed only ſo far diſtant from Unity, asthat 


Term exceeded Unity. For Example, if v be the 
firſt Term of the Series from Unity. A B, the Loga- 
rithm thereof, or the Diſtance A , or By, was, ac- 
cording to him, equal to v, or the Increment of the 


Number above Unity. As ſuppoſe v h be 1,0000001, 
be placed 0,000000r for its Logarithm An; and 


from hence, by Computation, the Number 10 ſhall 
be the 23025850th Term of the Series, which Num- 
ber therefore is the Logarithm of 10 in this Form of 


Logarithms, and expreſſes its Diſtance from Unity in 


ſuch Parts whereof vy or Au is one. 
But this Poſition is entirely at Pleaſure ;. for the 
Diſtance of the firſt Term may have any given Ratio 
to the Exceſs thereof above Unity, and according to 
that various Ratio (which may be ſuppoſed: at Plea- 
ſure, ) that is between v and By, the Increment of 
the firſt Term above Unity, and the Diſtance of the 
ſame from Unity, there will be produced different 
Forms of Logarithms. {+ f 353" 


| r DONT JINTDSTE - » 
This firſt Kind of Logarith ms was afterwards 


changed by Nzper, into another more convenient one, 


wherein he put the Number 10 not as the 23025850 h 
Term of the Series, but the x090,0000th ; and in this 


Form of Logarithms, the firſt Increment: v y ſhall be 
to the Diſtance B y, or A, as Unity, or A B, is to 
the Decimal Fraction 0,4342994, which therefore ex- 
preſſes the Length of the Subtangent A T. Fig. 4. 

After Næper's Death, the excellent Mr. Henry Briggs, 


by great Pains, made and publiſhed Tables of Loga - 
N h n rithms 


0; Oe" - POPE" NF = 


rithms according to this Form: No fince in theſe 
Tables the Logarithm of 10, or the Diſtance there-. 
of from Unity, is 1. 0000000; and 1, 10, 100, 1000, 
10000, Sc. are continual Proportionals, they ſhall be 
equidiſtant. Wherefore the Logarithm of the Num- 
ber 100 ſhall be:2;o000000; of 1000, 3, 0000000 ; 
and the Logarithm of 10000 ſhall be 4, 0000000 ; 
and ſo on. F 8 5 1 
Hence the Logarithms of all Numbers between 1 
and 10, muſt begin with o, or o maſt ſtand in the 
firſt Place to the Left: Hand; for they are leſſer than 
the Logarithm of the Number 10, whoſe Beginning 
is Unity; and the Logarithms of the Numbers be- 
tween 10 and 100 begin with Unity; for they are 
greater than I,c000000, and leſs than 2, 00000000. 
Alſo the Logarithms between 100 and 1000, begin 
with 2, for they are greater than the Logatithm of 
100, which begins with 2, and leſs than the Loga- 
rithm of a 1000 that begins with 3. In the ſame Man- 
ner it is demonſtrated, that the firſt Figure to the left 


Hand of the Logarithms between 1000 and 10000, 
muſt be 3; and the firſt Figure to the left Hand of 
the Logarithms between 10000 and 100000, will be 


4; and ſoon. „ 4 bene 25 1055 

The firſt Figure of every Logarithm to the left 
Hand, is called the Characteriſtick or Index, becauſe 
it ſhews the higheſt or moſt remote Place of the Num- 
ber from the Place of Units. For Example, if the 
Index of a Logarithm be 1, then the higheſt or moſt 
remote Place — Unity of the correſpondent Num- 


ber to the left Hand, will be the Place of Tens. If 


the Index be 2; the moſt remote Figure of the corre- 


 ſpondent Number ſhall be in the ſecond Place from 


Unity; that is, it ſhall be in the Place of Hundredths; 
and if the Index of a Logarithm be 3, the laſt Figure 


of the Number N to it, ſhall be in the Place 


of Thouſandths. The Logarithms of all Numbers 
that are in decuple or ſubdecuple Progreſſion, only 
differ in their CharaQeriſticks, or Indices, they being 


written in all other Places with the ſame Figures. For 


Example, the Logarithms of the Numbers 17, 170, 


100, 17000, are the ſame, unleſs in their Indices; for 


fince 1 is to 17, as 10 to 170, and as 100 to 1700, 
and as 1000 to 17000; therefore the Diſtances be- 
2. tween 


7 
1 
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tween 1 and x7, between 10 and 170, between 100 
and 1700, and between 1000 and 17000, ſhall be all 
equal. And ſo ſince the Diſtance between x and 17, 
or the Logarithm of the Number 17 is 1. 2304489, 
theLogarithm ofthe Number 170, will be=2.2 304489, 
and the th 6720” of the Number 1700 ſhall be 

3. 2304489, becauſe the Logarithm of the Number 
100 2. 0000000. In like Manner, fince the Loga- 
rithm of the Number r000= 3.0000000, the Loga- 
rithm of the Number 17000 ſhall 4. 2304489. : 

So alſo the Numbers, 6748. 674, 8. 67, 48. 6, 748. 
o, 6743: ©, 06748, are continual Proportionals in the 
Ratio of 10 to 1; and ſo Dit | 
their Diſtances from each 6 748] 3,8291751 
other ſhall be equal to the 6 7 4,8 | 2,8291 751 
Diſtance or Logarithm of 6 7,4 8] 1,8291751 
the Number 10, or equal 6, 48 0,8291751 
to 1,0000000. And ſoſince o, 6 7 48 —1, 8292751 
the Logarithm of the Num- 0,06 7 48-2, 8291751 
ber 6748 is 3,8291751, the 


Logarithms of the other Numbers ſhall be as in the 


Margin; where you may obſerve that the Indices of 
the laſt two Logarithms are only negative, and the 
other Figures poſitive; and fo when thoſe other Fi- 


gures are to be added, the Indices muſt be ſubtrafted, 


and contrariwiſe, | 


CHAE. 
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Ecauſe, in Multiplication, Unity is tothe. 


&s Multiplier; as the Multiplicand is to the 
JJ) Produkt, the Diſtance ee Unity 
aud the Multiplier, ſhall be equal to the 
Difſtance between the Multiplicand 
and the Product; if therefore, the Num- 
ber GH be to be multiplied by the Number E F, the 
Diſtance between GH and the Product muſt be equal 
to the Diſtance A E, or to the Logarithm of the 
Multiplier}; and ſo if GIL be taken equal to A E, the 
Number LM ſhall be the Product, that is, if the Lo- 


garithm of the Multiplicand A G be added, the Lo- 4 
arithm of the Multiplier A E, the Sum ſhall be tage _ 
Logarithm of the Product. 4 


In Divifion, Unity is to the Diviſor, as the Divi- 
dend is to the Quotient; and ſo the Diſtance between 
the Diviſor and Unity ſhall be equal to the Diſtance 
between the Dividend and the Quotient, So if L M 
be to be divided by EF, the Diſtance E A ſhall be 
equal to the Diſtance between LM and the Quotient, 
and ſo if LG be taken equal to EA, the Quotient 
will be at G; that is, if from A L, the Logarithm of 
the Dividend, be taken GL, or A E, the Logarithm 
of the Diviſor, there will remain A G, the Logarithm 
of the Oetennt. EET 4 _— 
And from hence it s, that whatſoever Ope- = 
rations in common Arithmethick are performed by „ 
multiplying or dividing of great Numbers, may be 1 
uch eafier, and more expediently done by the Ad- 1 
dition or Subſtraction of Logarithms. 5 1 
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For Example, let the Number 7589 be to be mut- 
tiplied by 675 7. Now, if the Lo- | © 8 

garithms of thoſe Numbers be. Log. 3. 8801846 


added together, as in the Margin, Log. 3. 8297539 : 


their Sum will be the Logarithm KT 
of the Product, bed der 7 1 8 * 
ſhews that there are ſeven Places of Figures, beſides 
Unity, in the Product; and in ſeeking this Loga- 
rithm in Tables, or the neareſt equal to it, I find that the 
Number anſwering thereto, which is lefler than the 
Product, is 51278000, and the Number greater than 
the Product is 51279000, and if the adjoined Niffer- 
ences and proportional Parts be taken, the Numbers 
that muſt be added tothe Place of Hundreds and Tens 
in the Product are 87, and that which muſt be added 
in the Place of Unity, will neceſſarily be 3, ſince 
ſeven times 9=63, and ſo the true Product ſhall 
be 51278893. If the Index of the Logarithm had been 
$ or 9, then the Numbers to be added in the Place of 


Hundredths or Tenths, could not be had from thoſe 


Tables of Logarithms which conſiſt but of 7 Places of 


Figures, beſides the Characteriſtick, and ſo in this Caſe, 
the Vlaquian or Briggian Tables ſhould be uſed ; in 


the former of which, the Logarithms are all to ten 
Places of Figures, and in the latter to fourteen. 
lf the Number 78956 be tobe b 
divided by 278, by ſubtracting the Log. 4. 8954004 
Logarithm of the Diviſor from Log. 2. 4440448 
the Logarithm of the Dividend, Tog. 2. 4513 556 
the Logarithm of the Quotient e 
will be bad. And to this Logarithm, the Number 282, 
719 anſwers; which therefore ſhall be the Quotient. 


Becauſe 8 any aſſumed Number, the Square 


thereof, the Cube, the Biquadrate, &c. are all con- 
tinual Proportionals, their Diſtances from each other 


Mall be equal to one another. And ſo it is manifeſt, 


that the Diſtance of the Square from Unity, is double 
of the Diſtance of its Root from the ſame: Alſo the 


Diſtance of the Cube, is triple of the Diſtance of its 


Root; and the Diſtance of the Biquadrate, is quadru- 


le of the Diſtance of its Root from Unity, Sc. And 
fo if the Logarithm of any Number be doubled, we 


ſhall have the Logarithm of its Square; if it betripled, 
we ſhall have the Logarithm of its Cube, and if it be 


qua- 


— 
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quadrupled, the Logarithm of its Biquadrate. And . 
contrariwiſe, if the Logarithm of any Number be bi- 
ſected, weſhall have the Logarithm of the ſquare Root NY 
thereof: Moreover, a third Part of the {aid-Loga»- "0 
rithm will be the Logarithm of the Cube Root of the - 
Number; and a fourth Part, the Logarithm of the Bi- 
quadrate Root of that Number. 

Hence, the Extraction of all Roots are eaſily per- 
formed, by dividing. a Logarithm into as many 
Parts as there are Units in the Index of the Power, 
80 if you want the ſquare Root of 5, the half of 
0,6989700 muſt be taken, and then that half o. 3494850 
will be the Logarithm of the Square Root of 5, or 
the Logarithm of / 5, to which the Number 2. 23606 
nearly anſwer s. | ; 
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Of the Arithmetick of Logarithms, when | 4 
le Numbers are Frattions. Fig. 3. = 
SASH EN Fractions are to be worked by Lo- Fl 
WW; garithms, it is neceſſary, for avoiding | 


| f 
che Trouble of adding one Part of a 1 
Logarithm, and ſubtracting the other, = 


that Logarithms do not begin from an 1 

1 integral Unit, but from ſome Unit that = 
is the tenth or hundredth Place of Decimal Fractions; | 10 
For Example, let P O be 55555455557) and from this =. 
let the Logarithms * Now this Fraction is = 
ten times more diſtant from Unity to the left Hand, == 


than the Number 10 is diſtant therefrom to the right; 

for there are 10 proportional Terms in the Ratio of 
10 to 1, from Unity to PO. And ſo if A B be Unity, 

the Logarithm thereof, according to this Suppoſitionz 

ill not be o, but OA will be = 10. o 
for, the Diſtance of any Tenth from Unity is 
t. 2000000, whence the Diſtance of the Number 10 
2 3 from 
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Of LOGARITHMS. | 
from PO will be'11..0000000. Alſo the Diſtaneg 
of the Number roo from PO, or its Logarithm, be- 
ginning from PO, ſhall be 12. 0000000, and the Lo- 
garithm of 1000, or the Diſtance from PO, will be 


T3. 0000000. And thus, the Indices of all Logarithms 


are augmented by the Number 10; and thoſe Frac- 
tions whoſe Indices are — 1, or—2, or — 3, £5c. are 
now made 9, 8, or 7, Sc. ooh 11a 
But if Logarithms begin from the Place of a Frac- 


- 


tion, whoſe Numerator is Unity, and Denominator 


Unity with 100 Cyphers added to it, (which they muſt 
do when Fractions occur that are lefs than PO) then 


that FraQtion will be 100 times more diſtant from 
Vnity, than 10 is diſtant from it; and ſo the Loga- 


rithm of Unity will have 100 for the Index thereof. 
And the Logarithm of any Tens will have 101 for 
the. Index, that of any Hundreds 102, and fo on; 


all the Indices being augmented by the Number 100. 


The Logarithms of all Fractions that are greater 
than PO (whereat they begin) will be poſitive. And 
ſince the Numbers 10, 1, fs, s, x2, Oc. are in 
a continued geometrical Progreſſion, they will be e- 
qually diſtant from each other; and accordingly their 
e ee will be equidifferent: And ſo — the 
Logarithm of 10, is 11. 0000000, and the Logarithm 
of Unity is 10. co000090, and the Logarithm of the 
Fraction #5 will be 9. 0000000, and the Logarithm 
of the Fraction si will be 8. ooo0000, 4 0 in like 
Manner, the Index of the Logarithm of sss will 
be 7. Alſo for the ſame Reaſon, if the Index of the 
Logarithm of Unity be 100, and of 10 be rot, then 
will the Index of the Logarithm of the Fraction g; be 
99, and the Index of the . rar 
and the Index of Logarithm of the Fraction 2855 ſhall 
be 97, Sc. And theſe Indices ſhew in what Place 
from Unity, the firſt Figure of the Fraction, not be- 
ing a Cypher, muſt be put. For Example, if the In- 
dex be 4, the Diſtance thereof from the — of Uni- 
ty, (which is 10) vis. 6, ſhews that the firſt fignifica- 
tive Figure of the Decimal, is in the fixth Place from 
Unity; and therefore, five Cyphers are to be prefixed 
| d. So alſo if the Index 
of Unity be 100, and the Index of the Fraction be 5 


ogarithm of rag will be 98, 


ä e a 
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the firſt Figure thereof ſhall be in the 2oth Place from 
Unity, and x9 Cyphers are to be prefixed thereto. - 


Now, let it be required to 99% 5 fre Fraction 


GH by the Fraction DC. Becauſe Unity is to the 
Multiplier, as the Multiplicand is the Product; the 
Diſtance between Unity and the Multiplier ſhall be 
equal to the Diſtance between the Multiplicand and 
the Product. Therefore, if there be taken GI=AC, 


the Product IK ſhall be at I. And accordingly, if 90 


from OG, the Logarithm of the Multiplicand, there 
be taken GI or AC, there will remain OI, the Lo- 
garithm of the Product. But A C OA —OC, which 
taken from OG, there will remain OG OC 
OA=O1, that is, if the Logarithm of the Multiplier 
and e SIP be added together, and from the 


Sum be taken the Logarithm of Unity, (which is al- 


ways expreſſed by 10 or 100 with Cyphers) the Lo- 
E of the Product will be had. For Example, 


et the decimal Fraction o, 007 34 be to be multipſied 
by the Fraction o, 000876. Set down 100 for the 


Index of the Logarithm of Unity, and then the Lo- 


garithms of the Fractions will be as in the Margin, 


which being added together, and the 20 

Logarithm of Unity being taken away 9, 8656961 
from the Sum, the Remainder is the 96, 9425041 
Logarithm of the Product, whoſe In- 94. 8082002 
dex 94 ſhews that the firſt Figure of the 181 55 

Product is in the ſixth Place from Unity, and ſo there 
muſt be five Cyphers prefixed, and then the Product 
will be .oo000642 984. | 

In Diviſion, the Diviſor is to Unity, as the Divi- 
dend isto the Mong and ſo the Diſtance between 
- the Diviſor and Unity ſhall be equal to the Diſtance 


between the dividend and the Quotient. And ſo if 
the Fraction I K be to be divided by DC, you muſt 


take IG=CA, and the Place of the Quotient ſhall 
be G. But CA= OA—OC, which being added 


to Ol, we have OA+OI—OC= OG, that is, 


if the Logarithm of Unity be added to the Logarithm 
of the Dividend, and from the Sum be taken the Lo- 


arithm of the Diviſor, there will remain the Loga- 


rithm of the Quotient; ſo if the Number CD be to 
be divided by LK, you muſt take the Diſtance C8 
TA, and then 8 T will be * Quotient, whoſe Loga- 
; Per Fo | 4 rit 
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rithm is OA+OC—OI. Let CDS. 345, 11 
—_— IE add the Logaritbhm 908 K 
of Unity to the Logarithm of CD; 19. 5403295 
that is, put 1 or 10 before the Index 7. 6794279 
thereof, and from that ſubtract the Lo- 11. 8609016 
garithm of the Diviſor, and the Remain- 

der will be the Logarithm of the Quotient, whoſe In- 
dex 11. ſhews that the Quotient is between the Num- 
bers 10 and 100; and I ſeek the Number anſwerin 
the Logarithm, which I find to be 72, 549. If the 
Logarithm of a Vulgar Fraction, for Example, ; be 
required, the Logarithm of Unity muſt _ * 

be added to the Logarithm of the Nu- 10. 8450980 
merator 7, or which is all one, you muſt o. 9030900 
put 10 or 100 before the Index thereof, Y. 9420080 
and ſubduct from it the Logarithm of 


the Denominator 8, and there will remain the Loga- 


rithm of the Vulgar Fraction 3, or the Decimal 


875. | | 
If the Powers of any Fraction D C be required, you 


muſt aſſume EC, E G, G1, IL, each equal to AC; 


and then EF will be the Square, G ¶ the Cube, and 
IK the Biquadrate of the Number DC; for they are 
continually proportional from Unity. Beſides, A E 


2AC=2AO—2O0C, whence OE=OA—AE 


=2 OC— OA, that is, the Logarithm of the Square 
is the Double of the Logarithm of the Root, leſs the 
Logarithm of Unity. In like Manner, ſince AG = 
3 ACS OA - 3 OC, we ſhall have OG =O A— 
A G=3O0C—2O0A=the Logarithm of the Cube 


=triple the Logarithm of the Root, — the Dou- 


ble of the Logarithm of Unity. For the ſame Rea- 
ſon, becauſe AI=4AC= 40 A—zOC, we have 
Ol=40C—3OA, which is the Logarithm of the 
Biquadrate. And univerſally, if the Powerof a Frac- 
tion be 72, and the Logarithm L, then ſhall the Loga- 
rithm of the Power u=#2L —»O A+ OA, that is, 
if the Logarithm of a Fraction be multiplied by a, and 
from the Product be taken the Logarithm of Unity, 
multiplied by 2—1, the Logarithm of the Power # 
of that Fraction will be had. 0 (6771 


— 


For Example, if it is required to find the 6th Power 


of the Fraction 2 , oʒ theLogarithm of this Fraction 
is 8.6989 co, which being multiplied by 6, gives the 


- 
>» Pls * © om. — N 


Of LOGARITHMS. 
Number 52. I 938200 ; and if from 52 the Number 
50, which is the Index of tiie Logarithm of Unity 


drawn into 5, be taken away, the Remainder will be 


the Logarithm of the 6th Power, vz. 2. x938200, to 
which the Number ,o000000 15625 anſwers. 
the Index 2 ſhews that 7 Cyphers muſt be put betore 
the firſt Figure. 4 18 
Ik the 8th Power of the FraQtion ,o; be required, 
by multiplying the Logarithm by 8, there will be 
produced 69. 5917600 3 and fince 70, which is ſeven 
times the Index of the Logarithm of Unity, cannot be 
taken from 69, unleſs we run into negative Numbers, 
the Index of the Logarithm of Unity muſt be ſuppoſed 
100, and then the Index of the Logarithm of the 
Fraction will be 98, Now this Logarithm drawn into 
8, gives 789. 5917600, and if 00, which is 7 times 
the Index of the Logarithm of Unity, be taken from 
789, there will remain 89. 5917600, theLogarithm 
of the 8th Power of the Fraction , whoſe correſpon- 


dent Number is ,0000000000 39062; for ſince the ln- 


dex is $9, and the Difference thereof from 100 is 11; 
the firſt ſignificative Figure of the Fraction ſhall be 
in'the 11th Place from Unity ; and ſo there muſt be 
10 Cyphers placed before it. - . 

If the Roots of the Powers of FraQions be deſired, 
for Example, the Square Root of the Fraction EF, be- 
cauſe the Root isha mean Proportional between the 
Fraction and Unity, 0 muſt biſect A E in C, and 
then CD will be the ſquare Root of the Fraction EF. 


— — 


But A C AE , and ſo the Loga- 


. rithm of the Root=O A—A 02 A OE . And 


I 2 
if the Cube Root of the Fraction G H be ſought, this 
ſhall be the firſt of two mean Proportionals between 


Unity and & H; and fo if AG be divided into three 


equal Parts, the firſt of which is AC; then CD ſhall 


be the Root ſought, and becauſe AC AG = 
QA—=0C | 
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Of LOGARITHMS. 
Root of the Fraction G H. So likewiſe the biqua+ 
drate Root of the Fraction I K will be had, by divi- 
ding AI into four equal Parts, for the Root is the 
firſt of three mean Proportionals between Unity 
and the Fraction, and conſequently if A C=2Z 


AI, then will C D be the biquadrate Root of 


the Fraction IK, But AE OA Oland o 


—OA—AC—304 +01 


And univerſally, if the Root of any Power #; of the 
Fraction L M be required, the Logarithm of the Root 


thereof will be = . QE, hat is, if the 
Number 2 be prefix'd to the Index of the Loga- 


rithm, and the Logarithm thus augmented be divided 


» + 


by u, the Quotient will give the Logarithm of the 
Root * So if the Cube Root of the Fraction 2 or 
.5 be ſought, you muſt place 2=2—1 (fince the Cube 
Root is required) before the Logarithm thereof, and 
there will be had 29,6989700, a third Part of which 


is 9,8996566, which is equal to the Logarithm of 


the Cube Root of the Fraction 2, and the Number 
593) anſwering to this Logarithm, is the Root ſought, 


— 


— 5 . 


Of the Rule of Proportion by Loga- 


rithms. 


HE Rule of Proportion ſhews how, by 
baving three Numbers given, a fourth 
0 Ip) Proportional to them may be fou 
— by vie, if the ſecond and third Terms be 
ESI multiplied by one another, and the Pro- 
„ duct divided by the firſt Term, then 
will the Quotient be the fourth proportional Term 
ſought. But this fourth Term is much eaſier _ 
| y 


1 
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_ Of LOGARITHMs.,, 
2 ; for if the Logarithm of the firſt Term 
be taken from the Sum of the Logarithms of the ſe- 


cond and third Term, the Number remaining will be 
— Loga rithm of the fourth ſought. +1 


Or this may be done ſomething eaſier yet, if inſtead 


of the Logarithm of the firſt Term be taken its Com- 


plement Arithmetical, or the Difference of that Lo- 


1 and the Number 10. ooocooo, which is 


done by ſetting down the Difference between each 
Figure of the Logarithm, and the Figure 9: for then if 
that Arithmetical Complement be added to the Sum 


of the other two Logarithms, and if Unity, which is 


the firſt Figure to the left Hand, be taken from the 


Sum, the Remainder will be the Logarithm of the 


fourth Term ſought ; and ſo by this Way, Logarithms 
of the fourth Term are found by only one Addition of 


three Numbers. The Reaſon of this will be manifeſt 


from hence: Let there be three Numbers A, B, C, 
from which the firſt is to be taken from the Sum of the 
ſecond and third. Now this may not only be done 
by the common Way, but likewiſe, if there be any 
other third Number E taken, and from this there be 
taken A, there will remain E—A, and if the Num- 


bers B, C, and EA be all added together, and from 


their Sum be taken E, there will remain BCA. 
So if the Number 15 be to be taken from 23, | 
take the Complement of the Number 15 to x00, 85 
which is 85, and add this Number to 23, and 23 
the Sum will: be 108, from which 100 being 108 
taken, there remains the Number 8. 
Hence follow ſome 'Trigonometrical Examples of 


the Rule of Proportion ſolv'd by Logarithms. 


Let ABC be a right-angled Triangle, wherein are 


given, the Angle A 36 Degrees 460, the 1 B 98 
Planes 320, and the Side BC 3478, the Side AC is 


required. Say (by Caſe 1. of plain Trig.) as the Sine 


of the Angle A is : 

to the Sine of the Arith. Comp. 8, A. 0.22 28938 
Angle B, ſo is BC Log. Sin. B. 9.995165 
to A C. And be- Log. B C. 238.3413295 
cauſe the Loga- Log. A C. 3. 7593890 
rithm Sine of the 5 


Angle A is the firſt Term of the Analogy, I ſubſtitute 
its 9 Arithmetical for the ſame, and _ 
| 6 
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Of LOGARITHMS. 
the Logarithm of B C, the Logarithm of 8, B, and 
the ſaid Complement all three together, and reject 
Unity, which is in the firſt Place to the left Hand, 


and then the Logarithm of the Side A C will be 
given, and the Number anſwering thereto is 
5706, 306 equal to the Side ſought A 8 | 


Let there be a ſpherical Triangle A BC, in which 


are given all the Sides, viz. B C = zo Degrees, 


AB=24 Degrees 4/, and AC=42 Degrees 9, the 


Angle B is required. Let BA be produced to M, ſo 


that BM BC, then will A M, the Difference of the 
Sides B C, B A, be equal to 5 Degrees 56'. Now 
(by Caſe 11. in oblique-angled ſpherical Triangles) 
ſay, as the Rectangle under the Sines of the Legs, is 
to the Square of Radius, ſo is the Rectangle under the 


— 


Sines of the Arcs CAM, AC—AM to the 


| 2 
Square of the Sine of one half the Angle B. 
B AC+AM AC -AM 

ut — x A 
==18 Degrees 6' ; and becauſe the firſt Term of the 
Analogy is the Rectangle under the Sines of AB, BC, 
and ſecond Term is the Square of Radius, the Sum 
of the Logarithm Sine of AB, BC, muſt be taken from 
double the Logarithm of Radius, and what remains 


= 24 Degrees 2, and 


muſt be added to the Sum of the Logarithm 8, of 
| AC 5 „and — which is the ſame as if 


2 5 1 8 5 
the Logarithm Sines of each of the Arcs AB, BC, 
were ſub- 


Log. 8, B C Comp. Arith. o. 30102 99 tracted from 


Log. 8, AB Comp. Arith. o. 3898364 the Log. of 


AC4+AM Radius, or if 

Log. 8, 2 | | 9-6098803 the Comple- 
: oACar KM | ments Arith- 
Log. S, 9.4923083 metical of 
; — — theſe Sines 
2 Log.S, Angle B. 19. 7939549 be taken, and 


the Cane | 


ments and the ſaid Sines be all added together; then 
ſhall the Sum be the Logarithm of the Square of the 
Sine of half the Angle E. And io he half of the Lo: 
| a date hc. garithm 
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"Of LOGARITHMS. 


Angle B= 51 Degrees 59' 56% and the Double of 


this Angle ſhall be 103 Degrees 59' 520 B, which 
was ſought. . e r 
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Of the continual Increments of propor- 5 


tional Quantities, and how to find 
. by Logarithms, any Term Zn a Series 
ef Proportionals, either mcreaſing or 
decreaſing. Fig. 3. i 

F any where in the Axis of the Loga- 
rithmetical Curve, there be taken any 
WE Number of equal Parts SV,VY,YQ, 
& £9c, and at the Points 8, V, V, Q, Sc. be 


- 70 N 


SE SS raiſed the Perpendiculars STI,V X, IZ, 


N 
N 


>. * <<») 


x, Oc. then from the Nature of the 
Curve ſhall all theſe Perpendiculars be continually pro- 
portional; and therefore alſothe continual Increments 
Xx, Z 2, Ua, ſhall be proportional to their Wholes : 
For fince 8 T: VX: vk XZ :: LIZ: Qi, it ſhall be 
(by Diviſion of Proportion) ST :X w:: VX. ZS. IZ 
ns, and (by Compoſition of Proportion) VX: Xx. 
JZ. Le :: Qn: n. Hence, if Xx be any Part 
of any right Line 8 T, then will Z be the ſame 
Part of the right Line VX, and alſo = the ſame 
Part of the Right Line Y Z. For Example; if X 
be the = Part of 8 T, then will Z Zz = VX, and 
na = YZ; or, which comes to the ſame, we ſhall 
have VX=ST+ESST,YA=VX+2AVX: 
Alſo Qn IZ＋ ATZ. | $412 SAL 
Now make, as 8 T is to VX, ſo is Unity A B to 
NR; then ſhall AN = 8 V; and ſo each of the 


right Lines 8 V, V Y, YQ, Oc. ſhall be equal to 


the Logarithm of RN, and A V, the Logarithm of 
the Term VX ſhall be equal to A8 AN = Loga- 


Lo- 


rithm of 8 T + Logarithm of NR. Alſo A T, rhe 
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_—_— 5 


# 
0 
by. RET 2.2”. - army 
x _— — Mm a . 


n 
L 2 > 2 N p — N * 
— — 5 A 4 
a ? CCF PRI, : CE Ds ents ® W 
9 n 9 


* 
* 2 * — — ＋ * 3 — 

I 8 

„ m 


CE ee ee —— ABEL er ono. ͤͤ . — ——¾ — — — — 
* * - 
- 
o 
. 
” 
* 


* 


U % . 
1 1 ö * 

! ö - 

} i 

' : 

„ 


Intereſt, at the End of 600 Years, multiply 


* 


* 


Logarithm of the Term V Z, ſhall be equal to ASL 
2 AN = Logarithm S'T + 2 Logarithm N R, and 


1 AQ, the Logarithm of the Term Qui ſhall be equal to 
 AS+3AN=bLogarithm 8 T? 3 Logarithm NR. 


And univerſally, if the Logarithm of the Number NR 


be multiplied by a Number, expreſſing the Diſtance 
of any Term from the firſt, and the Product be added 


to the Logarithm of the firſt Term, then will the 


Logarithm of that Term be had: But if a Series o 


Proportionals be decreaſing, that is, if the Terms 


diminiſh in a continual Ratio, and Q be the firſt 
Term; then the Logarithm of any other will be had, 
in multiplying the Logarithm of the Number N R, 
by a Number that expreſſes the Diſtance of its Term 
from the firſt, and ſubtracting the Product from the 


Logarithm of the firſt. And if the ſaid Product be 


greater than the Logarithm of the firſt Term, then 
the Logarithms muſt begin from a Unit in ſome Place 


of Decimal Fractions, as from O P, and then the 
Logarithm of the Number Q 11 will be OM. 


Now let LM repreſent any Money, or Sum of 
Money put out to Intereſt, ſo that the Intereſt there- 
of be accounted but at the End of every Year, and 


* 
* 


let K k be the Gain or Intereſt thereof at the End of 


the firſt Year, then will I K be the Sum of the In- 


tereſt and Principal. And again, I K becoming the 


Principal at the End of the firſt Year, H Y which is 
re to I K, or in a conſtant Ratio, will be the 
in at the End of the ſecond Year; and ſo H G, at 


the End of the ſecond Tear, will become the Princi- 


pal; and at the End of the third Year Ff, proportional 
to G H, will be the Gain. Now let us ſuppoſe the 
Principal be augmented every Year 2, Part 4 ſo 
that I KLM LM, GAS IKL IK, 
EF=GH + £ GH, and ſo on. And accordingly 
the Terms L M, IK, GH, EF, Sc. continual Pro- 
313 it is required to find the Amount of the 
oney at the End of any Number of Lears. 
Let LM be a Farthing. Becauſe LM is to I K, as 

I to 1 - , or as 1 to 1. 05, as AB is to N R, then 
will NR==1.05, whoſe Logarithm AN, is o. oz 11893, 
or more accurately o. 0211892991, it is required to 
find the Amount of a Farthing put out at comes 
A | 


600; 
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geo and the Product will be 12. 135 794, and to this 


Product add the Logarithm of the Fraction 338, vis. 
97.017288 (for a Farthing is 25 Part of a Pound) 


and the Sum 109. 731 3082 ſhall be the Logarithm of 


the Number ſought; and fince the Index 109 exceeds 


the Index of Unity by 9, there ſhall be nine Places 
of Figures above Unity in the correſpondent Num- 


ber, and that Number being {ought in the Tables, 
will be found greater than 5386500000, and leſs 


than 5 386600000. And therefore a Farthing put out 


at Intereſt upon Intereſt, at 5 per Cent. per Annum, 
at the End of 600. Years will amount to above 
5386500000 Pounds ; which Sum could hardly be 
made up by all the Gold and Silver that has been 
dug out of the Bowels of the Earth from the Be- 
ginning of the World to this Time. 5 5 

Let Cn expound any Sum of Money due to ſome Per- 
ſon at the End of a full Year. Now it is certain, that if 


the Debtor ſhould pay down preſent the whole Sum of 
Money, he would loſe the yearly Uſury or Intereſt that 
his Money would gain him; and ſo a lefler dum, 


being put out to Intereſt, will at the End of one Year 
ether with the Intereſt thereof,be equal to the Sum 


of Money QIT, Now. this preſent Sum of Maney, 


which together with the Intereſt thereof, is equal to the 
Sum of Money Qu, is called the preſent Worth of the 
Money Qu. Let AN be the Logarithm of the Ratio 
which the Principal has to the Sum of the Principal and 


Intereſt, that is, if the Principal be twenty times the 


arly Intereſt, let A N be the Logarithm of the Num- 


Ver 1 + £ or 1.05, and take Q Y equal to ANg 
then will A be the Logarithm of the preſent Worth 


of the Money Qn. For it is manifeſt, that the Mo- 


ney I Z put out to Intereſt, will at the End of one 
Year amount to the Money Far and ſo to have the 
Logarithm of the preſent Worth thereof, or I Z, 
the dane kn AN, muſt be taken from the Loga- 
rithm 

of the preſent Worth, or YZ. But if the Sum n 


be not due till the End of two Years, then the Loga- 


rithm 2 AN muſt be ſubtracted from the Logarithm 

AQ, and there will remain A V, the Logarithm of 

the preſent Worth, or of the Sum that muſt be paid 

' down preſent for the Money Qll due at the End of 
f S*. .. 3 5 


two 


Q, and there will remain the Logarithm AX 
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two Tears. For it is manifeſt; that the Money VX 


* 


being put out to Intereſt, will, at the End of two 
Years, amount to the Sum of Money Qn. By the 


25 ſame Reaſon, if the Sum Q N, be not due until the 
End of three Years, the Logarithm 3 l N muſt be ſub- 


tracted from the Logarithm of Q, and the Remainder 
A 8 ſhall be the Logarithm of the Number 8 T, or 


8 ſhall be the preſent Worth of the Sum Q N due 


at the three Years End. And univerſally, if the Lo- 


garithm A N be multiplied by the Number of Years, 


at the End of which the Sum Qu is due, and the 
Number produced be taken from the Logarithm AQ, 
then will the Logarithm of the preſent Worth of the 


Sum Qn be had. And from hente it is manifeſt; if 


5386500000 Pounds be due to ſome Society at the 
End of 600 Years, then would the preſent Worth of 
that vaſt Sum of Money be ſcarcely a Farthing, 


If the proportional right Lines HG, E F, AB, C D, 


Ng. 4. are Ordinates to the Axis of the logarithmical 


Curve, and if their Ends F H, DB, be joined by right 
Lines, which, produced, meet the Axis in the Points 
P and K, then the right Lines GP; AK; will be al- 
ways equal. For ſince GH: EF:: AB: CD it will be 
as GH: Fs: : AB: D R. But becauſe of the equiangu- 
lar Triangles PG H, HE, as alſo K A B, BR D, we 
have PG: HS:: (GH: FS:: AB: DR: :) K A: BR. 


And ſince the Conſequents H s, B R, are equal, the 


Antecedents PG, K A, ſhall be alſo equal. W. W. D. 


If the right Lines CD, EF, equally acceed to AB, 
GH, ſo that the Point D at laſt may coincide with B, 
and the Point F with H, then the right Lines DBK, 


FHP, which did cut the Curve before, will be changed 
| Into the Tangents BT, HV. And the right Lines 


AT, GV, will be always equal to each other; that 


is, the Portion of the Axis AT, or G V, intercepted 
between the Ordinate and the Tangent, which is 


called the Subtangent, will every where be a con- 
ſtant and given Length. And this is one of the chief 


Properties of the logarithmical Curve; for the diffe- 
rent Species or Forms of thoſe Curves are determined 

by the Subtangents. ODT 
The Logarithms or the Diſtances from Unity of 


the ſame Number, in two logarithmical Curves of 


different Species, will be proportional to the Subtan- 
gente 


vents of their Curves, For let HB D, S NT, Fg. a, 5. 
e Curves, whoſe Subtangents are A T, MX, and let 
ABS MNS Unity; alſo DC=QY, then ſhall 
A the Logarithm of the Number CD, in the loga- 
rithmical Curve H D be to MQ, the Logarithm of 
the Number QT, (or of the ſaid CD,) in the Curve 
SY, as the Subtangent AT is to the Subtangent 
MX. For let there be ſuppoſed an infinite Number 
of mean. proportional Terms between AB, CD, or 
NM, Q, in the Ratio of AB to ab, or MN to 
m n; and ſince AB MN, then will 4 = mn, as 
alſo bc =n0, And becauſe the Number of propor- 
tional Terms in each Figure are equal, they do di- 
vide the Lines AC, MQ, into equal Numbers of 
Parts, the firſt of which A's, M un, and ſo the ſaid 
Parts ſhall be proportional to their Wholes ; that is, 
it will be as Aa: Mm::AC:MQ. And becauſe 
the Triangles TAB, Bob, are fimilar, (for the Part 
of the Curve B nearly coincides with the Portion of 
the Tangent,) as alſo the Triangles XMN, Noa, 

we have A a, or Be: be:: TA: AB. ; 
Alſo as u o, or : No:: MN, or AB: MX. 
Where (by Equality of Proportion) it will be Bo: No 
:: TA: MX:: Aa: M:: AC: MQ; whichwasto 
be demonſtrated. If A T be call'd a, ſince A B: AT:: 
bc: Be, then will Be . | | 
Hence, if the Logarithm of a Number extream] 
near Unity, or but a ſmall matter exceeding it, b 
iven, then will the Subtangent of the logarithmical 
— — be had. For the Exceſs bc is to the Loga- 
rithm Bc, as Unity AB is to the Subtangent AT. 
Or even if there any two Numbers my equal, 
their Difference ſhall be to the Difference of their Lo- 
garithms, as one of the Numbers is tothe Subtangent. 
For Example, if the Inctement bc be ,0oooo 00000 = 
- ©OOOI 02255 31945 60259, and Bc or Aa the Loga- 
rithm of the Number ah be ;o0000 00000 00000 
44408 92098 50062. Now if a fourth Proportional 
be found to the ſaid two Numbers and Unity, vis. 
4242 9 44319 03251, this Numberwill give the Length 
of the Subtangent A T, which is the Subtangent of 
the Curve expreſſing Briggs's Logarithm es. 


Aa If 
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Of LOGARITHMS. 
If a Sum of Money be put out to Intereſt on this 


Condition, that a proportional Part of the yearly Rate 
of Intereſt thereof be accounted every Moment of 


Time, vis. ſo, that at the End of the firſt Moment 


of Time, or indefinitely ſmall Particle of a Year, the 
Intereſt gotten thereby be proportional to that Time; 
which being added to the Principal, again begets In- 
tereſt at the End of the ſecond Moment of Time, 
and then the Principal and this Intereſt become a 
Principal, and ſo on. It is requir'd to find the A- 
mount of that Sum at the Year's End. Let @ be near- 
ly the Intereſt of Unity, or of one Pound. 'Then if 
one whole Year, or 1 gives the Intereſt a, the indefi- 


nitely ſmall Particle of a Year Mm, will give the In- 
| tereſt Mu x a, proportional to M; and according- 


ly, if Unity be expounded by MN, the firſt Incre- 
ment thereof ſhall be uo . Mn xvid. This being 
granted, let a logarithmical Curve be ſuppos'd to be 
deſcribed through the Points N, whoſe Axis is 
OMQ. Then in this Curve, if the Portion of the 
Axis MQ expreſſes the Time, the Ordinate Q y will 
repreſent the Money proportionally increaſing every 
Moment, to that Time. For if there be taken 724, &c. 


= Mm, the Ordinates / p, &c. ſhall be in a Series of 


continual Proportionals in the Ratio of MN to n, 
that is, they increaſe in the ſame Ratio as the Mo- 
ney doth. | 

Again, let the right Line NX touch the loga- 
rithmical Curve in N, and the Subtangent thereof 
MX ſhall be conſtant and invariable, and the ſmall 
Triangle No ſhall be ſimilar to the Triangle X MN. 
But it has been prov'd, that the Increment 20 M 
Xa =Noxa; andſo no: No:: Nox: No:: 4: 
1. But as o is to No, ſo ſhall NM be to MX. 
Wherefore it ſhall be as 4 is to 1, ſo is NM, or 1, 


to MX A= Subtangent. 


Now if the nearly Rate of Intereſt be Part of the 
Principal, or if a e . o5, then will MX — 4 


RSQ 


| Becauſe in different Forms of Logarithms, the 
Logarithms of the ſame Number, are proportional to 
MO expe 

| the 


an} oF pa _ APA au, 4. pad ay 


GSS 


»6 x Pence, * 
And if ſuch a Rate of Intereſt be requir'd, that 
every Moment a Part of it continually proportional 


thereof. 


Of LOGARITHMS. 
the Time of a whole Year, or Unity, then ſhall QL 
be the Amount of the Money at the Year's End. And 


to find Q, ſay, as MX, or 20 is to 0.4342 944, 


(which Number expounds the Subtangent of the lo- 
garithmical Curve expreſſing Briggss Logarithms) 
10 is one Year or Unity to a Briggian Logarithm, 
anſwering to the Number 1 5 This Logarithm will 
be found o. 0217147, and the Number anſwering to 
the ſame is 1.05127 =Q Y, whoſe Increment above 
Unity, or the Principal, exceeds the yearly Intereſt 
05 but a ſmall Matter. And ſo if the yearly In- 
tereſt of 100 Pounds be 5 Pounds, the proportional 
yearly Intereſt, which is added to the Principal 100 
at the End of each Particle of the Year, will amount 
only at the Year's End to 5 Pounds 2 Shillings and 


to the increafing Principal be added to the Principal, 


ſo that at the Year's End an Increment be produc d 
that ſhall be any given Part of the Principal; for 


Example, the £ Part, ſay, as the Logarithm of the 
Number 1.05 is to 1; that is, as 0.0211893 is to , 


ſo is the Subtangent 0.432944 to 4220. 49, and 


then will a = n = .0488. For if ſuch a Part of 


the Rate of Intereſt .o 488 be 18255 as anſwers to 
a Moment, that is, having the ſame Ratio to. 0488 
as a Moment has to a Lear, and it be made as Unity 
is to that Part of the Rate of Intereſt, ſo is the Prin- 


cipal to the momentaneous Increment thereof; then 


will the Money continually increaſing in that Man- 
ner, be augmented at the Year's End the 5. Part 
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CHAP, VL 


Of the Method by which Mr. Briggs 


computed his Logarithms, and the De- 
monſtration thereof 13 


LTH O' Mr. Briggs has no where de- 
( NS) {crib'd the logarithmical Curve, yet it is 
very certain — from the Uſe and Con- 
eemplation thereof, the Manner and Rea- 
ion of his Calculations will appear. In 
any logarithmical Curve HB, let there be three 

dinates AB, à b, 45, nearly equal to one another; 
that is, let their Differences have a very ſmall Ratio 
to the ſaid Ordinates; and then the Differences of 
their Logarithms will be proportional to the Differ- 
ences of the Ordinates. For fince the Ordinates are 


nearly equal to one another, they will be very nigh 


to each other, and ſo the Part of the Curve Bs, in- 


tercepted by them, will almoſt coincide with a ſtraight 
Line; for it is certain, that the Ordinates may be ſo 
near to each other, that the Difference between the 
Part of the Curve and the right Line ſubtending it, 
may have to that Subtence, a Ratio leſs than any 
given Ratio. Therefore the Triangles Bc b, Bys, 
may be taken for Right. lind, and will be equiangu- 
lar. Wherefore, as 17: be:: Br: Be: A: Aa; 
that is, the Exceſſes of the Ordinates or Lines above 
the leaſt, ſhall be proportional to the Differences of 
their Logarithms. And from hence appears the Rea- 
ſon of the Correction of Numbers and Logarithms 
by Differences and proportional Parts. But if A * 


W 


eG. OE. OE . . . 7; 


Of LOGARITH MS. 
be Unity, the Logarithms of Numbers ſhall be pro- 


ortional to the Differences of the Numbers. 
If a mean Proportional be found between x and 10, 
or which is the ſame thing, if the ſquare Root of 10 
be extracted, this Root or Number will be in the mid- 
dle Place between Unity and the Number 10, and the 
Logarithm thereof ſhall be x of the Logarithm of 10, 

nd ſo will begiven. If again, between the Number be- 
fore found, and Unity, there be found a mean Propor- 
tional, which may be done in extracting the ſquare 
Root of the ſaid Number, this Number, or Root, will 
be twice nearer to Unity than the former, and its Lo- 
garithm will be one half of the Logarithm of that, or 
one fourth of the Logarithm of x0. And if in this 
Manner the ſquare Root be continually extracted, and 
the Logarithms biſected, you will at laſt get a Num- 
ber whoſe Diſtance from Unity ſhall be leſs than the 

I35533>55r555 Part of the Logarithm of 10. 
And after Mr. Briggs had made 54 Extractions of the 
{quare Root, he found the Number 1. 00000 00000 
©0000 12781 91493 20032 3442, and its Logarithm 
was o. ©0000 ©0000 ©C000,0555I 11512 31257 82702, 
Suppoſe this Logarithm to be equal to A/ or Br, and 
let Jõ be the Number found by extracting the ſquare 
Root; then will the Exceſs of this Number above 
Unity, vis. 15 ,00000 ©0000 09000. 12781 91493 
Now by Means of theſe Numbers, the Logarithms 
of all other Numbers may be found in the following 
Manner: Between the given Number (whoſe Loga- 
rithm is to be found) and Unity, find ſo many mean 
Proportionals, (as above), till at laſt a Number be 
gotten ſo little exceeding Unity, that there be x5 Cy- 
hers next after it, and a like Number of fignificative 
igures after thoſe. Let this Number be 4 l, and let 
the e Figures with the Cyphers prefixed be- 
fore them, denote the Difference Oc. Then fay, As 
the Difference 1s is to the Difference & c, ſo is By a 
given Logarithm, to Bc, or A a, the Logarithm of the 
Number 4 U; which therefore is given. And if this 
Logarithm be continually doubled, the ſame N — 
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of Times as there were Extractions of the ſquate 
Root, you will at laſt have the Logarithm of the 
Number ſought, Alſo by this Way may the Subtan- 
gent of the logarithmical Curve be found, vis. in ſay- 
ing, As ys: By:: AB, or Unity: A T, the Subtangent, 
which therefore will be found to be 0.43429 44819 


03251 3 by which may be found the Logarithms of 
other Numbers; to wit, if any Number NM be given 


afterwards,as alſo its Logarithm,and the Logarithm of 
another Number ſufficiently near to NM be ſought, ſay, 
As NM is to the Subtangent XM, fo is 20 the Di- 
ſtance of the Numbers to No the Diſtance of the Lo- 
garithms. Now, if N M be Unity AB, the Lo- 


| 3 will be had by multiplying the ſmall Dif- 


erences c by the conſtant Subtangent AT. 
By this Way may be found the Logarithms of 2, 3, 
and 5, and by theſe the Logarithms of 4, 8, 16, 32, 
64, EC. 9, 27, 81, 243, Oc. as alſo 7, 49, 343, 


Oc. And if from the Logarithm of 10 be taken the 


1 of 2, there will remain the Logarithm of 
5, 10 there will be given the Logarithms of 25, 125, 


645, 896, 


Ihe Logarithms of Numbers compounded of the 
aforeſaid Numbers, vis. 6, 12, 14, 15, 18, 20, 21, 
24, 28, Oc. are eaſily had by adding together the 
Logarithms of the component Numbers. 8 

But ſince it was very tedious and laborious to 
find the Logarithms of the prime Numbers, and 
not eaſy to compute Logarithms by Interpolation, 
by firſt, ſecond and third, Sc. Differences, therefore 
the great Men, Sir Iſaac Newton, Mercator, Gregory, 

Walks, and laſtly, Dr. Halley, have publiſhed infinite 
converging Series, by which the Logarithms of 
Numbers to any Number of Places may be had more 
2 and truer: Concerning which Series 
Dr. Halley has written a learned Trad, in the Philoſo- 
Phical Tranſactions, wherein he has demonſtrated 
thoſe Series after a new Way, and ſhews how to 
compute the Logarithms by them. But I think it 
may be more proper here to add a new Series, by 


Means of which may be found eaſily and expedi- 


tiouſly the Logarithms of large Numbers. 
Let 2 be an odd Number, whoſe Logarithm is 
ſought ; then ſhall the Numbers 2 — x and 2 + x be 
| even, 
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even, and accordingly their Logarithms, and the 
Difference of the Logarithms will be had, which let 
be called y: Therefore, alſo the Logarithm of a 
Number, which is a Geometrical Mean between 
8 — 1 and z 1 will be given, v2. equal to the 
half Sum of the . Now the Series 
3 E | OL „ 
** 42 Ae on on We 

ſhall be _ to the Logarithm of the Ratio, 
which the Geometrical Mean between the Numbers 
S—1T and 2 ＋ 1, has to the Arithmetical Mean, vis. 
to the Number 2. | 


If the Number exceeds 1000, the firſt Term of the 


Series = is ſufficient for producing the Logarithm to 


13 or 14 Places of Figures, and the ſecond Term : 


will give the Logarithm to 20 Places of Figures. 
But if 2 be greater than rocoo, the firſt Term will 
_ exhibit the Logarithm to 18 Places of Figures; and 
ſo this Series is of great Uſe in filling up the Loga- 
rithms of the Chiliads omitted by Briggs. For Exam- 
le ; It is required to find the Logarithm of 20001. 
he Logarithm of 20000 is the ſame as the Loga- 
rithm of 2 with the Index 4 prefix'd to it ; and 
the Difference of the Logarithms of 20000 and 
20002, is the ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, 
viv. O. 00004. 34272 7687. And if. this Diffe- 


rence be divided by 4.5, or 859054, the Quotient 5 
| 4 


ſhall be - - - - - - ©. oo oO005 42813 
And if the Logarithm of the 4. 30105 17093 02416 
Geometrical Mean be added 4. 30105 17098 452 30 
to the Quotient, the Sum will 
be the Logarithm of 20001. Wherefore it is mani- 
feſt, that to have the Logarithm to 14 Places of Fi- 
gures, there is no Neceſſity of continuing out the Quo- 
tient beyond ſix Places of Figures. But if you have 
a Mind to have the Logarithm to ro Places of Fi- 
gures only, as they are in Vlaq's Table, the two 
firſt Figures of the Appleone are enough. And if the 
Logarithms of the Numbers above 20000 are to be 


found 


364 Of LOGARITHMS. 
5 feund by this Way, the Labour of doing them will 
moſtly conſiſt in ſetting down the Numbers. 


| Note, This Series is eaſily deduced from that 
found out by Dr. Halley; and thoſe who have a 
Mind to be inform'd more in this Matter, let 
them conſult his above-nam'd Treatiſe 
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